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Plan

e Higher-order typed A-calculus
e \Weak vs Strong normalization

* Redex creation and strong normalization

e Girard’s proof for strong normalization

e Finite developments

e Open problem



1st&2nd-order typing rules

(variable)

[ x:7 = x:T

[FM:0 -7 TTFN:o [ M:Va.r
(application)
[ MN:T [FM:1m{a =0}
[ x:oc = M:T [FM:m o ¢& TVar(lN)
(abstraction)
[FAXM:0 — 1 [ - M:Ya.1

(1st-order typing)



higher-order typing rules

(axioms)

(weakening)

(product)

(application)

(abstraction)

(conversion)

"l oy if (c:5) e A:
fr="z¢l;

AR Didics
: fr="z2¢rl;

rz:CFA:B

PEAxmm LAl B in

if (s1,892,83) ER;:
[ (llz:A.B) : s3 (81,3, %)

'EFa(llzA4.B) I'ha:A

[+ Fa: Bz :=d] '

L.zAFO: B TI'F{llxA.B):5

b}

[+ (Az:A.b) : (I1z:A.B)

[FA:B T+B':s B=3B'
Tr-A:B '



where (+, %)
(51,52) (*, %)
possible E* *3
values E* *;
are: (%, %)

(*, %)

Usual abbrevs
Va.A = lla:x. A

Aa. M = da:x. M
A— B=1Ilz:A.B when zx & FVar(B)



Weak vs Strong Normalisation

Al strong normalization

7 TN

Al weak normalization AK strong normalization

e true in any PTS lambda system

[conjecture Barendregt / Geuvers]



Weak vs Strong Normalisation
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Weak normalization in lambda-|

e innermost reduction clearly terminates (in lambda-K fst order)

(take multiset ordering on degrees of redexes)

e weak implies strong in lambda-|

(take same argument as for standardization proof: finite
developments + cube lemma)



Weak vs Strong Normalisation

* Nederpelt[72], Klop[80], Sorensen[?]
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Strong Normalisation (1st order)

e why typed 1st-order calculus normalizes ?

(Ax. - xN - )(Ay.M) —> - (Ay.M)N"- - creation downward
o — T o o
N——— creates —

creation upward

(Ax Ay . MNP —> (\y.M")P (Ax.x)Ay.M)N —> (Ay.M)N
T T -—7-/
o — T T —T T j
N— creates N— creates

e degree of a redex is type of its function part

e degree strictly decreases with creation



Strong Normalisation(2nd order)

e why system F normalizes ?

(Ax.-x-)(Ayy) = (Ayy)(Ayy) -

————

-
T—T "7  where

— creates S T=Va.oa— «

(Ax Ay MNP —> (\y.M")P
T

T
O — T

N— creates



Strong Normalisation(2nd order)

* l[ooking more closely at system F

(Ax.- o)y y) = - Ay y)(Ayy) -

————

TT ' "7  where

— creates S T=Va.a — «

(Ax. - xx-- ) Ay.y) = - OQy.y)Ay.y) -

also typable with

Vao. = 7 where
T =a— «



Strong Normalisation(2nd order)

AIA] —+llAl —+lAl —> A/ —+Jl —> |

T — T 1st order 1st order 7 — 7 1storder

where

T=Va.a — «
A = A\x.xx

| = \x.x



Girard - Tait - Krivine proof

e Definition ( ) X € SAT iff X € SN and
(1) xMe X when MeSN
(2) M{x:=N}PeXand NeSN implies (Ax.M)NP e X

(1) = non emptyness (2) = closed by SN-head-beta-expansion
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Girard - Tait - Krivine proof

Let Np = {xM | M € SA'}
and X > Y={M|NeX = MNeY}

eFact1 Ny C SN - Ny C Ny — SN C SN
e Fact2 SN € SAT

eLemma1 X,Y € SAT implies X — Y € SAT

e Lemma2 X; € SAT implies () X; € SAT
el



Girard - Tait - Krivine proof
e Semantics of types Let ( € TVar — SAT. Then [[7]¢ is
[a]e = ()

