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� FAM0LY OF SETS CAN COMMONLY BE REPRESENTED 0N TWO WAYSc AS A FAM0LY PROPERLY SPEAK0NG: 0NDEwED BY THE
ELEMENTS OF A G0VEN SET R: OR AS A SET S TOGETHER W0TH A MAP FROM S TO R: WH0CH SPEC0ffiES FOR EACH ELEMENT
OF S 0TS DEPENDENCY ON R) -N THE FORMER CASE: WE CALL 0T AN 0NDEwED PRESENTAT0ON) -N THE LATTER CASE: THE SET
ASSOC0ATED TO A G0VEN ELEMENT OF R 0S THE ffiBER OF TH0S ELEMENT: SO WE CALL 0T A fBERED PRESENTAT0ON) /HE TWO
PRESENTAT0ONS ARE E.U0VALENT AND THE E.U0VALENCE CAN BE PHRASED CONC0SELY 0N THE LANGUAGE OF HOMOTOPY TYPE
THEORY b/HEot[ AS THE ffiBERED60NDEwED E.U0VALENCEA)

pffiBERED( �ΠS � grdT)�S → R(( ≃ �R → grdT( p0NDEwED(

gERE: grdT REPRESENTS 0N HOMOTOPY TYPE THEORY THE SUBSET OF TYPES W0TH0N A G0VEN UN0VERSE WHERE E.UAL0TY OF
ANY TWO ELEMENTS HAS AT MOST ONE PROOF)
� PRESHEAF ON AN CATEGORY 0S A FAM0LY OF SETS 0NDEwED BY THE OBiECT OF THE CATEGORY W0TH MAPS 0NDEwED BY

THE MORPH0SMS) �S SUCH: 0T L0VES ON THE 0NDEwED S0DE OF THE E.U0VALENCE: CONTRAST0NG W0TH THE ffiBERED S0DE: WHERE
WE HAVE D0SCRETE 4ROTHEND0ECJ fBRAT0ONS bk’3z[) gOWEVER: THERE ARE S0TUAT0ONS WHERE A PRESHEAF CAN ALSO BE
SEEN AS L0V0NG ON THE ffiBERED S0DE OF THE E.U0VALENCE) /H0S HAPPENS WHEN THE 0NDEw0NG CATEGORY 0S D0RECT: OR HAS
A DOWNWARDShWELLhFOUNDED COLLECT0ON OF NONh0DENT0TY MORPH0SMS) kET US CONS0DER: FOR 0NSTANCE: THE CASE OF A
SEM0hCUB0CAL SET b4lzt: alo;[ PRESENTED W0TH 3m FACE MAPS FROM THE SET OF mhCUBES TO THE SET OF �m� o(hCUBES)
–ORMULATED 0N TYPE THEORY: THE CORRESPOND0NG PRESHEAF DEffiN0T0ON OF A SEM0hCUB0CAL SET PRESCR0BES A FAM0LY OF
SETS AND FACE MAPS BETWEEN THEM AS FOLLOWS)

Ty � grdT To � grdT T3 � grdT ▷ ▷ ▷
∂L
∂L

∂L<
∂L<
∂<L
∂<L

�-N AN 0NFORMAL D0SCUSS0ON: ALTERNAT0VE NOMENCLATURES WERE PROPOSEDc fBRAT0ON6FAM0LY EQU0VALENCE AND UNBUNDLED6BUNDLED
EQU0VALENCE) /HE fBERED60NDEXED NOMENCLATURE ECHOES THE 4ROTHEND0ECI CONSTRUCT0ON OF fBERED CATEGOR0ES FROM 0NDEXED CATEGOR0ES)
/HE MOST ELEMENTARY 0NSTANCE OF THE EQU0VALENCE: W0TH suoc 0NSTEAD OF grcT: 0S SOMET0MES CALLED i4ROTHEND0ECI CONSTRUCT0ON FOR
DUMM0ES“: AND 0TS PROOF REQU0RES UN0VALENCE b/HEot[)

o
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UP TO CUB0CAL FACES 0DENT0T0ES) gERE: To CAN BE SEEN AS A FAM0LY OVER Ty ×Ty: AND T3 CAN BE SEEN AS A FAM0LY
OVER To ×To ×To ×To: 0N THE ffiBERED PRESENTAT0ON) /H0S SUGGESTS AN ALTERNAT0VE 0NDEwED PRESENTAT0ON OF THE
PRESHEAF AS A STRAT0ffiED SE.UENCE OF FAM0L0ES 0NDEwED BY FAM0L0ES OF LOWER RANK: TAK0NG 0NTO ACCOUNT THE COHERENCE
COND0T0ONS TO PREVENT DUPL0CAT0ONS) –ORMULATED 0N TYPE THEORY: 0T TAKES THE FORMc

Ty � grdT
To � Ty ×Ty → grdT
T3 � ΓXabc) To�X: a(×To�b: c(×To�X: b(×To�a: c( → grdT
▷ ▷ ▷

/HE 0DEA FOR SUCH AN 0NDEwED PRESENTAT0ON OF PRESHEAVES OVER A D0RECT CATEGORY WAS MENT0ONED AT THE
2N0VALENT –OUNDAT0ONS YEAR 0N THE CONTEwT OF DEffiN0NG SEM0hS0MPL0C0AL TYPESB) � FEW CONSTRUCT0ONS HAVE BEEN
PROPOSED S0NCE THEN) /HE ffiRST CONSTRUCT0ON BY b_OEo3[ REL0ES ON THE PRESENTAT0ON OF SEM0hS0MPL0C0AL SETS AS A
PRESHEAF OVER 0NCREAS0NG 0NiECT0VE MAPS BETWEEN ffiN0TE ORD0NALS) /HE SECOND: BY bgERofi[C FORMAL0ZED 0N THE ]O.
PROOF ASS0STANT: REL0ES ON THE PRESENTAT0ON OF SEM0hS0MPL0C0AL SETS AS A PRESHEAF OVER FACE MAPS) �NOTHER BY
b1kofi[ FORMAL0ZED 0N AN EMULAT0ON OF LOG0ChENR0CHED HOMOTOPY TYPE THEORY 0N THE 1LAST0C PROOF ASS0STANT: AND
YET ANOTHER BY b�]Jo;[ FORMAL0ZED 0N AN EMULAT0ON OF A TWOhLEVEL TYPE THEORY 0N THE �GDA PROOF ASS0STANTD:
RELY ON THE PRESENTAT0ON OF THE SEM0hS0MPL0C0AL CATEGORY FROM 0NCREAS0NG 0NiECT0VE FUNCT0ONS OVER ffiN0TE ORD0NALS)
/HE 0NDEwED DEffiN0T0ON OF A PRESHEAF OVER A D0RECT CATEGORY 0S TECHN0CALLY MORE 0NVOLVED THAN THE PRESHEAF

DEffiN0T0ON: AS 0T RE.U0RES HARDhW0R0NG 0N THE STRUCTURE THE DEPENDENC0ES BETWEEN ELEMENTS OF THE SETS OF THE
PRESHEAF: 0NCLUD0NG THE COHERENCE COND0T0ONS BETWEEN THESE DEPENDENC0ES: SUCH AS TAK0NG THE ghTH FACE OF THE
ihTH FACE OF A mhS0MPLEw BE0NG THE SAME AS TAK0NG THE �i � o(hTH FACE OF THE ghTH FACE pWHEN i < g() gOWEVER:
EwH0B0T0NG A CONCRETE 0NSTANCE OF A PRESHEAF 0N 0NDEwED FORM ONLY RE.U0RES PROV0D0NG THE FAM0L0ES: S0NCE THE
RESPONS0B0L0TY OF DEffiN0NG MAPS AND SHOW0NG THE COHERENCE COND0T0ONS 0S ALREADY ACCOUNTED FOR 0N THE DEffiN0T0ON
OF THE STRUCTURE)

qdxmnIDS 1ARAldTRzCzTx AmD zTS 2mARx AmD azmARx VARzAmTS
-N THE CONTEwT OF FUNCT0ONAL PROGRAMM0NG: ’EYNOLDS PARAMETR0C0TY pb’EYet[( 0NTERPRETS TYPES AS RELAT0ONS CHARh
ACTER0Z0NG THE OBSERVAT0ONAL BEHAV0OR OF PROGRAMS OF TH0S TYPE) lORE GENERALLY: FAM0L0ES OVER A PRODUCT OF SETS:
OR CORRESPONDENCES: CAN BE USED 0N PLACE OF RELAT0ONS) 1ARAMETR0C0TY CAN THEN BE 0TERATED: AND RELY0NG ON THE
ffiBERED PRESENTAT0ON OF CORRESPONDENCES AS SPANS: 0T HAS BEEN NOTED THAT 0TERATED ’EYNOLDS PARAMETR0C0TY HAS THE
STRUCTURE OF A CUB0CAL SET b�Jofi: lOUo7: Iro;: lOE3o: lOE33[) vE OBTA0N A UNARY VAR0ANT OF ’EYNOLDS B0NARY
PARAMETR0C0TY BY US0NG PRED0CATES OR FAM0L0ES 0NSTEAD OF RELAT0ONS OR CORRESPONDENCES: AND TH0S 0S A FORM OF REAL0Zh
AB0L0TY balo3: kASofl: lOUo7[) -T HAS THEN BEEN NOTED THAT 0TERATED UNARY PARAMETR0C0TY HAS THE STRUCTURE OF AN
AUGMENTED S0MPL0C0AL SETE) /H0S SUGGESTS THAT THE DEffiN0T0ON OF AUGMENTED SEM0hS0MPL0C0AL SETS AND SEM0hCUB0CAL
SETS CAN BOTH BE SEEN AS 0NSTANCES OF A MORE GENERAL CONSTRUCT0ON: WH0CH WE CALL νhSETS: OF PRESHEAVES OVER A
νhSEM0hSHAPE CATEGORY MADE OF WORDS OF SOME CARD0NAL ν ) o: WHERE ν + o G0VES AUGMENTED SEM0hS0MPL0C0AL SETS
AND ν + 3 G0VES SEM0hCUB0CAL SETS)

bnmTRza2Tznm
/HE MA0N CONTR0BUT0ON OF THE PAPER 0S TO DESCR0BE THE DETA0LS OF A REC0PE THAT UN0FORMLY CHARACTER0ZES UNARY AND
B0NARY 0TERATED PARAMETR0C0TY 0N 0NDEwED FORM: AND TO DER0VE FROM 0T A NEW 0NDEwED PRESENTAT0ON: CALLED 0NDEwED
νhSETS: OF AUGMENTED SEM0hS0MPL0C0AL AND SEM0hCUB0CAL SETS)
9UR WORK 0S A STEP 0N THE D0RECT0ON OF THE PROGRAM 0N0T0ATED 0N b�Jofi[ TO DEVELOP PARAMETR0C0TYhBASED MODELS

