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A-calculus

function A-term p-reduction

I x = x [ = Ax.x la —> a

Kxy=x K = Ax.)\y.x Kab — (Ay.a)b — a
Ax=xx A = Ax.x x l a—> ac

Q=AA Q — Q
Exercise 1

A(AXx.xxx) —> -

Yr = (Ax.f (xx))(Ax.f (xx)) —> ---
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A-calculus
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A-calculus
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Empirical facts

e deterministic result when it exists
e multiple reduction strategies

e ferminating strategy ?

e efficient reduction strategy ?

e Wworst reduction strategy ?

e when all reductions are finite ?

e the reduction graph has a structure ?



Redexes

e a redex is any reductible expression: (! Xx.M)N

e the 3-conversion rule is:

(! X.M)N — M{x := N}

e a reduction step contracts a given redex R = (! X.A)B

R
and is written: M —>» N

{R}
e a reduction step contracts a singleton set of redexes M —>» N

e a more precise notation would be with occurences of subterms. We avoid it here (but it is sometimes
mandatory to avoid ambiguity)

e we replaced occurences by giving names (labels) to redexes.



Bound variables

(Ixx(yxy)y=(Ixx(lzx2))y

Ny

y(!z.yz)

e names of bound variables are not important

e we consider A-terms up-to renaming of bound variables (! -conversion )

e free variables of M are formally defined by: . ﬂ
(S\O
FV(x) = {x} \©E

N
V(I x.M) = FV(M) ! {x} ot | -cO
FV(MN) = FV(M) " FV(N) fOVg



Tracing redexes
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Tracing redexes
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Tracing redexes

Kal = (x!yxjal!l
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Empirical facts

e initial redexes in the initial term

e and newly created redexes along reductions

e infinite reduction iff length of creation is unbounded ?

e deterministic result when finite families of redexes are contracted ?

Finite Developments Theorem
CurryO50 JILO78
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Parallel reductions 3

e permutation of reductions has to cope with copies of redexes

(! x.xx)(la) — la(la)

~

(I x.xx)a —> ac

e in fact, a parallel reduction la(la) > ac

* in A-calculus, need to define parallel reductions for nested sets

Fact In the A-calculus, disjoint redexes may become nested (! X.IX)(! y) — 1(! y)



Parallel reductions @s3)

e the axiomatic way (a la Martin-Lof)

[Var AXiom]x -#» X

#» M' N % N

M
APP RUEI=—g— N

M +# M'" N +# N
X.M)N 4> M{x := N’}

[//Beta Rule] (

e examples:
(! x.Ix)(ly) 4> (! Xx.X)y
(! x.('y.yy)x)(la) > la(la)
(Ix.(ty.yy)x)(la) #> (1y.yy)a

[Const Axiom]c %> C

[Abs Rule];

M -4 M

X.M 4 | x.M’



Parallel reductions s3)

e Parallel moves lemma [Curry 50]
f M %> N andM %> P,thenN %> Q andP #> Q

for someQ.
M
j{ lemma 1-1-1-1
N S

.P (strong confluency)
%I
4k
Q

Enough to prove Church Rosser theorem since —» | =1 =3
[Tait--Martin Lsf 607?]



Reduction of a set of redexes (1/4)

e Goal: parallel reduction of a given set of redexes
M,N:= x|!xM|MN | (x.M)N
a,b,c,... .:=redex label

(labeled (3-rule)
(! X.M)8N — M{x := N}

e Substitution as before with add-on:

((My.P)?Q){x:= N} = (!y.P{x:= N})*Q{x := N}



Reduction of a set of redexes 24

elet F be a set of redex labe

F F
[Var Axiom]X —>» X [Const Axiom]c —» C
M —>M' N—> N M —> M
[App Rule] - —> - — [Abs Rule] ?
MN — M'N' IX.M —> ! x.M'
i ! i ! | "
[//BetaRuIe]M__’M I\FI——>N alF [RedexM__)M N——>N a"lF
(! Xx.M)2N — M*{x := N'} (! x.M)aN -—>(' X.M")2N"

F
elet F, G be set of redexes IM and letM —> N, ther

the setG/ F offresiduals ofG by F Is the set ofG redexe
In N.