[o = 7lc=0olc = [7]c [Verle= (] [7]c{amx
XeSAT

e Corollary (1-2) [7]¢ € SAT
e Lemma 3 ( ) [T{a=0c}lle =[7lctas1o1

eLemmad Let xy:7q, ... X7 Mt and Ny € [ ]e, .- Np € [0 ]¢
Then M{x; := Ny, ...x, := N} € [T],

e Corollary (4) T+ M:7 implies M € SN



Girard - Tait - Krivine proof

e Semantics of terms Let p € Var = A. Then

IM], = M{x1 := p(x1), ... Xn := p(Xn) }

p, ¢ =M iff [M],el7]c¢
p,CET iff p,( =x:7 forany (x:7) €Tl
[ = M7 iff Vp,( p(ET =p,( = M:T

e Lemma 3 (subst) [T{a:=0}]c = [7]ctam[o1e)
eLemma4 [+ M:7 implies [ = M:7
e Corollary I = M:7 implies M € SN



Simple higher-order calculus

M,N,AB,.. :=x|MN | x:A.M|TxA.B

(Ax:A. M)N — M{x := N}

The 2 theorems

e Confluence

e Strong normalisation in typed calculi when sorts are well-founded



Tracking redexes in untyped calculus

M,N,..:=x|MN|Xx.M
(Ax. M)N — M{x := N}

The 2 theorems

e Confluence

e Finite developments (cube lemma)



Redex families

(AX.XX)((Af.f3)(AX.X (AX X))

/

(Af.13)(Ax.x)((Af.f3)(Ax.X))

—

(Af.f3)(Ax.x) ( (Ax.x)3) ()\x X)3((Af.f3)(Ax.x)) (Ax.xx)( (Ax X)3)

A

(Af.f3)(Ax.x)3 (Ax x)3( ()\x Xx)3) 3((Af.f3)(Ax.x))
AX.x)33 3( (Ax.x)3) (Ax.xx)3
33

e 3 redex families: red, blue, green.



Tracking redexes in untyped calculus

M,N,..:=|*MN)|*Ix.M)
B(*(Ax. M)N) —> FlelpMx .= [N}

where
*(PU)=2"U and “x{x:=M} =M

The 2 theorems

e Confluence (consistent names of redexes)

e Created redexes contain names of creators

21



Graphically
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Finite and infinite reductions (1/3)

e Definition A reduction relative to a set F of redex families is
any reduction contracting redexes in families of F.

A development of J Is any maximal relative reduction.

e Theorem [Finite Developments+, 76]
Let F be a finite set of redex families.

(1)  there are no infinite reductions relative to F,
(2)  they all finish on same term N
(3)  All developments are equivalent by permutations.



Finite and infinite reductions (2/3)

e Corollary An infinite reduction contracts an infinite set of
redex families.

e Corollary The first-order typed A-calculus strongly terminates.

Proof In first-order typed A-calculus:

(1)  residuals R" = (Ax.M")N" of R = (Ax.M)N keep the
degree

(2)  new redexes have lower degree



Tracking redexes in HO calculus

M,N,AB,..:= %] *(MN)| “MA.M)| *(MNx:A.B)
B(¥(Ax:A. M)N) —> PlaATMx .= @Al N}

where
*(PU)= U and “x{x:=M} =M
and ([*AIM){x := N} = [@A=NIIMIx = N}

The 1 theorem

e Confluence

26



Graphically
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Example

Al — | — |

(Ax:7 . x7x) (At \y:t.y)
(At Ay:t.x)T(At.Ay:t.y)
(Ay:T.x)(At.Ay:t.y)
(At Ay:t.y)

T=Vt.t >t

28



Example

Al — || — | A="b(vt 2t — 9t))

(Ax:A. x A'x)(At.A\y:t.y)
—> (At Ay:t.x)A (At \y:t.y)
—>  (Ay: A" x)(At \y:t.y)
—> (At \y:t.y)

(XA (Ox A) 2x))B (At (Ay>t.by)))
9[4,A13( 1(0[4,AJ8(/\t_7()\y:5 t.6y))A’) 2L4,AJ8(/\t_7()\y:5t.6y)))
9(41,4]3( 1f0L41AJ8'*17()\y: 5(0]4,A]8,x]| A’.6y) 2L4,AJ8(/\t_7()\y:5 t.6y)))

b

9[4,A13[1[0]4,A|8,%]7, SL0L*AI8=] A"76|170|4,A]8,%]7, SLOLAAIBx] A7
2LLAIB(AE T (A\y:2t.0y))

29



Todo list

e Relate tracking of redexes to impredicative Girard’s proof
e Find intuitive argument for SN in higher-order typed A-calculus

e Find intuitive proof for SN in higher-order typed A-calculus

e SN proof must always be in 3rd-order Peano logic

30
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