OF PARAMETR0C TYPE THEORY ba]lofi: m_,o;: ]g3z[ AND CUB0CAL TYPE THEORY ba]got: ]]gloe: �a])3o[:
WH0CH ARE CLOSER TO THE SYNTAw OF TYPE THEORY: AND ARE L0KELY TO BETTER RE5ECT THE DEffiN0T0ONAL PROPERT0ES OF TYPE
THEORY THAN PRESHEAFhBASED CUB0CAL SETS WOULD) –OR EwAMPLE: CONS0DER THE LOSS OF DEffiN0T0ONAL PROPERT0ES WHEN
0NTERPRET0NG ü0NDEwED“ DEPENDENT TYPES OF TYPE THEORY AS üffiBRAT0ONS“ 0N MODELS SUCH AS LOCALLY CARTES0AN CLOSED
CATEGOR0ES b]4gofl[)
9UR MECHAN0ZAT0ON CAN BE FOUND AT G0THUB)COM6ARTAGNON6BONAK) /HE CONSTRUCT0ON WAS CONCE0VED 0N

rUMMER 3zon: AND THE MECHAN0ZAT0ON BEGAN 0N LATE 3zon) � SKETCH OF THE CONSTRUCT0ON WAS PRESENTED AT
THE 3z3z gO//h2– WORKSHOP: AND THE COMPLET0ON OF THE MECHAN0ZAT0ON WAS REPORTED AT THE /x1dr 3z33
CONFERENCE)

a NCATLAB)ORG6NLAB6SHOW6SEM0hS0MPL0C0AL.TYPES.0N.HOMOTOPY.TYPE.THEORY
b-N H0NDS0GHT: THE T0TLE OF THE PAPER i� DEPENDENTLYhTYPED CONSTRUCT0ON OF SEM0hS0MPL0C0AL TYPES“ 0S SOMEWHAT CONFUS0NGc 0T

0MPL0C0TLY CLA0MED TO CONSTRUCT SEM0hS0MPL0C0AL TYPES: BUT THE CONSTRUCT0ON WAS DONE 0N A TYPE THEORY W0TH 2N0QUENESS OF -DENT0TY
1ROOFS) ]ONSEQUENT0ALLY: WHAT WAS REALLY OBTA0NED WAS AN 0NDEXED PRESENTAT0ON OF SEM0hS0MPL0C0AL SETS) /HE CONFUS0ON WAS HOWEVER:
COMMON AT THE T0ME)

, G0THUB)COM6N0COLA0IRAUS6gO//h�GDA6BLOB6MASTER6N0COLA06rEM0r0MP6rrTYPES)AGDA
d1R0VATE COMMUN0CAT0ON W0TH gUGO lOENECLAEY AND /HORSTEN �LTENI0RCH)
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-- rdlyhSylokyby�k �mc Sdlyhbtayb�k SdTS
-N TH0S SECT0ON: WE GENERAL0ZE SEM0hS0MPL0C0AL AND SEM0hCUB0CAL SETS TO νhSETS: SUBSUM0NG THE EARL0ER DEffiN0T0ONS)
vE START W0TH SOME 0NTRODUCTORY MATER0AL ON SEM0hS0MPL0C0AL AND SEM0hCUB0CAL SETS)

�2GldmTdD SdlzhSzl1IzCzAI SdTS
�UGMENTED SEM0hS0MPL0C0AL SETS ARE DEffiNED S0M0LARLY TO SEM0hS0MPL0C0AL SETS: EwCEPT THAT THE CONNECTED COMh
PONENTS ARE ADD0T0ONALLY DEPENDENT ON A üCOLOR“) ]ONVERSELY: SEM0hS0MPL0C0AL SETS CAN BE SEEN AS AUGMENTED
SEM0hS0MPL0C0AL SETS OVER THE S0NGLETON SET OF A ffiwED COLOR) kET US ASSOC0ATE D0MENS0ON z TO COLORSs THEN: PO0NTS ARE
D0MENS0ON o: L0NES ARE D0MENS0ON 3: AND SO ON) /HERE 0S HENCE A SH0FT BY ONE WHEN COMPARED TO SEM0hS0MPL0C0AL
SETS)
vH0LE ORD0NARY SEM0hS0MPL0C0AL SETS ARE PRESHEAVES OVER THE SEM0hS0MPLEw CATEGORY: AUGMENTED SEM0hS0MPL0C0AL

SETS ARE PRESHEAVES OVER �)) /HERE ARE D0fERENT WAYS TO DEffiNE �): UP TO E.U0VALENCE: AND WE USE A DEffiN0T0ON
THAT CAN BE EwTENDED TO SEM0hCUB0CAL SETS 0N A STRA0GHTFORWARD MANNER)
--)z)o mOTAT0ON b–0N0TE SE.UENCES[ vE DENOTE ffiN0TE SE.UENCES BY go ▷ ▷ ▷ gm FOR gi RANG0NG OVER SOME DOMA0N) /HE
EMPTY SE.UENCE 0S WR0TTEN �)

--)z)3 ,EffiN0T0ON b�)[ /HE DEffiN0T0ON OF �) 0S SHOWN BELOW) mOTE THAT: 0F f ◦ d 0S WELLhDEffiNED: THEN THE LENGTH
OF d 0S LESS THAN THAT OF f) -T CAN BE SHOWN THAT COMPOS0T0ON 0S ASSOC0AT0VE AND THAT yD 0S NEUTRAL)

nai�)
�+ �

gOl�)�n:m( �+ {j ∈ {z: >{m } NUMBER OF > 0N j + n{

f ◦ d �+






d 0F f + �

z �f′ ◦ d( 0F f + z f′

X �f′ ◦ d ′( 0F f + > f′: d + X d ′: WHERE X + z OR >

yD �+ > ▷ ▷ ▷ > m T0MES FOR yD ∈ gOl�)�m:m(

--)z)t ,EffiN0T0ON brdT�) [ vE DEffiNE THE CATEGORY OF AUGMENTED SEM0hS0MPL0C0AL SETS AS THE FUNCTOR CATEGORYc

rdT�) �+ rdT�
no
)

/O PROV0DE EwAMPLES: WE DEffiNE THE STANDARD AUGMENTED mhSEM0hS0MPLEw)
--)z)fl ,EffiN0T0ON b�m

)[ /HE STANDARD AUGMENTED mhSEM0hS0MPLEw �m
) 0S DEffiNED AS THE xONEDA EMBEDD0NG OF

m ∈ nai��)(c

�m
) � rdT�)

�m
)�n( �+ gOl�n:m(

�m
)�d( �+ λf) f ◦ d

/HE STANDARD AUGMENTED zhSEM0hS0MPLEw 0S A S0NGLETON MADE OF ONE COLOR p0N TH0S CASE: BLACK() rTANDARD
AUGMENTED mhSEM0hS0MPL0CES FOR m ≥ o HAVE A GEOMETR0C 0NTERPRETAT0ON: AND WE 0LLUSTRATE THEM FOR D0MENS0ONS
o: 3: AND t)
--)z)fi dwAMPLE b�o

)[ /HE STANDARD AUGMENTED ohSEM0hS0MPLEw CAN BE P0CTURED AS A PO0NT: COLORED BLACK: CORREh
SPOND0NG TO THE UN0.UE MORPH0SM 0N gOl�z: o() /H0S PO0NT 0S THE 0DENT0TY 0N gOl�o: o(s 0T 0S HENCE SHOWN AS A
S0NGLETON >)

>

--)z)7 dwAMPLE b�3
)[ /HE STANDARD AUGMENTED 3hSEM0hS0MPLEw 0S DRAWN AS TWO PO0NTS: G0VEN BY gOl�o: 3(: ALONG

W0TH A L0NE CONNECT0NG THEM: G0VEN BY gOl�3: 3() vE USE BLACK TO DENOTE THE UN0.UE MORPH0SMS 0N gOl�z: o(
AND gOl�z: 3()

>z z><<
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--)z); dwAMPLE b�t
)[ �t

) 0S DRAWN AS THREE PO0NTS: G0VEN BY gOl�o: t(: THREE L0NES CONNECT0NG THEM: G0VEN BY
gOl�3: t(: AND A TR0ANGULAR ffiLLER G0VEN BY gOl�t: t()

zz>

>zz z>z

y<<

<<y

<y<
>>>

lORE GENERALLY: THE STANDARD AUGMENTED �m ) o(hSEM0hS0MPLEw CAN BE OBTA0NED BY TAK0NG A COPY OF THE
STANDARD AUGMENTED mhSEM0hS0MPLEw SERV0NG AS A BASE: AND GLU0NG ON TOP OF 0T ANOTHER COPY L0FTED BY ONE
D0MENS0ON) -N THE SECOND COPY: THE COLOR BECOMES AN EwTRA PO0NT: THE PO0NTS BECOME L0NES CONNECT0NG THE PO0NTS
OF THE BASE TO THE EwTRA PO0NT: AND SO ON) -N PART0CULAR: THE COMPONENTS OF THE BASE ARE THOSE OF THE STANDARD
AUGMENTED mhSEM0hS0MPLEw POSTffiwED BY z WH0LE THE COMPONENTS OF THE L0FTED COPY ARE POSTffiwED BY >) mOTE THAT
THE COMPONENTS MAY BE OR0ENTED BY LETT0NG EACH mhD0MENS0ONAL COMPONENT PO0NT TO THE �m� o(hD0MENS0ONAL
COMPONENT OBTA0NED BY REPLAC0NG THE LEFTMOST > OF THE mhD0MENS0ONAL COMPONENT W0TH z)

rdlzhC2azCAI SdTS
rEM0hCUB0CAL SETS ARE DEffiNED L0KE AUGMENTED SEM0hS0MPL0C0AL SETS EwCEPT THAT �) 0S REPLACED BY � 0N WH0CH WE
TAKE SE.UENCES OF D: L AND >: 0NSTEAD OF SE.UENCES OF z AND >)
--)z)e ,EffiN0T0ON b�[ /HE DEffiN0T0ON OF � 0S SHOWN BELOW) /HE SYMBOLS D AND L 0ND0CATE OPPOS0TE FACES OF A
CUBE)

nai� �+ �
gOl��n:m( �+ {j ∈ {D:L: >{m } NUMBER OF > 0N j + n{

f ◦ d �+






d 0F f + �

X �f′ ◦ d( 0F f + X f′:WHERE X + D OR L

X �f′ ◦ d ′( 0F f + > f′: d + X d ′: WHERE X + D: L: OR >

yD �+ > ▷ ▷ ▷ > m T0MES
�GA0N: 0F f ◦ d 0S WELLhDEffiNED: THEN THE LENGTH OF d 0S LESS THAN THAT OF f) -T CAN BE SHOWN THAT COMPOS0T0ON

