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A-calculus

function A-term p-reduction

[ x = x [ = Ax.x [a —> a

Kxy=x K = Ax.\y.x Kab — (Ay.a)b — a
Ax=xx A = Ax.x x Aa—> aa

Q=AA Q — Q
Exercise 1

A(AXx.xxx) —> -

Yr = (Ax.f (xx))(Ax.f (xx)) —> ---



A-calculus
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)\-Calculus

D(24)3 = Gy + y2 D = M Ax.f(f x)

/ \ 2+ = Ay Ax.x + y) 2

(MAXA(EX))(Ax X + 2)3 AX.(AYAXX + Y)2((Ay.AX.X + Y¥)2X))3
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A-calculus

K a Yf — (AXAy.x)a((Ax.f(xx))(Ax.f(xx)))

(Ax.Ay.x)a(f((Ax.f(xx))(Ax.f(xx))))
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(AX.Ay.x)a(f(fF(F((Ax.F(xx)) (Ax.f(xx))))))

N\

(Ay-a) (F(f((Ax.f(xx)) (Ax.f(xx)))))

N\

(A Ay.X)a(f(FEE((AXFx)) (AxF))))))

N\

(Ay-a) (F(F(F((Ax.F(xx)) (Ax.f(xx))))))

(ACAY - X)a(f(FEFE((AXF)) AXF(xx)))))))

(Ay-a)(f(F(E(F((AX.F(xx)) (AX.f(xx)))))))



A-calculus

KaQ — (AX.Ay.x)a((AX.xx)(AX.xX)) )

(Ay.a)((AX.xX)(AX.xX)) )
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Empirical facts

e deterministic result when it exists
e multiple reduction strategies

e terminating strategy ?

e efficient reduction strategy ?

e worst reduction strategy ?

e when all reductions are finite ?

e the reduction graph has a lattice structure ?



Redexes

e a redex is any reductible expression: (Ax.M)N

e the 3-conversion rule is:
(Ax.MIN — M{x := N}

e a reduction step contracts a given redex R = (Ax.A)B
R
and is written: M —» N
{R}

 a reduction step contracts a singleton set of redexes M —» N

e a more precise notation would be with occurences of subterms. We avoid it here (but it is sometimes
mandatory to avoid ambiguity)

e we replaced occurences by giving names (labels) to redexes.



Bound variables

(Ax.x(Ay.xy))y = (Ax.x(Az.xz))y

Ny

y (Az.y 2)

e names of bound variables are not important

e we consider A-terms up-to renaming of bound variables (ax-conversion)

e free variables of M are formally defined by:
FV(x) = {x} convel
FV(Ax.M) = FV(M) — {x} el
FV(MN) = FV(M) U FV(N) £00



Tracing redexes

A((Af.F3) 1) = Axx)((A.f3)(Ax.X))

/

(Af.13)(Ax.x)((Af.f3)(Ax.X))

—

(Af.f3)(Ax.x) ( (Ax.x)3) (Ax X)3((Af.f3)(Ax.x)) (AX. xx)( AX.X)3)

I/ |

(Af.f3)(Ax.x)3 (Ax.x)3( (AX x)3) 3((Af.f3)(Ax.x))

SN

(Ax Xx)33 3( (Ax.x)3) (Ax.xx)3
N

e

33




Tracing redexes
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Tracing redexes

Kal = (xAyx)aQ
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Empirical facts

e initial redexes in the initial term

 and newly created redexes along reductions

* infinite reduction iff length of creation is unbounded ?

e deterministic result when finite families of redexes are contracted ?

Finite Developments Theorem

Curry'’'50 JJL'78
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Parallel reductions 3

e permutation of reductions has to cope with copies of redexes

e in fact, a parallel reduction /a(/a) > aa

* in A-calculus, need to define parallel reductions for nested sets

Fact In the A-calculus, disjoint redexes may become nested (Ax.Ix)(Ay) —> I(Ay)



Parallel reductions @s3)

e the axiomatic way (a la Martin-Lof)

[Var Axiom] x +#>» x [Const Axiom| ¢ > ¢
M > M N #> N M #> M’
ApP Rule] = Abs Rule] i 2

M #> M N #> N
|//Beta Rule] (Ax.MYN > M'{x:= N}

e examples:
(Ax.Ix)(ly) > (Ax.x)y
(Ax.(Ay.yy)x)(la) +#> la(la)
(Ax.(Ay.yy)x)(la) #> (Ay.yy)a



Parallel reductions s3)

 Parallel moves lemma [Curry 50]
f M % N and M %> P, then N % Q and P % (@

for some Q.
M
j{ lemma 1-1-1-1
N, P (strong confluency)
A
\‘ k'
Q

Enough to prove Church Rosser theorem since —» C =#» C —=>»
[Tait--Martin Lof 607?]



