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Labeled lambda-calculus

Exercise 1 Show that residuals of redexes keep same names
by case inspection on occurrences of redexes.

Exercise 2 Show that M —> N implies M¢ — N¢

Exercise 3 Show the parallel moves lemma (with Martin-L&f way)

G G/F F/G
IfM—)Nand M— P, then N— Q and P — Q@

for some Q.

Exercise 4 Label Yr, draw its reduction graph and show
redexes families when Yy = (Ax.f(xx))(Ax.f(xx))

Exercise 5 Same with KaY+*



Inside-out reductions
e Definition: The following reduction is inside-out
R R, R,
pM=My—> My —> My---—> M, =N
iff for all 7 and j, 1 <, then R; is not residual

along p of some ij inside R; in M;_1.

* Theorem [Inside-out completeness, 74]
Let M —=> N. Then M ==> P and N > P for some P.
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Exercises

Exercise 6 Prove inside-out completeness

Hint: use Finite Development theorem.

Exercise 7 Prove the following diagrams
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Permutation equivalence

Proof [uniqueness of labeled standard]
Let p and o be 2 distinct coinitial pure labeled standard reductions.

Take first step when they diverge. Call M that term.

We make structural induction on M. Say p is more to the left.
If first step of p contracts an internal redex, we use induction.
If first step of p contracts an external redex, then:

M = ((Ax.P)“ Q)B

P|_a—|5{x g QLO‘J}

st
st

NIelB £ ((Ax.A)*B)P



Permutation equivalence

e Corollary [ labeled prefix ordering]

Let p: M —=> N and o : M —=> P be coinitial pure labeled reductions.
Then p C o iff N => P.

e Exercise 8 Show the following properties

(i) pEp

(ii) pC o p implies p~o
(iit) pC o7 implies p~r7
(iv) pC o implies p/TCo/T
(v) pCo iff 37, pT~0
(vi) pEpUo, cEpUo

(vii) pC 7,0 C 7 implies pUoc C 7



Permutation equivalence

e Exercise 9 Show the following diagrams

unique

unique



Permutation equivalence

e Corollary [lattice of labeled reductions]

Labeled reduction graphs are upwards semi lattices for any pure labeling.

 Corollary [ push-out category]

Prefix ordering on reductions is a push-out.

e Exercise 10 Try on (Ax.x)((Ay.(Ax.x)a)b) or (Ax.xx)(Ax.xx)

e Exercise 11 Show that prefix ordering on reductions is not a pull-back.






Bound on heights of labels

e Definition The height of a label is its nesting of underlines
and overlines

h(a) =0

h([a]) = h(la]) = 1 + h(a)
h(aB) = max{a, )

e Fact Let F be a finite set of redex families, then there is an upper

bound H(F) on labels of subterms in reductions relative to F.

When initial term is labeled with atomic letters, we have

H(F) = max{h(a) | a € F}



Proof of finite developments

e Notation 7(M®) = a when M has an empty external label

e Lemma1 Let M =2> M, then h(r(M)) < h(r(M))

e Lemma 2 Let (--- (M M) My)P2 ... M,)Pr =5 (Ax.N)®
Then h(7(M)) < h(«a)

e Lemma 3 [Barendregt] Let M{x := N} = (\y.P)
There are 2 cases:
M = (Ay.M')* and M"{x := N} =—> P
M => M = (- ((x® M) Mp)P2 ... M,)P and M'{x := N} <> (\y.P)“



Proof of finite developments

e Lemma1 Let M —=> N, then h(7(M)) < h(r(N))

R
Proof by induction on length of reduction. Let M —> N, R = ((Ax.A)*B)"

If R is internal in M, then 7(M) = 7(N).
If M = R =((Ax.A)*B)? — A{x := Blel}lelf = |,
then h(7(M)) = h(B) < h(yB) = h(7(N)) for some ~.

e Lemma 2 Let ( . ((M Ml)ﬁl /\42)52 S Mn)B” — ()\X.N)a
Then h(7(M)) < h(«)

Proof by induction on n.

When n = 0, obvious by lemma 1.