0S ASSOC0AT0VE AND THAT yD 0S NEUTRAL)

--)z)n ,EffiN0T0ON brdT�[ vE DEffiNE THE CATEGORY OF SEM0hCUB0CAL SETS AS THE FUNCTOR CATEGORYc

rdT� �+ rdT�
no

--)z)oz ,EffiN0T0ON b�m[ /HE STANDARD SEM0hCUBE �m 0S DEffiNED AS THE xONEDA EMBEDD0NG OF m ∈ nai��(c
�m � rdT�

�m�n( �+ gOl�n:m(

�m�d( �+ λf) f ◦ d

rTANDARD mhSEM0hCUBES HAVE A GEOMETR0C 0NTERPRETAT0ON: WH0CH WE 0LLUSTRATE FOR D0MENS0ONS z: o: AND 3)
--)z)oo dwAMPLE b�y[ �y 0S gOl�z: z(: OR THE S0NGLETON SET OF THE EMPTY SE.UENCEc

�

--)z)o3 dwAMPLE b�o[ �o CONS0STS OF TWO PO0NTS: G0VEN BY gOl�z: o(: AND A L0NE: G0VEN BY gOl�o: o()

D L<

--)z)ot dwAMPLE b�3[ �3 CONS0STS OF FOUR PO0NTS: G0VEN BY gOl�z: 3(: FOUR L0NES CONNECT0NG THE FOUR PO0NTS: G0VEN
BY gOl�o: 3(: AND A ffiLLER: G0VEN BY gOl�3: 3(c

DL LL

DD LD

<L

E< L<

<E

>>
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lORE GENERALLY: THE STANDARD �m ) o(hSEM0hCUBE CAN BE OBTA0NED BY TAK0NG TWO COP0ES OF THE STANDARD mh
SEM0hCUBE SERV0NG AS BOTTOM AND TOP FACE AND CONNECT0NG THEM ON THE0R BORDER BY A CYL0NDER OBTA0NED AS A
TH0RD COPY STRETCHED 0N THE NEW D0MENS0ON) /HE BOTTOM AND TOP FACES ARE OBTA0NED FROM THE STANDARD mhSEM0h
CUBE BY POSTffiw0NG W0TH RESPECT0VELY D AND L WH0LE THE CYL0NDER 0S OBTA0NED BY POSTffiw0NG W0TH >) mOTE THAT
THE COMPONENTS CAN BE OR0ENTED BY LETT0NG EACH mhD0MENS0ONAL COMPONENT GO FROM THE �m� o(hD0MENS0ONAL
COMPONENT OBTA0NED BY REPLAC0NG THE LEFTMOST > W0TH D: TO THE ONE OBTA0NED BY REPLAC0NG THE LEFTMOST > W0TH
L)

�hSdTS
kET US CALL νhSETS: THE GENERAL0ZAT0ON OF AUGMENTED SEM0hS0MPL0C0AL SETS AND SEM0hCUB0CAL SETS OBTA0NED BY BU0LD0NG
ON AN ARB0TRARY ALPHABET ν: SO THAT THE FOLLOW0NG HOLDSc

]ARD0NAL OF ν o 3
-NTERPRETAT0ON �UGMENTED SEM0hS0MPL0C0AL TYPES rEM0hCUB0CAL TYPES

/O OBTA0N TH0S: WE EwTEND �) AND � 0N A STRA0GHTFORWARD MANNER 0NTO A CATEGORY WH0CH WE CALL �)
--)z)ofl ,EffiN0T0ON b�[ /HE DEffiN0T0ON OF νhSEM0hSHAPE CATEGORY 0S SHOWN BELOW) mOTE THAT: 0F f ◦ d 0S WELLhDEffiNED:
THEN THE LENGTH OF d 0S LESS THAN THAT OF f) -T CAN BE SHOWN THAT COMPOS0T0ON 0S ASSOC0AT0VE AND THAT yD 0S NEUTRAL)

nai� �+ �
gOl��n:m( �+ {j ∈ �ν | {>{(m } NUMBER OF > 0N j + n{

f ◦ d �+






d 0F f + �

X �f′ ◦ d( 0F f + X f′:WHERE X ∈ ν

X �f′ ◦ d ′( 0F f + > f′: d + X d ′: WHERE X ∈ ν OR X + >

yD �+ > ▷ ▷ ▷ > m T0MES FOR yD ∈ gOl��m:m(

� νhSET 0S THUS A CONTRAVAR0ANT FUNCTOR ϕ FROM THE νhSEM0hSHAPE CATEGORY TO rdT AND WE CALL mhνhSEM0hSHAPE
AN ELEMENT OF ϕ�m() �S 0N THE AUGMENTED SEM0hS0MPL0C0AL AND SEM0hCUB0CAL CASES: THE STANDARD �m ) o(hνh
SEM0hSHAPE 0S OBTA0NED BY CONNECT0NG TOGETHER ν COP0ES OF THE STANDARD mhνhSEM0hSHAPE W0TH AN EwTRA COPY
STRETCHED 0N THE NEW D0MENS0ON) vE CLAR0FY 0N THE NEwT SECT0ONS: HOW TH0S PROCESS OF CONSTRUCT0ON 0S S0M0LAR
TO THE PARAMETR0C0TY TRANSLAT0ON DEVELOPED FOR FUNCT0ONAL PROGRAMM0NG b’EYet[ AND MORE GENERALLY FOR TYPE
THEORY baI1oz: akoo: �4Iofl: a]lofi[)

--- swod TgdORw
lART0NhkëFqS /YPE THEORY pblk;fi: lARefl[( 0S A LOG0CAL FORMAL0SM BASED ON THE NOT0ON OF A TYPE RATHER THAN
THAT OF A SET) -T CAN BE SEEN AS A FOUNDAT0ON OF MATHEMAT0CS ALTERNAT0VE TO SET THEORY AND 0S THE CORE OF SEVERAL
TOOLS FOR THE FORMAL0ZAT0ON OF MATHEMAT0CS SUCH AS �GDA pb/HE3tA[(: ]O. pb/HE3tB[( AND kEAN pbDlJ�)ofi[()
-N TYPE THEORY: PROPOS0T0ONS ARE TYPES AND PROOFS ARE PROGRAMS) /YPE THEORY 0NCLUDES DEfN0T0ONAL E.UAL0TY: BY
WH0CH ALL PROPOS0T0ONS AND PROOFS ARE .UOT0ENTED)
/YPE THEORY 0S A 5Ew0BLE FORMAL0SM SUPPORT0NG D0fERENT MODELS) rOME MODELS ARE BASED ON TOPOLOG0CAL

SPACES: WHERE E.UAL0TY 0S 0NTERPRETED AS PATH: AND SUBST0TUT0V0TY OF E.UAL0TY AS TRANSPORT bJk3o[) /HESE MODELS
SUPPORT THE UN0VALENCE PR0NC0PLE STAT0NG THAT E.UAL0TY OF TYPES M0M0CS E.U0VALENCE OF TYPES: LEAD0NG TO THE
DEVELOPMENT OF gOMOTOPY /YPE /HEORY b/HEot[)
/YPES ARE ORGAN0ZED 0N A H0ERARCHY OF UN0VERSES WR0TTEN suPdl FOR l A NATURAL NUMBER) /HE MA0N TYPES

0N TYPE THEORY ARE THE TYPE OF DEPENDENT PA0RS: WR0TTEN ΠX � A)A�X(: THE TYPE OF DEPENDENT FUNCT0ONS: WR0TTEN
ΓX � A)A�X(: FOR A A TYPE AND A�X( A TYPE DEPENDENT ON THE 0NHAB0TANT X OF A: AND THE TYPE OF PROPOS0T0ONAL
E.UAL0T0ES: WR0TTEN r + t) �S A NOTAT0ON: THE TYPE OF DEPENDENT PA0RS WHEN A 0S NOT DEPENDENT ON A 0S SHORTENED
0NTO A×A AND THE TYPE OF DEPENDENT FUNCT0ONS WHEN A 0S NOT DEPENDENT ON A 0S WR0TTEN A → A) vE ASSUME
OUR TYPE THEORY TO ALSO 0NCLUDE A D0ST0NGU0SHED S0NGLETON TYPE: WR0TTEN UmyT: AND W0TH 0NHAB0TANT ∗: THE TYPE OF
BOOLEAN VALUES: AND THE TYPE OF NATURAL NUMBERS) vE ALSO ASSUME THAT OUR TYPE THEORY 0NCLUDES THE CO0NDUCT0VE
TYPE OF 0NffiN0TE DEPENDENT TUPLES) vE WR0TE HD AND TI THE PROiECT0ONS OF DEPENDENT PA0RS: AND pdf FOR RE5Ew0V0TY)
kOG0CAL PROPOS0T0ONS BE0NG TYPES THEMSELVES: WE USE Γ TO REPRESENT UN0VERSAL .UANT0ffiCAT0ON AND Π TO REPRESENT
Ew0STENT0AL .UANT0ffiCAT0ON)
� TYPEhTHEORET0C NOT0ON OF SETS CAN BE RECOVERED 0N EACH UN0VERSE AS grdTl: DENOT0NG THE SUBTYPE OF suPdl