Reduction of a set of redexes (1/4)

e Goal: parallel reduction of a given set of redexes

M, N ::=x | Ax.M| MN | (Ax.M)?N

a, b, c, ....:=redex labels

(labeled (3-rule)
(Ax.M)°N — M{x := N}

e Substitution as before with add-on:

(Ay.P)PQ){x =N} = (Ay.P{x:= N})?Q{x .= N}



Reduction of a set of redexes 24

e let F be a set of redex labels

F F
[Var Axiom] x —» x [Const Axiom] ¢ —» ¢
MM NS N Y
[App Rule] = [Abs Rule] =
MN —> M’'N’ AX.M —> Ax. M’
MM NS N aerF MM NS N agF
[/ /Beta Rule] Redex]

Ox.MYN > M'{x := N'} X MYPN —> (Ax.M')? N/

F
elet /', G be set of redexes in M and let M —» N, then

the set G/F of(residuals of G by F is the set of G redexes
in V.



Reduction of a set of redexes (/4

 Parallel moves lemma+ [Curry 50]

G G/F F/G
IfM—)Nand M— P, then N— @ and P — Q@

for some ().
M
7N
N . P
G/ /G



Reduction of a set of redexes (4/4)

 Parallel moves lemma++ [Curry 50] The Cube Lemma
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Redexes

e a redex is any reductible expression: (Ax.M)N

e a reduction step contracts a given redex R = (Ax.A)B

R
and is written: M —» N
{R}

 a reduction step contracts a singleton set of redexes M —» N

e a more precise notation would be with occurences of subterms. We avoid it here (but it is sometimes
mandatory to avoid ambiguity)

e we replaced occurences by giving names (labels) to redexes.



Residuals of redexes (1/4)

e residuals of redexes were defined by considering labels

e residuals are redexes with same labels

 a closer look w.r.t. their relative positions give following cases:

R
let R=(Ax.A)B, let M—>» N and S = (A\y.C)D be an
other redex in M. Then:



Residuals of redexes (24

Case 1 .
— e R...... é ...... — .o R ...... .5; ...... — N
or
R
M=...... S...... R...... — o .o S...... R ...... — N
L Ny
Case 2
M=...... B ...... _R) ...... R ...... =N (R and S coincide)
Case 3
R
— Ay R-)D---—---(\y.---R'---)D — N
I —
Case 4
R
= - Ay.O)--R--)- - — - \y.CO)(--R ) =N
[ S e



Residuals of redexes (34

Case 3

O S )Be S
Case 4

— ()\X X X - - )( 5 )



Residuals of redexes (4/4)

Examples: A = A Ax.xx, [ = Ax.x

A(l'x) — I x(Ix)

[ gy

va (A(lx)) — I x(Ix(]x))

e

I (A(Ix)) — 1 (I x(Ix))

Al x) — I x(] x)

I (AU X)) = 1x (I x(1x))

AN — AA
e
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Parallel reductions

e Consider reductions where each step is parallel

F1 F2 Fn
o M=My—> M —> M,---—> M,=N

e \We also write
p=0when n=20
o= F1Fr---F, when M clear from context



Residuals of reductions (1/4)




Residuals of reductions /)

e Definition [JJL 767

p/0=p

p/loT) = (p/o)/T
(po)/T=(p/T)(c/(T/p))
F /G already defined

e Notation
pUo=p(a/p)

* Proposition [Parallel Moves +]:
p Lo and o U p are cofinal



Residuals of reductions zs)




Residuals of reductions /)

.’ . N Yy ==
Ve N
N
y 2N
Ve N
Y4 LN -
Ve N
PN
Ve N
Py . ="
Ve .
. ¢
~‘ " - 'l
LN y " VS
4 V
'N PN P 14
LS o X4 '_—
LN P Y =
. Ve
-

* Proposition [Cube Lemma ++]:
T/(pUo)=1/(cUp)
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Equivalence by permutations (14

* Definition:
Let p and o be 2 coinitial reductions. Then p Is equivalent
to o by permutations, p >~ o, iff:

p/oc=0" and o/p=10"




