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Abstract

This paper attempts to use formal semantics of a
class of parallel processes in order to carry out
mechanizable proofs about them. The formalism used is
LCF (Logic for Computable Functions, Milner [22]),
with slight extensions. The processes we consider
communicate by sharing memory, rather than by signals
on communication lines. Parallelism is treated as non-
determinism. We state properties such as mutual exclu-
sion of critical sections, absence of deadlocks,

determinacy, and we show examples of proofs.

Introduction

The area of formal semantics and correctness of
sequential programs has recently been strongly influ-
enced by Scott's mathematical theory of computation
(Scott {261). From the work of Scott and Strachey [29],
Strachey [30], one can see how a rich theory of formal
semantics for sequential programs is now developing.
Scott's computational induction principle has been
used as the basis of a Logic for Computable Functions
(LCF) by Milner [217,[22]. This system has been suces-
sfully used for proving the correctness of a compiler
(Milner and Weyhrauch [24]). Furthermore, it has been
shown that computation induction was as powerful as
all other methods for proving a wide class of proper-
ties of sequential programs (Manna, Ness, Vuillemin
{191, Vuillemin [31]).

The present paper is, in part, an attempt to
carry some of these ideas over to the area of parallel
programs. Some steps in this direction have already
been made by Kahn [15] and Milner (231, and we have
drawn heavily on their ideas. Related work can also
be found in Bekic [ 3].

Various kinds of proofs about parallel programs
have appeared in the literature. Some of them are
based on a generalization of Floyd's method ( Floyd
[ 97, Manna [18]) to parallel programs (Ashcroft and
Manna [ 2], Lauer 7177, Elspas & al [ 8]). Ashcroft
[ 17 makes use of relations to express the properties
to be proved. The absence of deadlocks is in general

treated separately from other correctness properties,
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much like termination is treated separately from par-
tial correctness in sequential programs. However the
property of absence of deadlocks is in general expres-
sed indirectly : for example, one shows that some
"state" will repeat itself. Another kind of proof is
found in Habermann [ 10],[ 11]., There, proofs are done
at a higher level, and are not directly formalizable
in a logical system. Yet another approach is found in
Hoare [ 12], where some proofrules for parallel proces-
ses are proposed, in an attempt to extend to parallel
programs the axiomatic formalism developed in Hoare
[13] for sequential programs.

We approach the problem by expressing the semantics
of parallel processes as a mathematical function, and
then stating the property to prove as a property of
that function in the form of an LCF sentence. For
example, the fact that a process is deadlock free is
expressed by stating that a certain string of charac-
ters is infinite. The proof of the property can then
be carried out within the logic.

The processes that we consider can be thought of
as non deterministic programs. Their execution is

dependent upon an external oracle (choice function)

"which determines what operation is to performed mext.

The various processes communicate by shared memory
rather than by signals on communication lines. The ba-
sic underlying constraint is that if two operations
want to access the memory at the same time, one of
them will get serviced before the other.

In the first part of this paper we discuss simple
parallel processes consisting of two concurrent sequen-—
tial programs. In the second part we consider more
general processes, including processes allowing paral-

lel recursive calls of processes.

I Simple parallel processes

We first give a mathematical semantic description
of simple parallel processes. Then we discuss how to
express and prove certain properties of these proces—
ses within LCF. The properties considered include
mutual exclusion of critical sections, absence of

deadlocks and determinacy.
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| Semantics

The concurrent sequential programs are specified
in terms of basic (not interruptable) operations. They
operate on a common memory, which means that they can
share variables. The scheduling of the operations of
the process is done by an oracle (or choice function)
which determines which of the two sequential programs
is to advance npext. In the first paragraph we discuss
the semantics of the sequential programs ; in the se-—
cond paragraph we show how the ideas extend to the

parallel case.

1.1. Secuential programs

Let P be a sequential program operating on a
memory state S. We view S as a mapping from names
(variables) into values. P consists of labelled
elementary operations : each operation in P has a
distinct label belonging to some alphabet L.

We wish to isolate a special operation , corres-
ponding to the usual STOP statements. We do this by
having a special predicate, Stop : L~ {tt,ff, 1 },
such that Stop (1) = tt iff 1 labels a STOP operation?
Notice that we must have Stop(L) = L if Stop is to te
a monotonic predicate. P is specified by two functions:

a) The next operation function, which is a mapping
Succ : L x S > L, where, for leL and seS, Succ(l,s)
denotes the next operation of P to be performed after
the execution of operation 1 on state s.

b) The next state function, which is a mapping
o :Lx S+ S, where, for leL and seS, o(l,s) denotes
the state resulting from the execution of operation 1

on state s.