Reduction of a set of redexes (/4

e Parallel moves lemma+ [Curry 50]

G/ F F/G
IfM—)N andl\/l—»P thenN —» Q andP —» Q

for someQ.
M
VAR
N . P
G |G



Reduction of a set of redexes (4/4)

e Parallel moves lemma++ [Curry 50] The Cube Lemma

(H/F)/ (G F)=(H/G)I(FIG)
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Redexes

e a redex is any reductible expression: (! Xx.M)N

e a reduction step contracts a given redex R = (! X.A)B

R
and is written: M —>» N

{R}
e a reduction step contracts a singleton set of redexes M —>» N

e a more precise notation would be with occurences of subterms. We avoid it here (but it is sometimes
mandatory to avoid ambiguity)

e we replaced occurences by giving names (labels) to redexes.



Residuals of redexes (1/4)

e residuals of redexes were defined by considering labels

e residuals are redexes with same labels

 a closer look w.r.t. their relative positions give following cases:

letR=(!x.A)B, let M —R> NandS=(!y.C)D be ar
other redex InM. Then



Residuals of redexes (24

Case 1:
M= adaadlkRaaa gaaaa-» aaadlRaaa gaéééééxl
or

<
[
Q)
Q)
Q)
{5
&
QN
QN
QN
=Y
ab)
QD
QD
1.)
Q)
QN
QN
(e
9;\
QN
QN
Q)
=Y,

5 7 r r r r  r r r rpe|\ s r r r r

Case 4:




Residuals of redexes (34

Case 3:

;. ;2 £ 2 A
M= aadx.aa8aaBaa—raaaadx = Btaaaaaa\

Case 4:

IIIIIIIIIII

L

4
N
444 5AERAAAPAAGASAARAAAAAAN



Residuals of redexes (4/4)

Examples: = Ixxx | =1xxX

(1X) — 1x(1%)
va(!( | X)) — va(l X(1 X))

1 (IC 1x)) — LI x(I X))

I( 1 X) — | X(I X)

X (( %)) —> Ix(Lx(1 X))

i — 1l
-
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Parallel reductions

e Consider reductions where each step is parallel

F F ., . Fn
M = Mg —» M{ —>» M, 443> M, = N

e \We also write
l =0whenn=0
| = FiF,aaakFwhenM clear from contex



Residuals of reductions (1/4)




Residuals of reductions /)

e Definition [JJL 76]

I/ 0=

I ("#)=(\" )
(M"))E =) (#1))
F/ G already debne

e Notation

L= ()

* Proposition [Parallel Moves +]
1" and” ! I are cobn:



Residuals of reductions zs)




Residuals of reductions /)

e Proposition [Cube Lemma ++]

(L #) = #D )
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Equivalence by permutations (14

e Definition:
Let! and" be 2 coinitial reductions. Theth Is equivaler
to " by permutations,! ! ", Il

/mo=1m and " =10




Equivalence by permutations ()

I = 1 X.XX
F=1ff3 L (F 1) ~
| = I X.X FI(F{ 1 (1 3)
4 N v S
13(F 1) | 3(1 3) 1 3(1 3)
/ N
4 > \k|3 13 3(13)
3(FI) 13(1 3) ( )\ /
“ e 3( 3)/ g 3)/ /3 (13)
3(I 3)
N
\303) e 3(!3)/ /3('3)
~ ¥



Equivalence by permutations @)

(1 x.X)3((! x.X)Py)

2N

(! x.xX)Py (! x.X)2y

Rb/R\ A Ry
y

R
1M = 13(1Py) —
Ry
L IM = 1R(1y) = 1fy

eHere ! I"'" while! and" are coinitial and cobn

In the calculus with no labe



Equivalence by permutations @)

e Same with O!" I when! : Il — I
l = | X.xX

Exercise 1 : Give other examples of non-equivalent reductions

between same terms.

Exercise 2 : Show following equalities
I/ 0= nfr =1n

on =0 o"!
I 1n=1 Iyro=1n



Equivalence by permutations @)

Exercise 3: Show that! Is an equivalence relatic

Proof
(i) ! 1 1 obvious
(1) same with! I " implies” | |

(i) D" 1 # implies! | #7?%




Properties of permutations (1/3)

* Proposition
@ vt THAR = #
@) ! " implies!/#="/#
Giy 11l gl oA

iv) ! " mmplies!#! "#

v) '#" 1 " #l
Proof
) ! " implies" /! = ""and!/" ="M,

Thus! /(" !V #)=1/(" (#/" )): L") = L/ rm=
Similarly! /(" ! #=1/"

By cube lemma /" = /#

Conversely, take = " and! = #.