Otherwise (- -- (M My)Pr My)P2 .. M,,_1)P—1 =5 (Ay.P)?
and ((A\y.P)"Q)? — P{y := QU I7IB 25 (Ax.N)®

So h(T(M)) < h(vy) < h(d6]|v]|Bn) < h(a) by induction and lemma 1.



Proof of finite developments

e Lemma 3 [Barendregt] Let M{x:= N} => (\y.P)®
There are 2 cases:
M = (Ay.M')* and M"{x := N} => P
M —=2> M = (- ((xP M)t Mp)P2... M,)Pr» and M'{x := N} => (\y.P)®

Proof Let M* = M{x := N}. There are 3 cases on weak head reduction of M :

It reaches an abstraction or a head variable which has to be x.
More precisely, we consider the standard reduction from M* to (A\y.P)®.

Case 1: M = (Ay.M')* and we are done since M* = (A\y.M"™*)<.
Case 2: M = ((--- ((yP My)Pr My)P2) ... M,)P». Then y = x and M' = M.

Case 3: M = (-~ ((\2.A)? B)Y C)% Co)2 - C,)Pr
Let My = (--- ((A{z := BLBJ}W}V Cl)Bl Cz)ﬂz . Cn)B"
Then M* = (- -- (((()\Z.A*)B B*)Bl Cl*)Bl C2*)52 e C,;k)ﬁ” —> M7 is the first

step of the standard reduction from M* to (Ay.P)“. By induction on its length,
we are done.



Proof of finite developments

e Notation Let SN/ be the set of strongly normalizable terms w.r.t.
reductions relative to F.

e Lemma [subst] Let F be a finite set of redex families.
M,N € SN implies M{x := N} € SN

Proof [van Daalen] by induction on (H(F) — h(7(N)), depth(M), ||[M||)

e Theorem GFD Let F be a finite set of redex families.
Then M € SN for all M.

Proof by easy induction on || M||



Proof of finite developments

e Lemma [subst] Let F be a finite set of redex families.
M,N € SN, implies M{x := N} € SN

)

Cases M = x, M =y, M = A\y.M; are obvious or easy by induction on ||M||.

Write M* for M{x := N} and consider case M = (M; M,)“.

If all reductions are internal to M; and M, then easy induction on ||[M]|].

Otherwise, let M = (Ay.P)? and Mj <> Q and ((\y.P)?’Q)* —> P{y := Qil1}I8l
Then M} and MJ are in SN by induction on ||M]|],

and Mj <> (A\y.P)? and M} %> Q. So P and Q are in SN/

Proof [van Daalen] by induction on (H(F) — h(7(N)), depth(M), ||M

How is P{y := QLAJ}1F1e 77

By lemma 3, we have 2 cases:



Proof of finite developments

Case 1:

Then My = (\y.M!)? and M!* <> P.

Therefore M{*{y := M;L*Bj}fmo‘ —5 P{y = QLP} Bl

But as M = (M M) =5 (\y.M)EMy)® —> M’ = M!{y := M} TBle
we have depth(M’) < depth(M).

Thus by induction M = M*{y := M;P11IBla ¢ SN,
and P{y := QB81}IBle ¢ SN

/(Mle)a / (Mg M3)°
(\y-M;)P Mp)® (Ay-M;7)° M3)° \
L
Mi{y := My }[81e Mi{y = Mg g3, ((y-P) Q)

\

P{y = QL811IPle



Proof of finite developments

Case 2:
My = M{ = (- ((xY Ay)"™ Ap)"2)--- A,)7 and
Mi" = (- (N7 ALY A3) ) Ag) e = Ay P)’
Therefore h(7(N)) < h(7(N7)) < h(B) by lemma 2.
So M* = (M M3)* <> ((Ay.P)’Q)* <> P{y := QP1}171e
and h(T(N)) < h(B) < h([B8]) < h(r(Q)).
We get by induction P{y := QLPJ}IBle ¢ SN/,

. (M5 1M5)°
11VI2 o
v L
(( .. ((N’Y AI)’Yl A;)’b) e A;‘;)’Yn M;)Oé
((-- (X7 AL AR)2) - Ap) T Mp)® l*

((Ay.P)” Q)"

P{y .= QLA11[Ple