These two functions are sufficient to describe
the input-output action of P as a state transformation
function. The final state M(l,s) of P started at ope-

ration 1 on state s is recursively defined by :

(1) M(1,s) < Stop(l) » s,M(Succ(l,s),oc (1,s)),

where we use the notation "p»A,B" for the sequential
conditional connective "if p then A else B". Notice
that we cannot prove that the final state is the least
fixpoint of this equation, since we have no other
formal definition of how P operates. Our point of
view here is that all correct implementations of P

will have to verify (1).

*) tt,ff,L denote the logical values True , False and
Undefined.= denotes equality. L also denotes the un -
defined (or bottom) element of any domain. We assume

that L is a flat domain.

This type of semantic description of a program is
satisfactory for many purposes when one only deals
with sequential programs. It is, in fact, quite similar
to the classical recursive equations obtained when one
translates a flowchart program following McCarthy [20].

However, for one thing, it fails to capture the
difference between two programs which loop forever
but with a different behavior say one of them prints
an infinite number of A's, the other an infinite num-
ber of B's.

Another well known problem is that the knowledge
of the state transformation function of two sequential
programs is not sufficient to determine the state
transformation resulting of their execution in parallel.
(See Milner [23] for a discussion of these ideas).

Clearly then, one must have more information about
the histories of the computations of the sequential
programs in order to resolve these ambiguities.

To solve the problem, we propose to add a third
function to the basic description of P, a mapping
out : L x § > D, where D is some set. For all le L,
seS, out (1l,s) denotes the output produced by opera-
tion 1 on state s. One can think of D as an alphabet
and of the output as a write operation on an external
line printer. We assume that D possesses a special
element I, which can be interpreted as a blank charac-
ter.

Then we might describe the semantics of P with

the following recursive definition

(2) TR(1,s) <= Stop(l) - Out(l,s). L,
Out(l,s).TR(Succ(l,s),0(1,s))

TR(1,s) traces the output of the individual opera-
tions when they are executed.

More formally, TR will be a mapping of L x S » DY,
where DY is the set of finite and (one-way) infinite
strings of elements of D. The operation "." used in
(2) is the concatenation, a mapping of D x DY, D%, The

empty string is denoted . Then we have the two selec-

tor functions hd : I¥ = D and t1 : Y 5 . These
operations satisfy the following axioms

hd(t) = tl(1) = 1.
Vue DY L.uz 1 5, Iuz u, hdu.tlu= u
heD,lsz: hd@@.u) = o , tl{g.u) = u.

D “is further structured as a partially ordered set
by introducing the prefix ordering : uc v iff u is a
prefix of v. An infinite string is defined as the
least upper bound of an infinite sequence of increa-

sing strings. All this construction can be made

Authorized licensed use limited to: CAMBRIDGE UNIV. Downloaded on Aprilk 13,2026 at 13:39:59 UTC from IEEE Xplore. Restrictions apply.



formally. p” is thus structured as a complete partial-

ly ordered set (i.e a partially ordered set with a
minimal element, and such that every ascending chain
has a least upper bound). The operations ., hd, tl can
be shown to be continucus in the sense of Scott [26],
and this is enough to guarantee that (2) has a least
fixpoint, obtained as a least upper bound of increa-
sing approximations (See Cadiou [5 J). The domain
D“ was first introduced by Kahn [ 15].

The basic output function Out (l,s) can be speci-
fied in various ways, according to one's purposes. For
example if one is interested in tracing what happens
in location x of the memory, one will choose :

¥1V¥s out(l,s) = s(x). If one wants to trace the
whole history of control and states through which the
program goes, one will choose ¥1¥s Out(1,s) = <1,s>.
Let us denote U the tracing function corresponding

to that last choice. By (2), we have

(3) U(1l,s) <= Stop(l) » <l,s>.L,
<1l,s>.U (Succ(l,s),0(l,s)).

It is interesting to note that any tracing func—
tion of P can be reconstructed from U: let Out (1l,s)
be an arbitrary output function, TR(l,s) its corres—
ponding tracing function as defined by (2). Then one
can prove that

TR(1l,s) = Extract(Qut(U(l,s)),
where, for any f ¢ L x S > D, and any ue(L x S)w s

Extract(f,u) <= Stop«hdu)l) > f«hdu)l(hdu)z).i,

f((hdu)],(hdu)z). Extract(f,tlu).

( )‘ and ( )2 are respectively the first and second

*)

projection functions .