Properties of permutations (3)

e Proposition ! IS the smallest congruence contain
F(GF)!IG (F/G)
o!"




Properties of permutations r3)

(F1)

I = I X. XX EIED | (13)
K *|3(|3) K *|3(|3)
F=1f.f3 K'S(F') A ¥ 2 ()g *3“3)
_ 3(F1I) 13(13) 13013 K
| = I X.X A W NN I
S\ ¥ R N J 4 *303)‘
3(|3)* K3(|3)* .
3(13) 3(1 3)
*3I3K
| (F 1) ()
4 A
FI(FI) '+ (13)
"4 N/
|3(F1) =y 13(13) 1 (F1)

g Vg g \
3(FI) =—> 3(3) F1(F )

13(F1) FI(13)

v N
3(F 1) 13(1'3)

N



1 the A-calculus




Context-free languages

e permutations of derivations in contex-free languages

S| SS

Sl a /\ S/\
/\\ AN
T T

e each parse tree corresponds to an equivalence class



Term rewriting

e recursive program schemes [Berry-JJLO77]

e permutations of derivations in orthogonal TRS [Huet-JJLO81]

e permutations of derivations are defined with critical pairs
e critical pairs make conflicts
e only 2nd definition of equivalence works [BoudolO82]

e interaction systems [Asperti-LaneveO93]

Process algebras

e similar to TRS [Boudol-CastellaniO82]

e connection to event structures [LaneveO84]



PCF

 LCF considered as a programming language [PlotkinO74]

M, N, P =X variabl e
I X.M|MN abstraction applicatio
n Integer constan t
M "N " #{+,1,",0 }
Ifz M then N then N conditionna I
$x.M recursive definition

" (!xM)N | M{x:=N }

Op r_r] 111 ﬂ ! m 11 n
condl'ifz 0O then M else N 1 M
cond2 'ifz  n+1 then M else N N

# XM I M{x:= $x.M}



Exemples de termes

Fact (3)

Fact = Y(!f.!x. Ifz xthen lelse x" f(x! 1))
Y = L. (P x.f(xx))(! X.f(xx))
s'ecrit

(! Fact . Fact (3))

('Y.Y(fIX. ifz xthen lelse x" f(x! 1)))

(M f.(! x.F(xx))(! x.f(xx))))



—— ——> ——> ——> — — — —p -



(\Fact.Fact3)((\y.y(\f.\x.ifz x then 1 else x * f(x-1)))(\f. Yf))

T

.ifz x then 1 else x ™ f(x-1))) (\y.y(\f.\x.ifz x then 1 else x ™ f(x-1)))(\f. Y)3 (\Fact.Fact3)((\y.y(\f.\x

then 1 else x * f(x-1))3 (\Fact. Fact3)((\f.fYf)(\f.\x.ifz x then 1 else x ™ f(x-1))) (\y.y(\f.\x.ifz x tf
* \

1 1 else x * f(x-1))(xx)))) (\Fact.Fact3)((\f.f(fYT))(\f.\x.ifz x then 1 else x * f(x-1))) (\L.EYT)(\f.\x.ifz x

B > > /

/se x * f(x-1))(xx))))) (\f.\x.ifz x then 1 else x ™ f(x-1))((\x.(\f.\x.ifz x then 1 else x ™ f(x-1))(xx))(\x. (\f.\x.if
_ . ~




(\Fact.Fact3)((\y.y(\.\x.ifz x then 1 alse x * f(x-1)))(\f. Yf))

T

(\Fact.Fact3)(\. YO\ \x.ifz x then 1 else x * f(x-1))) (y.y(\.\x.ifz x then 1 else x * f{x-1)))(\\. Y/)3 (\Fact.Fact3)\(\y.y(\.\x.ifz x then 1 else x * f(x-

~ (LYD(.\x.ifz x then 1 else x * f(x-1))3 (\Fact. Fact3(\L.fYH)(\f.\x.ifz x then 1 else x * f(x-1))) (\y.y(\.\x.ifz x then 1 else x * f(x-1)))(\f.f
x then 1 else x * f(x-1)){xx))(\x.(\f.\x.ifz x then 1 else x * f(x-1))(xx)))) (\Fact. Fact3)((\.f(fY)(\f.\x.ifz x then 1 else x * f(x-1))) (YO \x.ifz x then 1 else x * f(x-1))3
e o /
hen 1 élse x * fix-1))x))(\x.(\f.\x.ifz x then 1 else x * f(x-1))xx))))) (. \x.ifz x rhon 1 else x f(x-r))((\x (. \x.ifz x then 1 else x * f(x-1)){xx)\x.(\f.\x.ifz x then 1 else x * f(x-1))
1))((x.\x118.ifz x118 then 1 else x118 * xx(x118-1))(\x.(\f.\x.ifz x then 1 else x * f(x-1))(xx)))3 (. \x.ifz x then 1 else x * f(x-1)){(\x.(\.\x.ifz x then 1 alse x * f{x-1)}xx)){(\x.\x 12X

|

.