FOR WH0CH PATHS ARE DEGENERATED: US0NG 2N0.UENESS OF -DENT0TY 1ROOFS p2-1() /ECHN0CALLY: TH0S 0S EwPRESSED AS A
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STRUCTURE E.U0PP0NG A DOMA0N cOl W0TH THE PROPERTY 2hoc

cOl � suPdl
2ho � Γvx � cOl)Γnp � v + x) n + p

-N grdTl: THE FOLLOW0NG PROPERT0ES HOLDc
o) 2-1 HOLDS ON THE UN0T TYPE: BOOL TYPE: AS WELL AS ALL TYPES OF ffiN0TE CARD0NAL ν)
3) 2-1 PROPAGATES TO ΠhTYPES)
t) 2-1 PROPAGATES TO ΓhTYPES: W0TH SOME ADD0T0ONAL FUNCT0ONAL EwTENS0ONAL0TY Aw0OMS)
aY NOTAT0ON: suPd AND grdT MEAN suPdl AND grdTl AT SOME UNSPEC0ffiED UN0VERSE LEVEL l)
vE ARE ALSO 0NTERESTED 0N EwTENS0ONAL TYPE THEORY: A TYPE THEORY W0TH THE FOLLOW0NG RE5ECT0ON RULE: WHERE +

0S PROPOS0T0ONAL E.UAL0TY 0N SOME TYPE AND • 0S DEffiN0T0ONAL E.UAL0TY blARefl[c

� ⊢ n � r + t

� ⊢ r • t

mOTE THAT THE RE5ECT0ON RULE 0MPL0ES 2-1 SO THAT grdT AND suPd ARE E.U0VALENT 0N EwTENS0ONAL TYPE THEORY)
/HE RE5ECT0ON RULES ALSO 0MPL0ES FUNCT0ONAL EwTENS0ONAL0TY) dwTENS0ONAL TYPE THEORY 0S LOG0CALLY E.U0VALENT TO
0NTENS0ONAL TYPE THEORY EwTENDED W0TH 2-1 AND FUNCT0ONAL EwTENS0ONAL0TY bgOFnfi[)

-u pdk�Tymf TO o�R�ldTRybyTw
’ECALL FROM THE 0NTRODUCT0ON: THE FORM TAKEN BY THE 0NDEwED PRESENTAT0ON OF A SEM0hCUB0CAL SETc

Ty � grdT
To � Ty ×Ty → grdT
T3 � ΓXabc) To�X: a(×To�b: c(×To�X: b(×To�a: c( → grdT
▷ ▷ ▷

gERE: THE PROCESS OF CONSTRUCT0ON OF THE TYPE OF To FROM THAT OF Ty: AND OF THE TYPE OF T3 FROM THAT OF
To: 0S S0M0LAR TO 0TERAT0VELY APPLY0NG A B0NARY PARAMETR0C0TY TRANSLAT0ON) /HE B0NARY PARAMETR0C0TY WH0CH WE
CONS0DER 0NTERPRETS A CLOSED TYPE A BY A FAM0LY A< OVER A×A: AND TH0S CAN BE SEEN AS A GRAPH WHOSE VERT0CES
ARE 0N A) dACH TYPE CONSTRUCTOR 0S ASSOC0ATED W0TH THE CONSTRUCT0ON OF A GRAPH) /O START W0TH: THE TYPE OF TYPES
grdT 0S 0NTERPRETED AS THE FAM0LY OF TYPE OF FAM0L0ES grdT<: WH0CH TAKES AE AND AL 0N grdT AND RETURNS THE
TYPE AE ×AL → grdT OF FAM0L0ES OVER AE AND AL) �LSO: FOR A 0NTERPRETED BY A< AND A 0NTERPRETED BY A<: A
DEPENDENT FUNCT0ON TYPE ΓX � A)A 0S 0NTERPRETED AS THE GRAPH �ΓX � A)A(< THAT TAKES TWO FUNCT0ONS dE AND dL
OF TYPE ΓX � A)A: AND EwPRESSES THAT THESE FUNCT0ONS MAP RELATED ARGUMENTS 0N A TO RELATED ARGUMENTS 0N Ac

�ΓX � A)A(<�dE: dL( ! Γ�XE: XL( � �A×A() �A<�XE: XL( → A<�dE�XE(: dL�XL(((

r0M0LARLY: A PRODUCT TYPE A×A 0S 0NTERPRETED AS THE GRAPH �A×A(< THAT RELATES TWO TUPLES �XE: aE( AND
�XL: aL( 0N A×A AS FOLLOWSc

�A×A(<��XE: aE(: �XL: aL(( ! A<�XE: XL(×A<�aE: aL(

-N PART0CULAR: FOR T � grdT: APPLY0NG OUR PARAMETR0C0TY TRANSLAT0ON 0S ABOUT ASSOC0AT0NG TO T AN 0NHAB0TANT
T< OF grdT<�T:T( 0)E) OF T ×T → grdT) -N TURN: APPLY0NG THE TRANSLAT0ON AGA0N TO T< � T ×T → grdT 0S
ABOUT ASSOC0AT0NG TO T< AN 0NHAB0TANT T<< OF �T ×T → grdT(<�T<:T<( 0)E) OFc

Γ��vEE:vEL(: �vLE:vLL(( � ��T ×T(× �T ×T(()
�T<�vEE:vEL(×T<�vLE:vLL( → T<�vEE:vLE(×T<�vEL:vLL( → grdT(

WH0CH H0NTS US AT HOW THE SE.UENCE Ty: To: T3 CAN BE SEEN AS A SE.UENCE OF 0NHAB0TANTS OF THE 0TERAT0ON OF
THE COMPOS0T0ON OF B0NARY PARAMETR0C0TY W0TH THE D0AGONAL ON TYPES AND TYPE FAM0L0ES: APPL0ED TO AN 0N0T0AL
T � grdTc

Ty ! T � grdT
To ! T< � grdT<�T:T(

T3 ! T<< � �grdT<�T:T((<�T<:T<(
▷ ▷ ▷

/H0S TELLS US HOW THE 0NFORMAL TYPE G0VEN TO T3 0N THE PREV0OUS SECT0ON COULD BE REPHRASED SO THAT 0T COMES
AS THE 0NSTANCE OF A GENERAL REC0PE CHARACTER0Z0NG THE TYPE OF ALL Td)
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mOT0CE: HOWEVER: THAT THE REC0PE OBTA0NED SO FAR: Tm)o � �Rm(<�Tm:Tm( FOR Tm � Rm: APPL0ES PARAMETR0C0TY
ON THE SYNTAw OF THE TYPE OF Tm) -T DOES NOT D0RECTLY Y0ELD A CHARACTER0ZAT0ON OF Rm AS A FUNCT0ON FROM
m) ’EFORMULAT0NG THE REC0PE AS AN EwPL0C0T RECURS0VE CONSTRUCT0ON: W0THOUT RE.U0R0NG AN 0NTERPRETAT0ON OF THE
SYNTAw OF TYPES: 0S THE MA0N OUTCOME OF TH0S WORK: TOGETHER W0TH THE MECHAN0ZAT0ON AND THE UN0FORM TREATMENT
OF AUGMENTED SEM0hS0MPL0C0AL AND SEM0hCUB0CAL SETS BY MEANS OF THE GENERAL0ZAT0ON TO νhSETS)

u ntR bOmSTRtbTyOm
-N TH0S SECT0ON: WE DESCR0BE OUR PARAMETR0C0TYhBASED CONSTRUCT0ON OF νhSETS 0N 0NDEwED FORM AT TWO LEVELS OF
FORMAL0TY)
rECT0ONS _)o AND _)t DESCR0BE THE CONSTRUCT0ON AT AN 0NFORMAL LEVEL OF D0SCOURSEc
o) -N _)o: WE PRESENT 0T 0N 0NFORMAL EwTENS0ONAL TYPE THEORY WHERE E.UAT0ONAL REASON0NG 0S LEFT 0MPL0C0T: AND
WE G0VE AN 0NTU0T0ON FOR THE CONSTRUCT0ON 0N _)3)

3) vH0LE REASON0NG 0N EwTENS0ONAL TYPE THEORY 0S S0M0LAR TO REASON0NG 0N SET THEORY REGARD0NG HOW E.UAL0TY 0S
HANDLED: EwTENS0ONAL TYPE THEORY HAS TWO L0M0TAT0ONS) /HE ffiRST L0M0TAT0ON 0S THAT 0T ENFORCES THE PR0NC0PLE
OF 2N0.UENESS OF -DENT0TY 1ROOFS AND TH0S 0S 0NCONS0STENT W0TH THE 2N0VALENCE PR0NC0PLE: THUS MAK0NG 0T
0NEwPRESS0BLE 0N gOMOTOPY /YPE /HEORY) /HE SECOND L0M0TAT0ON 0S THAT WE WANT THE CONSTRUCT0ON TO BE
FORMAL0ZABLE 0N THE ]O. PROOF ASS0STANT WHOSE UNDERLY0NG TYPE THEORY 0S 0NTENS0ONAL) rECT0ON _)t THUS
REPHRASES THE CONSTRUCT0ON 0N p0NFORMAL( 0NTENS0ONAL TYPE THEORY)

rECT0ONS _)fl: _)fi: AND _)7 DESCR0BE ADD0T0ONAL 0SSUES TO BE ADDRESSED 0N ORDER TO GET A FULLY FORMAL CONSTRUCh
T0ONc
o) /HE WELLhFOUNDEDNESS OF THE 0NDUCT0ON RE.U0RES A SPEC0AL TERM0NAT0ON EV0DENCE WH0CH W0LL BE D0SCUSSED 0N
SECT0ON _)fl)