Equivalence by permutations ()

A = Ax.xx
F=M\.f3 / A(F 1)
— AX.X \
f=Ax FI(FI) A(13)
Ve ~ v
I13(F1) 13(13) 13(13)
/s ~N L N
3(F1) 13(13) '3(13) /
e ~ Y/ \/3(/3)/ \3(’3)
3(13) 3(/3) /
N O x» Yo
3(/3) 3(13) 3(/3)
s > K
3(13) 3(/3)
~ ¥



Equivalence by permutations @)

(Ax X)a(()\x.x)by)
R, w‘
(Ax.x)Py (Ax.x)%y
Ry/R ARb
Yy
R,
p:M=1(y) —> I’y

R
o M= 12(Iy) — I%y

e Here p % o while p and o are coinitial and cofinal
In the calculus with no labels



Equivalence by permutations @)

e Same with 0 %2 p when p: AA — AA
A = Ax.xx

Exercise 1: Give other examples of non-equivalent reductions

between same terms.

Exercise 2: Show following equalities
p/0=p 0" /p =10
0/p=0 0~0("
p/0" = p p/p=10"



Equivalence by permutations @)

Exercise 3: Show that ~ is an equivalence relation.

Proof
(i)  p ~ p obvious

(17) same with p ~ o implies o ~ p

(111) p~o>~T implies p~T1 77




Properties of permutations (1/3)

 Proposition
(i) p~oc ifft Vr.7/p=7/0c
(it) p=~ o implies p/T =0c/T
(1it) p~o ifft Tp~710
(v) p=~o implies pT7 ~0oT

(v) pUoc>~oclp

Proof
(i) p~= o implieso/p=0" and p/o = (™.

Thus 7/(pU o) =71/(p(a/p)) =7/p/(c/p) =T/p/0" =T/p
Similarly 7/(c U p) =7/0

By cube lemma 7/p=17/0
Conversely, take 7= p and 7 = 0.



Properties of permutations (3)

* Proposition ~ Is the smallest congruence containing
F(G/F)~G(F/G)
0~

P2




Properties of permutations r3)

S
A — )\XXX FI(F% A(13)
K S
F=M)M.f3 Klg(ﬂ) - ;(/3) o 313(13)*
3(F1) 13(13) /3(/3)* i(/:-s)
| = Ax.x | 4 *3(/3)‘ */3(/3)K 3(/3)
3(/3)* K - K N K
3(13) 3(13) 3(3)
. K 2 K
3(/3) K3(/3)
*3(/3)
A(F 1)
FI(FI) A(13)
4 N ¥
[3(F|) =gy [3(]3) A(F 1)

v W "N
3(FI) =——> 3(13) ;(F{‘ A3

I3(F1) FI(I3)
A S

\/

3(13)



d the A-calculus




Context-free languages

e permutations of derivations in contex-free languages

S - SS

S > 3 /\ S/\
/\\ LN\
R T

e each parse tree corresponds to an equivalence class



Term rewriting

* recursive program schemes [Berry-JJL' 77 ]

e permutations of derivations in orthogonal TRS [Huet-JJL"81]

e permutations of derivations are defined with critical pairs
e critical pairs make conflicts
e only 2nd definition of equivalence works [ Boudol 82 ]

e interaction systems [Asperti-Laneve’93]

Process algebras

e similar to TRS [Boudol-Castellani’82]

e connection to event structures [Laneve’84]



PCF

e LCF considered as a programming language [Plotkin’74]

M, N, P ::= X variable
AX.M | M N abstraction application
n 1nteger constant
Me N ® € {+,-,%x,+}
1fz M then N then N conditionnal
ux .M recursive definition

B (AX.M)N — M {x := N}

op men— men

condl 1fz @ then M else N - M
cond2 1fz n+l then M else N — N

n ux. M - M {x := ux.M}



Exemples de termes

Fact(3)

Fact = Y(Af.A\x. ifz x then 1 else xx f(x — 1))
Y = M. (Ax.f(xx))(Ax.f(xx))
s’ecrit

(AFact .Fact(3))

((AY.Y(Af.Ax. ifz x then 1 else x x f(x — 1)))

(AF.(Ax.f(xx))(Ax.f(xx))) )