v —
3 then 1 else x118 * (\x.(\f.\x.ifz x then 1 else x * f(x-1))(xx)(\x.(\.\x.ifz x then 1 else x * f{x-1))(xx))(x118-1))3 (. \x.ifz x then 1 else x * f(x-1))(\x.\x118.ifz x118 then 1 else x

—

——

—-
V. \x.ifz x then 1 else x * f{x-1)Nxx)Nx-1))(x=1))3 (\x.ifz x then 1 else x * (\l.\x.ifz x then 1 alse x * f(x-1))(\l.\x.ifz x then 1 alse x * f{x-1))((\x.(\f.\x.ifz x then 1 else x * f(x-1)){xx

—
—

e
se x *f(x-1))((\x.(\f.\x.ifz x then 1 else x * f(x-1)){xx)\x.\x 109.ifz x 109 then 1 else x109 * xx(x109-1)))(3-1) ifz 3then 1 else 3 * (\f.\x.ifz x then 1 else x * f(x-1)){(\x.(\f.\x.ifz x |

—

x then 1 else x * f(x-1){(\.\x.ifz x then 1 else x * f{x-1)}(\x.(\V.\x.ifz x then 1 else x * f(x-1))xx))\x.(\f.\x.ifz x then 1 else x * f{x-1))(xx)))(3-1)

—
—
— —
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(Fact. Fact3\y. yi\. w0z x then | also x * - I L YY)

T

(\Fact. Fact3N. YN W iz x than 1 else x * fpx-1) .y otz x then | also x " e 1)L Y2 AFact. Fact3N(y.y¢. w.ifz x thon 1 also x * e 1)INLEYYE))

- : Vo T
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: — ~_ §

e 2 x s 1 s x * fe-T)\x b T18.i02 x 178 thew 7 alse x1 78 * xoxfe 11813 (V L. 2 x Mhaws 7 edse x * fx-1)Mx )3 A\ e 2 x thon T eése x * x-TJNTo, (L A2 x e 7 665 x * fx-T)lx )M L 12040 X720 then 1T oo x 720 * xxfx 120113

i I e ——
v -
o x "HAx- 1 N8z x1IE hon 1 olse xTI8 " (e (A w. iz x thon [ olso x " M- NN o A0 e 2 x than 1 edse x " a1 o )i 11615 Mz xthon falsox "IN Wi 18 X2 x {18 than 1 elso x 118 "xxx 1 18- 1)\ w112 x 115 dhen f olso x 115 "
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Parallel moves

F G G F
elemma M —>NM—P ! N—QP—Q

Proof
Case1: M= x=N=P=0Q. Obvious

Case2: M = 1x.Mq, N=1x.Ny, P=1x.P;. Obvious by induction orM;

Case 3: (App-App) M = M1M5, N = N1N,, P = P1P,. Obvious by induction oM, Mo.
Case 4: (Red’-Red’) M = (! x.M1)2M5, N = (! X.N1)2N,, P = (I x.P1)8P,, al"F #G
Then induction onM4, M.

Case 4: (beta-Red’) M = (! x.M1)2M,, N = Ni{x := No}, P = (! x.P1)®P,, a!F ,a"l G
By induction N —G> Q1, P1 —F> Q1. And N> —G> Q,, Py —F> Q.

By lemma,Ny{x 1= No} —> Qi{x := Qs}. And (I X.P1)2Ps —> Qu{X := Q}

Case 5: (beta'beta) M= (! X.Ml)aMz, N = Ni{X:= Ny}, P=P{x:=Py},alF"G
As before with same lemmn



Parallel moves

eLemma M —>N,P—>Q | M{x:=P}—> N{x:= Q)

Proof: exercisel

e Lemma [subst] M{x := N vy := P} = M{y := PH{ x:= N{y := P}}

when x not free in P

Proof: exercise!

this lemma about distribution of substitution is critical for the Church-Rosser property.