3) /HE CONSTRUCT0ON 0S 0NDEwED OVER 0NTEGERS AND HOLDS UNDER SOME CONSTRA0NTS ON THE RANGE OF THESE 0NTEGERS)
/HERE 0S A STANDARD FORMAL0ZAT0ON D0LEMMA 0N TH0S K0ND OF S0TUAT0ONc E0THER THE CONSTRA0NTS ON THE RANGE
ARE EMBEDDED 0N THE CONSTRUCT0ON SO THAT THE CONSTRUCT0ON MAKES SENSE ONLY ON THE CORRESPOND0NG RANGE:
OR THE CONSTRUCT0ON 0S MADE ffiRST ON A MORE GENERAL DOMA0N THAN NEEDED BUT RESTR0CTED TO A SMALLER DOMA0N
AT THE T0ME OF USE) vE ADOPTED THE FORMER APPROACH: RE.U0R0NG THE CONSTRUCT0ON TO BE DEPENDENT ON PROOFS
OF 0NE.UAL0T0ES ON NATURAL NUMBERS) vE D0SCUSS HOW WE DEAL W0TH SUCH DEPENDENC0ES 0N SECT0ON _)fi)

t) � NUMBER OF STANDARD GROUPO0D PROPERT0ES OF E.UAL0TY AS WELL AS TYPE 0SOMORPH0SMS HAVE BEEN LEFT 0MPL0C0T
0N THE 0NFORMAL DEffiN0T0ON) /H0S 0S D0SCUSSED 0N SECT0ON _)7)

upo 6gd CnmSTR2CTznm zm zmFnRlAI Tx1d TgdnRx
� νhSET 0N 0NDEwED FORM 0S A SE.UENCE OF FAM0L0ES OF grdT: THAT 0S grdTl FOR SOME UN0VERSE LEVEL l) vE CALL SUCH
SE.UENCE A νhSET AT LEVEL l: WHOSE TYPE THUS L0VES 0N grdTl)o)
/ABLE o DESCR0BES THE TYPE OF A νhSET AT LEVELl 0N 0NDEwED FORM: AS THE TYPE OF A CO0NDUCT0VELYhDEffiNED 0NffiN0TE

SE.UENCE OF TYPE FAM0L0ES REPRESENT0NG THE L0M0T OF mhTRUNCATED νhSETSc νrdT≥m
l DENOTES AN 0NffiN0TE SE.UENCE

Tm)o:Tm)3: ▷ ▷ ▷ DEPENDENT ON A mhTRUNCATED νhSET: νrdT<m
l : SO THAT: WHEN m 0S z: 0T DENOTES A FULL νhSET: WR0TTEN

νrdTl) /H0S 0S MADE POSS0BLE BECAUSE THE zhTRUNCATED νhSET: νrdT<y
l : 0S DEGENERATEDc 0T 0S AN EMPTY FAM0LY: AND

THERE 0S THUS ONLY ONE zhTRUNCATED νhSET: NAMELY THE CANON0CAL 0NHAB0TANT > OF UmyT)
/HE DEffiN0T0ON OF THE TYPE OF A mhTRUNCATED νhSET 0S 0N TURN DESCR0BED 0N TABLE 3) -N THE 0NffiN0TE SE.UENCE OF

TYPE FAM0L0ES REPRESENT0NG A νhSET: THE mhTH COMPONENT 0S A TYPE DEPENDENT OVER A eUIIep�ld) -T 0S RECURS0VELY
DEffiNED 0N TABLE t: US0NG THE AUw0L0ARY DEffiN0T0ONS OF ep�ld: I�udp AND P�ymTymG) � eUIIep�ld DESCR0BES A BOUNDARY
OF A STANDARD FORM pS0MPLEw: CUBE(: WH0CH WE DECOMPOSE 0NTO I�udp: AND A P�ymTymG CORRESPONDS TO A ffiLLED FRAME)
mOT0CE THAT THE TYPE I�udp REL0ES ON AN OPERATOR OF FRAME RESTR0CT0ON pdSTpep�lc WH0CH 0S DEffiNED 0N TABLE fl: AND
TH0S RESTR0CT0ON OPERATOR 0S 0N TURN DEffiNED US0NG AUw0L0ARY DEffiN0T0ONS pdSTph�ucp AND pdSTpo�ymTymfl)
mOTABLY: THE DEffiN0T0ON OF pdSTph�ucp REL0ES ON AN E.UAL0TY EwPRESS0NG THE COMMUTAT0ON OF THE COMPOS0T0ON OF

TWO pdSTpep�lc) /HE PROOF OF TH0S COMMUTAT0ON 0S WORTH BE0NG MADE EwPL0C0T: WH0CH WE DO 0N TABLE fi US0NG
PROOFhTERM NOTAT0ONS) /HE PROOF RE.U0RES AN 0NDUCT0ON ON THE D0MENS0ON AND ON THE STRUCTURE OF ep�ld: I�udp:
AND P�ymTymG) /H0S 0S WHAT bOHep�lc DOES US0NG AUw0L0ARY PROOFS bOHh�ucp AND bOHo�ymTymfl) dVEN THOUGH 0T LOOKS
0NDEPENDENT OF THE DEffiN0T0ONS FROM THE OTHER TABLES: bOHep�lc HAS TO BE PROVED MUTUALLY W0TH THE DEffiN0T0ONS
OF ep�ld: I�udp: P�ymTymG: AND THE0R CORRESPOND0NG RESTR0CT0ONS) lORE PREC0SELY: FOR A ffiwED m: THE BLOCK OF ep�ld:
pdSTpep�lc: AND bOHep�lc HAS TO BE DEffiNED 0N ONE GO BY 0NDUCT0ON ON n) �LSO: EACH OF P�ymTymG: pdSTpo�ymTymfl: AND
bOHo�ymTymfl 0S BU0LT BY 0NDUCT0ON FROM n TO m) /HE P�ymTymG BLOCK AT m REL0ES ON THE ep�ld BLOCK AT m: BUT THE
CONVERSE DEPENDENCY 0S ONLY ON LOWER m: SO TH0S 0S WELLhFOUNDED) mOTE THAT I�udp: pdSTph�ucp AND bOHh�ucp ARE iUST
ABBREV0AT0ONS) /HE EwACT WAY TH0S MUTUAL RECURS0ON 0S EVENTUALLY FORMAL0ZED 0S EwPLA0NED 0N SECT0ON _)fl)
mOTE THAT FOR A ffiwED CONSTANT m: RELY0NG ON THE EVALUAT0ON RULES OF TYPE THEORY: THE COHERENCE COND0T0ONS

DEGENERATE TO A RE5Ew0V0TY PROOF: SO THAT THE CONSTRUCT0ON BU0LDS AN EfECT0VE SE.UENCE OF TYPES NOT MENT0ON0NG
COHERENCES ANYMORE)
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νrcTR � grcTR)f
νrcTR ! νrcT≥2