(\Fact.Fact3)((\y.y(\f.\x.ifz x then 1 else x * f(x-1)))(\f. Y/))

i

(y.y(\f.\x.ifz x then 1 else x * f(x-1)))(\f. Yf)3

i

(\f. YH)(\f.\x.ifz x then 1 else x * f(x-1))3

l

(\x.(\f.\x.ifz x then 1 else x * f(x-1))(xx))(\x. (\.\x.ifz x then 1 else x * f(x-1))(xx))3

i

(\f.\x.ifz x then 1 else x * f(x-1))((\x.(\f.\x.ifz x then 1 else x * f(x-1))(xx))(\x.\f.\x.ifz x then 1 else x * f(x-1))(xx)))3

i

(\x.ifz x then 1 else x * (\x.(\f.\x.ifz x then 1 else x * f(x-1))(xx))(\x.(\f.\x.ifz x then 1 else x * f(x-1))(xx))(x-1))3

l

ifz 3then 1 else 3 * (\x.(\f.\x.ifz x then 1 else x * f(x-1))(xx))(\x.(\f.\x.ifz x then 1 else x * f(x-1))(xx))(3-1)

l

3 * (\x.(\f.\x.ifz x then 1 else x * f(x-1))(xx))(\x.(\f.\x.ifz x then 1 else x * f(x-1))(xx))(3-1)

i

3 * (\f.\x.ifz x then 1 else x * f(x-1))((\x.(\f.\x.ifz x then 1 else x * f(x-1))(xx))(\x.(\f.\x.ifz x then 1 else x * f(x-1))(xx)))(3-1)



(\Fact.Fact3)((\y.y(\f.\x.ifz x then 1 else x * f(x-1)))(\f. Yf))

T

.ifz x then 1 else x ™ f(x-1))) (\y.y(\f.\x.ifz x then 1 else x ™ f(x-1)))(\f. Y)3 (\Fact.Fact3)((\y.y(\f.\x

then 1 else x * f(x-1))3 (\Fact. Fact3)((\f.fYf)(\f.\x.ifz x then 1 else x ™ f(x-1))) (\y.y(\f.\x.ifz x tf
* \

1 1 else x * f(x-1))(xx)))) (\Fact.Fact3)((\f.f(fYT))(\f.\x.ifz x then 1 else x * f(x-1))) (\L.EYT)(\f.\x.ifz x

B > > /

/se x * f(x-1))(xx))))) (\f.\x.ifz x then 1 else x ™ f(x-1))((\x.(\f.\x.ifz x then 1 else x ™ f(x-1))(xx))(\x. (\f.\x.if
_ . ~




(\Fact.Fact3)((\y.y(\.\x.ifz x then 1 alse x * f(x-1)))(\f. Yf))

T

(\Fact.Fact3)(\. YO\ \x.ifz x then 1 else x * f(x-1))) (y.y(\.\x.ifz x then 1 else x * f{x-1)))(\\. Y/)3 (\Fact.Fact3)\(\y.y(\.\x.ifz x then 1 else x * f(x-

~ (LYD(.\x.ifz x then 1 else x * f(x-1))3 (\Fact. Fact3(\L.fYH)(\f.\x.ifz x then 1 else x * f(x-1))) (\y.y(\.\x.ifz x then 1 else x * f(x-1)))(\f.f
x then 1 else x * f(x-1)){xx))(\x.(\f.\x.ifz x then 1 else x * f(x-1))(xx)))) (\Fact. Fact3)((\.f(fY)(\f.\x.ifz x then 1 else x * f(x-1))) (YO \x.ifz x then 1 else x * f(x-1))3
e o /
hen 1 élse x * fix-1))x))(\x.(\f.\x.ifz x then 1 else x * f(x-1))xx))))) (. \x.ifz x rhon 1 else x f(x-r))((\x (. \x.ifz x then 1 else x * f(x-1)){xx)\x.(\f.\x.ifz x then 1 else x * f(x-1))
1))((x.\x118.ifz x118 then 1 else x118 * xx(x118-1))(\x.(\f.\x.ifz x then 1 else x * f(x-1))(xx)))3 (. \x.ifz x then 1 else x * f(x-1)){(\x.(\.\x.ifz x then 1 alse x * f{x-1)}xx)){(\x.\x 12X

|

.

v —
3 then 1 else x118 * (\x.(\f.\x.ifz x then 1 else x * f(x-1))(xx)(\x.(\.\x.ifz x then 1 else x * f{x-1))(xx))(x118-1))3 (. \x.ifz x then 1 else x * f(x-1))(\x.\x118.ifz x118 then 1 else x