R �∗(

νrcT≥m
R �D � νrcT<m

R ( � grcTR)f
νrcT≥m

R D ! ΠL � νrcT+m
R �D()νrcT≥m)f

R �D:L(

/ABLE oc lA0N DEffiN0T0ON
νrcT<m

R � grcTR)f
νrcT<2

R ! 2myT
νrcT<m�)f

R ! ΠD � νrcT<m�
R ) νrcT+m�

R �D(

νrcT+m
R �D � νrcT<m

R ( � grcTR
νrcT+m

R D ! e2hhep�lcmR�D( → grcTR

/ABLE 3c /RUNCATED νhSETS: THE CORE
e2hhep�lcm �D � νrcT<m

R ( � grcTR
e2hhep�lcm D ! ep�lcmcm�D(

ep�lcmcncn≤m �D � νrcT<m
R ( � grcTR

ep�lcmc2 D ! 2myT
ep�lcmcn�)f D ! Πc � ep�lcmcn�

�D() h�ucpmcn�
�c(

h�ucpmcncn<m {D � νrcT<m
R {

�c � ep�lcmcn�D((
� grcTR

h�ucpmcn D c ! Γω)o�ymTymflm�fcn�D)3(�pcSTpmcn
ep�lccωcn�c((

o�ymTymflmcncn≤m
�D � νrcT<m

R (
�D � νrcT+m

R �D((
�c � ep�lcmcn�D((

� grcTR

o�ymTymflmcncn+m D D c ! D�c(

o�ymTymflmcncn<m D D c ! Πj � h�ucpmcn�c() o�ymTymflmcn)f�D(�c: j(

/ABLE tc ep�ld: I�udp: AND P�ymTymG

pcSTpmcncn≤p≤m�f
ep�lcc�cp

{D � νrcT<m{
�c � ep�lcmcn�D((

� ep�lcm�fcn�D)o(

pcSTpmc2
ep�lcc�cp D ∗ ! ∗

pcSTpmcn�)f
ep�lcc�cp D �c: j( ! �pcSTpmcn�

ep�lcc�cp�c(: pcSTp
mcn�

h�ucpc�cp�f�j((

pcSTpmcncn≤p≤m�1
h�ucpc�cp

{D � νrcT<m{
{c � ep�lcmcn�D({
�j � h�ucpmcn�c((

� h�ucpm�fcn�pcSTpmcn
ep�lcc�cp)f�c((

pcSTpmcn
h�ucpc�cp D c j ! λω)�pcSTpm�fcn

o�ymTymflc�cp�D)3(�jω((

pcSTpmcncn≤p≤m�f
o�ymTymflc�cp

�D � νrcT<m(
�D � νrcT+m�D((
�c � ep�lcmcn�D((

�R � o�ymTymflmcn�D(�c((

� o�ymTymflm�fcn�D)3(�pcSTpmcn
ep�lcc�cp)f�c((

pcSTpmcncn+p
o�ymTymflc�cp D D c �j:u( ! j�

pcSTpmcncn<p
o�ymTymflc�cp D D c �j: R( ! �pcSTpmcn

h�ucpc�cp�j(: pcSTp
mcn)f
o�ymTymflc�cp�D(�R((

/ABLE flc phTH PROiECT0ON OF pdSTp: OR FACES

anHmcncn≤q≤p≤m�1
ep�lcc�cωcpcq

{D � νrcT<m{
�c � ep�lc�D((

�
pcSTpm�fcn

ep�lcc�cp�pcSTp
mcn
ep�lccωcq�c((

+ pcSTpm�fcn
ep�lccωcq�pcSTp

mcn
ep�lcc�cp)f�c((

anHmc2
ep�lcc�cωcpcq D ∗ ! pcf�∗(

anHmcn�)f
ep�lcc�cωcpcq D �c: j( ! �anHmcn�

ep�lcc�cωcpcq�c(: anH
mcn�

h�ucpc�cωcpcq�j((

anHmcncn<q≤p≤m�1
h�ucpc�cωcpcq

�D � νrcT<m(
{c � ep�lc�D({
�j � h�ucp�c((

�
pcSTpm�fcn

h�ucpc�cp�pcSTp
mcn
h�ucpcωcq�j((

+ pcSTpm�fcn
h�ucpcωcq�pcSTp

mcn
h�ucpc�cp)f�j((

anHmcn
h�ucpc�cωcpcq D c j ! λθ) anHm�fcn

o�ymTymflc�cωcp�fcq�f�D)3(�jθ(

anHmcncn≤q≤p≤m�1
o�ymTymflc�cωcpcq

�D � νrcT<m(
�D � νrcT+m�D((
�c � ep�lc�D((

�R � o�ymTymfl�D(�c((

�
pcSTpm�fcn

o�ymTymflc�cp�D)3(�pcSTpmcn
o�ymTymflcωcq�D(�R((

+ pcSTpm�fcn
o�ymTymflcωcq�D)3(�pcSTpmcn

o�ymTymflc�cp)f�D(�R((

anHmcncn+q
o�ymTymflc�cωcpcq D D c �j:u( ! pcf�pcSTpm�fcn

o�ymTymflc�cp�f�D)3(�j�((
anHmcncn<q

o�ymTymflc�cωcpcq D D c �j: R( ! �anHmcn
h�ucpc�cωcpcq�j(: anH

mcn)f
o�ymTymflc�cωcpcq�D(�R((

/ABLE fic ]OMMUTAT0ON OF phTH PROiECT0ON AND qhTH PROiECT0ON: OR COHERENCE COND0T0ONS
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up3 -mT2zTznm FnR n2R FnRlAI CnmSTR2CTznm
/HERE 0S A eUIIep�ld FOR EACH D0MENS0ON m: WR0TTEN eUIIep�ldm: AND EVERY Tm 0S UN0FORMLY ASS0GNED A TYPE OF THE
FORM eUIIep�ldm → grdT) gERE: eUIIep�ldm 0S A üTELESCOPE“ COLLECT0NG ALL ARGUMENTS OF THE TYPE OF Td 0N SECT0ON -_
AS A NEST0NG OF ΠhTYPES)
/O 0LLUSTRATE HOW TO RECURS0VELY BU0LD eUIIep�ldm: LET US BEG0N BY SETT0NG eUIIep�ldy ! UmyT: SO THAT THE TYPE

grdT G0VEN TO Ty 0N SECT0ON -_ CAN BE E.U0VALENTLY FORMULATED AS UmyT → grdT) /HEN: MORE GENERALLY: LET EACH
eUIIep�ldm CONS0ST OF m LAYERS: WR0TTEN I�udpm:n W0TH n . m: THAT WE STACK 0N ORDER: START0NG FROM UmyT: AND WR0T0NG
ep�ldm:n FOR THE n ffiRST LAYERS OF A eUIIep�ldm: SO THAT eUIIep�ldm 0S ep�ldm:m) –OR 0NSTANCE: To 0S MADE OF ONE
LAYER: SO THAT 0T CAN BE WR0TTEN AS A ΠhTYPE OF AN 0NHAB0TANT OF UmyT AND I�udpo:y) /HEN: T3 0S S0M0LARLY MADE OF
TWO LAYERS)

R2 � tluS︷︷︸
ep�lc2�2

→ endS

R� � Π∗ � tluSp

)



R2�∗(︷ ︷ ︸
o�ymTymfl2�2

�
R2�∗(︷ ︷ ︸

o�ymTymfl2�2





︷ ︷ ︸
h�ucp,�2

︷ ︷ ︸
ep�lc,�,

→ endS

R1 � ΠX �

)



Π∗ � tluSp

)



Πa �

)
R2�∗(
�

R2�∗(

(
p R� �∗c a(︷︷︸

pcSTp1�2
ep�lc��︷ ︷ ︸

o�ymTymfl,�,

︷ ︷ ︸
o�ymTymfl,�2

�

Πa �

)
R2�∗(
�

R2�∗(

(
p R� �∗c a(︷︷︸

pcSTp1�2
ep�lc�L︷ ︷ ︸

o�ymTymfl,�,

︷ ︷ ︸
o�ymTymfl,�2





︷ ︷ ︸
h�ucp1�2





︷ ︷ ︸
ep�lc1�,

p

)



R�

�
XpH�c

�
XpShp.pH�p.c
XpShpLpH�p.

((

︷ ︷ ︸
pcSTp1�,

ep�lc��︷ ︷ ︸
o�ymTymfl,�,

�

R�

�
XpH�c

�
XpShp.pH�pLc
XpShpLpH�pL

((

︷ ︷ ︸
pcSTp1�,

ep�lc�L︷ ︷ ︸
o�ymTymfl,�,





︷ ︷ ︸
h�ucp1�,

︷ ︷ ︸
ep�lc1�1

→ endS

� � �

kET US NOW 0LLUSTRATE THE CONSTRUCT0ON OF eUIIep�ldt: NECESSARY TO BU0LD THE TYPE OF Tt)

/HE ffiGURE ON THE LEFT 0S ep�ldt:o: 0N THE M0DDLE 0S ep�ldt:3: AND ON THE R0GHT 0S ep�ldt:t: WH0CH 0S FULL) –URTHER:
ep�ldt:o 0S MADE OF ONE LAYER: I�udpt:y: SHOWN 0N BLUE: ep�ldt:3 0S MADE OF ONE ADD0T0ONAL LAYER: I�udpt:o: SHOWN
0N RED: ep�ldt:t 0S MADE OF ONE MORE LAYER: I�udpt:3: SHOWN 0N GREEN)
vE 0LLUSTRATED HERE THE CUB0CAL CASE: THAT 0S ν + 3: BUT: 0N GENERAL: A I�udpm:n 0S A PRODUCT OF ν P�ymTymGm�o:n)

� P�ymTymGm:y 0S A mhD0MENS0ONAL OBiECT CORRESPOND0NG TO A ffiLLED eUIIep�ldm) lORE GENERALLY: A P�ymTymGm:n 0S AN
mhD0MENS0ONAL OBiECT WH0CH HAS THE FORM OF A P�ymTymGm�n:y: THUS OF �m� n(hD0MENS0ONAL FORM: BUT SH0FTED AND
L0V0NG 0N D0MENS0ONS n TO m) rUCH P�ymTymGm:n ffiLLS A SPACE FRAMED BY A PART0AL ep�ldm:n SO THAT: TOGETHER: THEY
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FORM A ffiLLED eUIIep�ldm) –OR 0NSTANCE: 0N THE P0CTURE: EACH OF THE TWO P�ymTymG3:y OF I�udpt:y 0S A ffiLLED BLUE S.UARE:
EACH OF THE TWO P�ymTymG3:o OF I�udpt:o 0S A L0NE: SHOWN 0N RED: STRETCHED 0NTO A PART0AL S.UARE ffiLL0NG THE PART0AL
FRAMES MADE OF RESPECT0VELY: THE LEFT AND R0GHT BORDER OF THE BLUE S.UARE: AND EACH OF THE TWO P�ymTymG3:3 OF
I�udpt:3 0S THE PO0NT SHOWN 0N GREEN: STRETCHED 0NTO A PART0AL S.UARE ffiLL0NG THE FULL FRAMES MADE RESPECT0VELY OF
THE UPPER AND LOWER BORDERS OF THE BLUE AND RED S.UARES) � P�ymTymGm:n COMPLEMENTS A ep�ldm:n BY ADD0NG LAYERS
NEEDED TO FORM A eUIIep�ldm AND BY ffiLL0NG THE RESULT0NG eUIIep�ldm W0TH AN 0NHAB0TANT OF Tm) kAYERS ARE ADDED
FROM D0MENS0ON m TO D0MENS0ON n: OPPOS0TE TO THE ORDER FROM z TO n THE ep�ldm:n ARE BU0LT: AS SHOWN BELOW)

ep�ldm:n ! ΠXm � �▷ ▷ ▷ �Π∗ � UmyT) I�udpm:y( ▷ ▷ ▷() I�udpm:n�o
P�ymTymGm:n ! Πjn � I�udpm:n)�▷ ▷ ▷ �Πjm � I�udpm:m�o)Tm( ▷ ▷ ▷(

rO FAR: WE HAVE NOT PA0D ATTENT0ON TO THE FACT THAT WE HAVE A DEPENDENT TYPE: SHOWN AS Π) /O BE MORE
PREC0SE: NOTE THAT eUIIep�ldm DEPENDS ON ALL Td UP TO m� o) rO: WE NEED TO PACKAGE UP Td: FOR g . m: 0NTO A
NEST0NG OF ΠhTYPES: CONST0TUT0NG THE TYPE OF A mhTRUNCATED νhSET: WH0CH WE WROTE νrdT<m) /H0S ALLOWS US TO G0VE
THE TYPE νrdT<m → grdT TO eUIIep�ldm) /HEN: FOR B � νrdT<m: REPRESENT0NG AN 0N0T0AL PREffiw OF Ty:To: ▷ ▷ ▷Tm�o:
THE 0NDEwED SET Tm HAS TYPE eUIIep�ldm�B( → grdT) /HUS: ep�ldm:n: I�udpm:n AND P�ymTymGm:n ALSO DEPEND ON B)
vE CAN THEN REFORMULATE THE PREV0OUS E.UAT0ON W0TH 0TS DEPENDENCY ON B) -N PART0CULAR: Tm 0S iUST THE LAST
COMPONENT OF B: THAT 0S B)TI)

ep�ldm:n�B( ! ΠXm � �▷ ▷ ▷ �Π∗ � UmyT) I�udpm:y�B(( ▷ ▷ ▷() I�udpm:n�o�B(

P�ymTymGm:n�B( ! Πjn � I�udpm:n�B() �▷ ▷ ▷ �Πjm � I�udpm:m�o�B()B)TI( ▷ ▷ ▷(

�N EwTRA REffiNEMENT AR0SES FROM THE FACT THAT EACH NEW LAYER OF A FRAME HAS TO BE GLUED ONTO THE BORDER OF THE
PART0AL FRAME BU0LT SO FAR) rO: EACH I�udpm:n HAS TO DEPEND ON ep�ldm:n) vE ALSO NEED A WAY TO CHARACTER0ZE THE
ν BORDERS OF EACH P�ymTymGm�o:n THAT COMPOSES A I�udpm:n: AND TH0S 0S WHERE THE RESTR0CT0ON pdSTpm:nep�lc:�:n ARR0VES:
FOR EACH � . ν) –OR 0NSTANCE: 0N THE P0CTURE: THE LEFT AND R0GHT P�ymTymG3:o: SHOWN 0N RED: ARE LA0D ON RESPECT0VELY
THE LEFT AND R0GHT BORDERS OF THE BLUE BOwES: AND HENCE NEED TO DEPEND ON ep�ldt:o) /HE LEFT AND R0GHT BORDERS
OF THE TWO BLUE BOwES ARE THEN EwTRACTED AS pdSTp3:oep�lc:E�B(�c( AND pdSTp3:oep�lc:L�B(�c() vE CAN THEN REffiNE AGA0N
THE PREV0OUS E.UAT0ON BY SHOW0NG THE DEPENDENC0ES ON c: AS SHOWN BELOW)

ep�ldm:n�B( ! Πc � �▷ ▷ ▷ �Π∗ � UmyT) I�udpm:y�B(�∗(( ▷ ▷ ▷() I�udpm:n�B(�c(

P�ymTymGm:n�B(�c( ! Πjn � I�udpm:n�B(�c() �▷ ▷ ▷ �Πjm � I�udpm:m�o�B(�c: jn: ▷ ▷ ▷ : jm�o()B)TI�c: jn: ▷ ▷ ▷ : jm(( ▷ ▷ ▷(
WHERE �c: jn: ▷ ▷ ▷ : jp( ABBREV0ATES ��▷ ▷ ▷ �c: jn(: ▷ ▷ ▷(: jp(

vHEN ν + 3: US0NG D AND L TO REPRESENT THE S0DES: THE FORMAT0ON OF LAYERS FROM PA0NT0NGS AMOUNTS TOc

I�udpm:n�B(�c( ! P�ymTymGm�o:n�B)HD(�pdSTpm:nep�lc:E:n�c((× P�ymTymGm�o:n�B)HD(�pdSTpm:nep�lc:L:n�c((

/HE OPERAT0ON pdSTpm:nep�lc:�:p RESTR0CTS THE n ffiRST LAYERS OF A FRAME: AND THE CONSTRUCT0ON 0S BY RECURS0ON ON
THE STRUCTURE OF A FRAME c) /H0S NECESS0TATES THE DEffiN0T0ONS pdSTpm:nh�ucp:�:p�c(�j( AND pdSTpm:no�ymTymfl:�:p�c(�b(: FOR j A
I�udp: AND b A P�ymTymG) /HE KEY CASE 0S pdSTpm:no�ymTymfl:�:n�c(�b(: WHERE b: A P�ymTymGm:n: NECESSAR0LY HAS THE FORM
OF ��bE: bL(:u() gERE: pdSTpm:no�ymTymfl:E:n P0CKS OUT bE: A P�ymTymGm�o:n: pdSTpm:no�ymTymfl:L:n P0CKS OUT THE bL: ALSO A
P�ymTymGm�o:n: AND THE LAST COMPONENT: SHOWN AS u: A P�ymTymGm:n)o: 0S D0SCARDED) /HERE 0S ONE LAST D0ffCULTY:
WH0CH WE 0LLUSTRATE BY WR0T0NG DOWN EwPECTED AND ACTUAL TYPES)
40VEN bω OF TYPE

bω � P�ymTymGm�o:n�B)HD(�pdSTpm�o:nep�lc:ω:p�c((

pdSTpm:nh�ucp:��c(�bE: bL( PRODUCES A LAYER 0N WH0CH THE ωhCOMPONENT HAS THE TYPE

P�ymTymGm�3:n�B)HD)HD(�pdSTpm�o:nep�lc:�:p�pdSTp
m:n
ep�lc:ω:n�c(((

WH0LE WE EwPECT A COMPONENT OF TYPE

P�ymTymGm�3:n�B)HD)HD(�pdSTpm�o:nep�lc:ω:n�pdSTp
m:n
ep�lc:�:p)o�c(((

gENCE: WE NEED A COHERENCE COND0T0ON TO COMMUTE THE RESTR0CT0ONS) ]OHERENCE COND0T0ONS S0M0LAR TO TH0S
NECESS0TATE WHAT ARE SHOWN AS: bOHep�lc: bOHh�ucp AND bOHo�ymTymfl 0N TABLE fi) /HESE ARE BY 0NDUCT0ON ON THE
STRUCTURE OF ep�ld: I�udp AND P�ymTymG) mOTE THAT: FOR THE CONSTRUCT0ON 0N 0NTENS0ONAL TYPE THEORY: WE FURTHER
NEED A 3hD0MENS0ONAL COHERENCE COND0T0ON: bOHtep�lc: FOR bOHh�ucp: WH0CH 0S EwPLA0NED 0N THE NEwT SECT0ON)



_)t 8q9l dw/dmr-9m�k /9 -m/dmr-9m�k /x1d /gd9qx oo6 ofi

upt eRnl dWTdmSznmAI Tn zmTdmSznmAI Tx1d TgdnRx
-N TH0S SECT0ON: WE 0NTEND TO GET R0D OF THE RE5ECT0ON RULE AND MAKE EwPL0C0T THE E.UAT0ONAL REASON0NG STEP NEEDED
TO REPHRASE THE CONSTRUCT0ON 0N 0NTENS0ONAL TYPE THEORY) –OR READAB0L0TY PURPOSES: WE MAKE ONLY EwPL0C0T 0N TH0S
SECT0ON THE KEY COHERENCE COND0T0ONS OF THE CONSTRUCT0ON) 9THER CASES OF E.UAL0TY REASON0NG WOULD HAVE TO BE
MADE EwPL0C0T TO FULLY OBTA0N A CONSTRUCT0ON 0N 0NTENS0ONAL TYPE THEORY: BUT THESE STEPS ARE STANDARD ENOUGH TO
BE OM0TTED AT TH0S STAGE) rEE SECT0ON _)7 FOR THE DETA0LS)
/HE NEED FOR TRANSPORT ALONG A PROOF OF COMMUTAT0ON OF pdSTpep�lc 0N THE DEffiN0T0ON OF pdSTph�ucp 0S MADE

EwPL0C0T 0N TABLE flq: WHERE THE ARROW OVER bOHep�lc 0ND0CATES THE D0RECT0ON OF REWR0TE)

pcSTpmcncn≤p≤m�f
ep�lcc�cp

{D � νrcT<m{
�c � ep�lcmcn�D((

� ep�lcm�fcn�D)o(

pcSTpmc2
ep�lcc�cp D ∗ ! ∗

pcSTpmcn�)f
ep�lcc�cp D �c: j( ! �pcSTpmcn�

ep�lcc�cp�c(: pcSTp
mcn�

h�ucpc�cp�f�j((

pcSTpmcncn≤p≤m�1
h�ucpc�cp

{D � νrcT<m{
{c � ep�lcmcn�D({
�j � h�ucpmcn�c((

� h�ucpm�fcn�pcSTpmcn
ep�lcc�cp)f�c((

pcSTpmcn
h�ucpc�cp D c j ! λω)�

������������→
anHmcn

ep�lcc�cωcpcn�c(�pcSTp
m�fcn
o�ymTymflc�cp�D)3(�jω(((

pcSTpmcncn≤p≤m�f
o�ymTymflc�cp

�D � νrcT<m(
�D � νrcT+m�D((
�c � ep�lcmcn�D((

�R � o�ymTymflmcn�D(�c((

� o�ymTymflm�fcn�D)3(�pcSTpmcn
ep�lcc�cp)f�c((

pcSTpmcncn+p
o�ymTymflc�cp D D c �j:u( ! j�

pcSTpmcncn<p
o�ymTymflc�cp D D c �j: R( ! �pcSTpmcn

h�ucpc�cp�j(: pcSTp
mcn)f
o�ymTymflc�cp�D(�R((

/ABLE flqc phTH PROiECT0ON OF pdSTp: OR FACES

anHmcncn≤q≤p≤m�1
ep�lcc�cωcpcq

{D � νrcT<m{
�c � ep�lcmcn�D((

�
pcSTpm�fcn

ep�lcc�cp�pcSTp
mcn
ep�lccωcq�c((

+ pcSTpm�fcn
ep�lccωcq�pcSTp

mcn
ep�lcc�cp)f�c((

anHmc2
ep�lcc�cωcpcq D ∗ ! pcf�∗(

anHmcn�)f
ep�lcc�cωcpcq D �c: j( ! �anHmcn�

ep�lcc�cωcpcq�c(: anH
mcn�

h�ucpc�cωcpcq�j((

anHmcncn<q≤p≤m�1
h�ucpc�cωcpcq

�D � νrcT<m(
{c � ep�lcmcn�D({
�j � h�ucpmcn�c((

�
������������→
anHmcn

ep�lcc�cωcpcq�c(�pcSTp
m�fcn
h�ucpc�cp�pcSTp

mcn
h�ucpcωcq�j(((

+ pcSTpm�fcn
h�ucpcωcq�pcSTp

mcn
h�ucpc�cp)f�j((

anHmcn
h�ucpc�cωcpcq D c j !

λθ)�
��������������→
anHtmcn

ep�lcc�cωcθcpcq�c((��o �
�������������������������→
anHm�fcn

ep�lccωcθcqcn�pcSTp
mcn
ep�lcc�cp)1�c((((

��o �
����������������������→
pcSTpm�fcn

ep�lccωcq�anH
mcn
ep�lcc�cθcp)fcn((( anH

m�fcn
o�ymTymflc�cωcp�fcq�f�D)3(�jθ(

anHmcncn≤q≤p≤m�1
o�ymTymflc�cωcpcq

�D � νrcT<m(
�D � νrcT+m�D((
�c � ep�lcmcn�D((

�R � o�ymTymflmcn�D(�c((

�
������������→
anHmcn

ep�lcc�cωcpcq�c(�pcSTp
m�fcn
o�ymTymflc�cp�D)3(�pcSTpmcn

o�ymTymflcωcq�D(�R(((

+ pcSTpm�fcn
o�ymTymflcωcq�D)3(�pcSTpmcn

o�ymTymflc�cp)f�D(�R((

anHmcncn+q
o�ymTymflc�cωcpcq D D c �j:u( ! pcf�pcSTpm�fcn

o�ymTymflc�cp�f�D)3(�j�((
anHmcncn<q

o�ymTymflc�cωcpcq D D c �j: R( ! �anHmcn
h�ucpc�cωcpcq�j(: anH

mcn)f
o�ymTymflc�cωcpcq�D(�R((

/ABLE fiqc ]OMMUTAT0ON OF phTH PROiECT0ON AND qhTH PROiECT0ON: OR COHERENCE COND0T0ONS

/HE PROOF OF bOHep�lc 0TSELF RE.U0RES MAK0NG EwPL0C0T SEVERAL REWR0TES WH0CH WERE 0NV0S0BLE 0N EwTENS0ONAL TYPE
THEORY) /HE COMMUTAT0ON OF pdSTph�ucp L0VES 0N A TYPE REFERR0NG TO bOHep�lc: SO WE NEED A TRANSPORT ALONG THE
COMMUTAT0ON OF pdSTpep�lc 0N THE STATEMENT OF bOHh�ucp) /HE PROOF OF bOHh�ucp 0S THE MOST 0NVOLVED PROOF OF THE
CONSTRUCT0ON: AS 0T RE.U0RES A H0GHERhD0MENS0ONAL COHERENCE COND0T0ON: bOHtep�lc: WHOSE EwACT FORMULAT0ON 0S AS
FOLLOWS)