—

——

—-
V. \x.ifz x then 1 else x * f{x-1)Nxx)Nx-1))(x=1))3 (\x.ifz x then 1 else x * (\l.\x.ifz x then 1 alse x * f(x-1))(\l.\x.ifz x then 1 alse x * f{x-1))((\x.(\f.\x.ifz x then 1 else x * f(x-1)){xx

—
—

e
se x *f(x-1))((\x.(\f.\x.ifz x then 1 else x * f(x-1)){xx)\x.\x 109.ifz x 109 then 1 else x109 * xx(x109-1)))(3-1) ifz 3then 1 else 3 * (\f.\x.ifz x then 1 else x * f(x-1)){(\x.(\f.\x.ifz x |

—

x then 1 else x * f(x-1){(\.\x.ifz x then 1 else x * f{x-1)}(\x.(\V.\x.ifz x then 1 else x * f(x-1))xx))\x.(\f.\x.ifz x then 1 else x * f{x-1))(xx)))(3-1)

—
—
— —
—
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(Fact. Fact3\y. yi\. w0z x then | also x * - I L YY)

T

(\Fact. Fact3N. YN W iz x than 1 else x * fpx-1) .y otz x then | also x " e 1)L Y2 AFact. Fact3N(y.y¢. w.ifz x thon 1 also x * e 1)INLEYYE))

- : Vo T

(YN iz x ther T alse x * ix-1)03 (FRCT FRCTIN Y \x il x them T sise x * fx-7)0) oy M\ 0z x thevy T alse x * Sx-1 M IYTE (\Fa
olso x TN AL W 2 x than 1 olse x T T o i (11 0z x then | olso x T A3 e ) (\Fact. Fact3NV. YN w2 x thon | also x * Mx-1))) (LAY x then T olso x " 1)IG
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: — ~_ §

e 2 x s 1 s x * fe-T)\x b T18.i02 x 178 thew 7 alse x1 78 * xoxfe 11813 (V L. 2 x Mhaws 7 edse x * fx-1)Mx )3 A\ e 2 x thon T eése x * x-TJNTo, (L A2 x e 7 665 x * fx-T)lx )M L 12040 X720 then 1T oo x 720 * xxfx 120113
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it 1 alse x * -7 0exlix (e iz x theer T else x * An-1)Nnx ) Nx-7 N x-208 A iz x 1wy 7 alser x * U \x 7 x Mo T aded x * W=7 07 e 2 x ) 1 @t x * fife=7 0 (V0 e 42 x Mhewd 7 adser x = (-1 e )M O L iz x thert T s x * W=7 I L NE-7 03

o

L —

-
ase 3 A0 Lx W x than T @lee x * fix-T I (VI A2 x e 1 etse x ¢ (=T e\ L 108 42 x 709 then 1 @dea x 109 © xx(x108-1)))(5-7) Wz 3 thevy 7 80 3 ° (V e 42 x theer 1 8@ x * ffx-7))1 (V0 e 42 x o) 1 etse x * (=T Mex )W A Lx 02 x ther T algo x ©
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Parallel moves

F g g F
elemma M—>NM—>P = N—>Q P—0Q

Proof
Case1: M=x= N =P = Q. Obvious.

Case 2: M = X x.My, N = MAx.Ny, P = Ax.P;. Obvious by induction on M

Case 3: (App-App) M = MiM>, N = NiN,, P = P;P,. Obvious by induction on My, M.
Case 4: (Red-Red’) M = (Ax.M1)°My, N = (Ax.N1)?No, P = (Ax.P1)?P>, a¢ FUG
Then induction on My, M.

Case 4: (beta-Red’) M = (Ax.M)2M,, N = Ni{x := Nb}, P = (Ax.P1)?P,, a€ F,a & G

. . g F F
By induction Ny =—>» @1, P1 =—>» Q1. And N> _g) @2, P1 —>» Q>.

By lemma, Ni{x := Ny} —g> Qi{x := @Q}. And (Ax.P1)?P; —f> Qu{x = @}
Case 5: (beta'beta) M = ()\X.Ml)aMz, N = Nl{X L= NQ}, P = Pl{X L= PQ}, ac FnNg

As before with same lemma.



Parallel moves

eLemma M- N,P->Q = M{x:=P}-> N{x = Q)

Proof: exercise!

e Lemma [subst] M{x := N}{y := P} = M{y := P}{x := N{y := P}}

when x not free in P

Proof: exercise!

this lemma about distribution of substitution is critical for the Church-Rosser property.