bOHm:nep�lc:ω:θ:q:n�pdSTp
m:n
ep�lc:�:p)3�c(( •

�P pdSTpm:nep�lc:ω:q �bOHm:nep�lc:�:θ:p)o:n�c(( •

bOHm:nep�lc:�:ω:p:q�pdSTp
m:n
ep�lc:θ:n�c(( +

�P pdSTpm:nep�lc:θ:n �bOHm:nep�lc:�:ω:p)o:q)o�c(( •

bOHm:nep�lc:�:θ:p:n�pdSTp
m:n
ep�lc:ω:q)o�c(( •

�P pdSTpm:nep�lc:�:p �bOHm:nep�lc:ω:θ:q:n�c((

WHERE �P APPL0ES A FUNCT0ON ON TWO S0DES OF AN E.UAL0TY: AND • 0S TRANS0T0V0TY OF E.UAL0TY) /H0S PROPERTY OF
E.UAL0TY PROOFS HOLDS 0N grdT: AND S0NCE OUR CONSTRUCT0ON 0S DONE 0N grdT: THE TERM 0S TR0V0ALLY D0SCHARGED)
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mOT0CE THAT EACH pdSTph�ucp 0N THE TYPE OF bOHh�ucp 0S H0D0NG A bOHep�lc REWR0TEc TH0S MAKES A SUM TOTAL OF THREE
bOHep�lc REWR0TES ON THE LEFThHAND S0DE: AND TWO bOHep�lc REWR0TES ON THE R0GHThHAND S0DE) -N THE PROOF TERM OF
bOHh�ucp: bOHo�ymTymfl HAS ONE bOHep�lc REWR0TE ON 0TS LEFThHAND S0DE) /H0S: COMB0NED W0TH THE TWO TERMS OF THE FORM
�P bOHep�lc: MATCHES OUR EwPECTAT0ON OF THREE bOHep�lc ON THE LEFThHAND S0DE: AND TWO bOHep�lc ON THE R0GHThHAND
S0DE) /HEN: bOHtep�lc CAN BE SEEN AS EwPRESS0NG THE COMMUTAT0ON OF THESE bOHep�lc TERMS)
–0NALLY: LET US EwPLA0N bOHo�ymTymfl) /HE BASE CASE n + q 0S THE KEY CASE OF THE COMMUTAT0ON OF pdSTpep�lc:

WHEN ONE OF THE pdSTpo�ymTymfl COLLAPSES: AND THE REMA0N0NG E.UAT0ON HOLDS TR0V0ALLY) /HE CASE OF n . q FOLLOWS THE
STRUCTURE OF pdSTpo�ymTymfl BY 0NDUCT0ON)
-F WE WERE NOT WORK0NG 0N grdT: BUT 0N gflPD WE WOULD NEED TO PROVE ONE MORE H0GHERhD0MENS0ONAL COHERENCE:

AND 0F WE WERE WORK0NG 0N suPd: WE WOULD NEED TO PROVE ARB0TRAR0LY MANY H0GHERhD0MENS0ONAL COHERENCES) gERE:
gflPD 0S THE SUBSET OF TYPES A SUCH THAT FOR ALL v AND x 0N A: v + x 0S 0N grdT) rEE bgERofi: �]Jo7: JRA3o[ FOR A
D0SCUSS0ON ON THE NEED FOR RECURS0VE H0GHERhD0MENS0ONAL COHERENCE COND0T0ONS 0N FORMULAT0NG H0GHERhD0MENS0ONAL
STRUCTURES 0N TYPE THEORY)

up5 vdIIhFn2mDdDmdSS nF Tgd CnmSTR2CTznm
r0NCE THE CONSTRUCT0ON SHOWN 0N THE PREV0OUS SECT0ONS 0S BY 0NDUCT0ON ON m: AND DEPENDENC0ES ARE ON LOWER m AND
n . m: ONE WOULD 0MAG0NE FORMAL0Z0NG TH0S US0NG WELLhFOUNDED 0NDUCT0ON 0N DEPENDENT TYPE THEORY) vE 0N0T0ALLY
TR0ED TH0S APPROACH: AND HAD TERMS DEPENDENT ON THE PROOFS OF THE CASE D0ST0NCT0ON THAT m′ ≤ m 0MPL0ES m′ . m
OR m′ + m: BUT THESE PROOFS D0D NOT COME W0TH ENOUGH DEffiN0T0ONAL PROPERT0ES TO BE USABLE 0N PRACT0CE) gENCE:
WE CHOSE A D0fERENT ROUTEc 0N PRACT0CE: S0NCE pdSTpmep�lc DEPENDS ON ep�ldm AND ep�ldm�o: WH0LE bOHmep�lc DEPENDS
ON ep�ldm: ep�ldm�o: AND ep�ldm�3: WE ONLY NEED TO KEEP TRACK OF THREE CONSECUT0VE D0MENS0ONS) gENCE: WHAT
WE BU0LD BY 0NDUCT0ON AT LEVEL m: 0S A STRUCTURE MADE NOT ONLY OF THE DEffiN0T0ONS SHOWN 0N THE TABLES t: flq: AND fiq:
BUT ALSO OF ep�ld: I�udp: P�ymTymG AT LEVELS m� o AND m� 3: AS WELL AS pdSTpep�lc: pdSTph�ucp: AND pdSTpo�ymTymfl AT LEVEL
m� o: TOGETHER W0TH HELPER E.UAT0ONS)

upf cd1dmDdmCzdS zm zmd.2AIzTx 1RnnFS
/HE ENT0RE CONSTRUCT0ON REL0ES ON 0NE.UAL0T0ES OVER NATURAL NUMBERS: AND WE USE TWO D0fERENT DEffiN0T0ONS OF ≤
ADDRESS0NG D0fERENT CONCERNS 0N OUR FORMAL0ZAT0ON) -N ORDER TO BU0LD OUR ffiRST VAR0ANT: WE USE AN 0NTERMED0ATE
üRECURS0VE DEffiN0T0ON“ PHRASED ASc

eywonymT Id" pm < c m�T( c r1ROP ce
l�Taf m: < vyTf
~ n: u ef rsRtd
~ r m: n ef r=�ISd
~ r m: r < ef Id" m <
dmD)

gERE: ropOP 0S A DEffiN0T0ONALLY PROOFh0RRELEVANT 0MPRED0CAT0VE UN0VERSE MORALLYF L0V0NG AT THE BOTTOM OF THE
UN0VERSE H0ERARCHY b4]r/on[) aY PLAC0NG THE DEffiN0T0ON 0N ropOP: WE HAVE DEffiN0T0ONAL E.UAL0TY OF 0NE.UAL0TY
PROOFS) gOWEVER: FOR THE PURPOSE OF UN0ffiCAT0ON: TH0S DEffiN0T0ON DOES NOT GO FAR ENOUGH) ]ONS0DER THE UN0ffiCAT0ON
PROBLEMSc

Id"uTR�mS +P Id"uRdFI e +P
Id"uTR�mS Id"uRdFI +P e +P

WHERE Id"uTR�mS 0S TRANS0T0V0TY: Id"uRdFI 0S RE5Ew0V0TY: AND +P 0S AN Ew0STENT0AL VAR0ABLE) /HESE TWO PROBLEMS
DEffiN0T0ONALLY HOLD 0N ropOP: BUT E.UAT0NG THEM DOES NOT SOLVE THE Ew0STENT0AL VAR0ABLE) –OR UN0ffiCAT0ON TO BE
USEFUL 0N SOLV0NG Ew0STENT0AL VAR0ABLES: WE PRESENT OUR ffiRST VAR0ANT OF ≤: WH0CH WE DUB AS THE üxONEDA VAR0ANT“c

cdFymyTynm Idw m < ce
Fnp�II P: Id" P m hf Id" P <)

/H0S DEffiN0T0ON 0S AN 0MPROVEMENT OVER Id" S0NCE RE5Ew0V0TY 0S NOW DEffiN0T0ONALLY THE NEUTRAL ELEMENT OF
TRANS0T0V0TY: AND ASSOC0AT0V0TY OF TRANS0T0V0TY ALSO HOLDS DEffiN0T0ONALLY) �LTHOUGH 0T S0GN0ffiCANTLY EASES OUR PROOF:
THERE ARE SOME 0NSTANCES WHERE UN0ffiCAT0ON 0S UNABLE TO SOLVE THE Ew0STENT0AL VAR0ABLES: AND WE HAVE TO PROV0DE
THEM EwPL0C0TLY)
/HE SECOND VAR0ANT OF ≤: THE ü0NDUCT0VE VAR0ANT“: 0S PHRASED ASc
e-N ]OQ pb/HE3tB[(: 0T 0S HOWEVER A STANDhALONE UN0VERSE UNRELATED TO THE UN0VERSE H0ERARCHY)
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hmDtaTyud Id- c m�T hf m�T hf rxod ce
~ Id-uRdFI m c m la m
~ Id-u,O_m |m P{ c P).o la m hf P la m
_>dRd ?m la <? ce pId- m <( c m�TuS}OPd)

]OMPARED TO Idw: Id- HAS NO PROOFh0RRELEVANCE PROPERT0ES) /H0S DEffiN0T0ON 0S SPEC0ALLY CRAFTED FOR P�ymTymG:
WHERE WE HAVE TO REASON 0NDUCT0VELY FROM n ≤ m TO m) -N OUR USAGE: WE HAVE LEMMAS IdwuOFuId- AND Id-uOFuIdw
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