Similarly the state transformation function M
defined by (1) can be retrieved from U. In fact, U
contains all the information we have about P, since
(hd €1 U(1,s)) , and

(hd t1 U(l,s))z-

Stop(l) = ff => Succ(l,s) =
o (l,s) =

1.2. Simple parallel processes

The ideas of the previous paragraph generalize
easily to simple parallel processes. A simple parallel

process consists of two sequential programs Pl and P2

operating on the same memory state S. The label sets

L, and L, of P] and P

\ 2 are supposed disjoint.

2

*) one needs the axioms (L)1 = (l)z =1
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) and P2 must

advance,we use an oracle. An oracle, or choice

In order to determine which of P

sequence, is a string ing= BY, where B ={tt,ff,1}
Then a natural way of defining the state transfor-

mation function M, as a function of L, x L, x S xQ +S

) 1 2
is
(é)dﬁ(ll,lz,s,m)<= Stop(ll) > M(lz,s),
stop(lz) > M(ll,s),
hdw > Mo(Suce(1,,8),1,,0(1,8),tlw),
dK(ll,Succ(lz,s),0(12,5),t1w).

In this equation, M is the sequential state trans-—

formation function of (1) ; we have dropped the indices

from Succ,, Succ,, ¢, and o, since they have disjoint

1 2 1 2
domains.
Similarly, we can write a tracing function BR
X X B> D.
2 S
Just as in the sequential case, there is a most general

corresponding to any function Out : L] x L

one, W, satisfying :

(S)Qlill,lz,s,w) <= Stop(ll) > U(lz,s),
Stop(lz) > U(ll,s),

hdw » <1

1’1

2,s,hdw>ﬂl&8ucc(1l,s),lz,c(ll,s),tlw),

<11,lz,s,hdw>.ﬂL(1l,Succ(lz,s),o(lz,s),tlw).

Wis

if we
{Ll X L2 x 8 x B}(‘J which can be done in a number of

ways. Since Succ and ¢ can be reconstructed from U

a mapping of L xL,x8x0> {L1 xL,x8x B},

consider {Ll x 8}¥and {L2 x $}° as subsets of

U can be expressed in terms of U. However, we will
not pursue this further here, since part II will

provide us with more powerful tools to do it.

Example : Let us give, as example, the semantic
description of the following simple parallel process,
which is classical in studies of the mutual exclusion

problem.
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Figure |

The notations used are fairly standard. The dot-
ted rectangles around a group of instructions mean that
the group is not interruptable, and must be considered
as an indivisible operation. Therefore a dotted rectan—
gle has a single label. The portions CI’CZ’RI’RA are
interruptable. They stand, respectively, for the criti-
cal sections and the rest of the programs. The only
assumptions about them is that they are single-entry,
single-exit pieces of programs which do not access lo-
cation x. The label of the first (entry) imstruction in

C] is CT, the label of the last ( exit) instruction in

20 RpoRye
of the left sequential

and similarly for C
label alphabet L]
| is {a]}u EILJ{I , where 61
label alphabets of Cl and R] respectively.

The

program P and 3{1 are the

The basic semantic functions Succ and ¢ of P1

satisfy :
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Succ(al,s) = 8(x) » a,,c

Suce(c,s) € B, ¥e ¢ (;l\{c‘,"}
b

Succ(c?,s) 1

e
1

Succ(r,s) ele, Vr eJ{l\{rT}

i

Succ(bl,s) r

Succ(r?,s) = a,

I°] (al,s) = g(x) s, rz.( z=x%x > tt,s(z))

o (c,s)(x) = s(x),¥c ¢ G]

o (b].s) = rz.(z = x >~ £f,s(z))
o (r,8)(X) = s(x),¥r e R,

The equations are analogous for PZ'

In this case, the tracing function GR is defined

by :

(6) 06:&(11 l12|slw) <=

hdw - Out(ll,12,s,tt).'G;K(Succ(1],s),Lz,o(ll,s) ,tlw) s

Out(ll,l ,s,ff)R&K(ll,Succ(lz,s),0(12,5),C1w)-

2

In the remainder of part I we discuss the problem
of stating and proving properties of simple parallel

processes.

2 Mutual exclusion

The mutual exclusion problem has been extensively
studied by many authors (Dijkstra [ 7 J, Knuth [16 ],
Habermann [11], Bredt [ 4], to mention just a few). The
problem is to ensure that two pieces of code of P

and P2
pieces of code are called critical sections. We
i and C2

entered Cl, and until it leaves it, P2

to enter C
te 2

Here, we are interested in_proving that a proposed

1
never get executed simultaneously. These

| has

is forbidden

denote them C respectively. Once P

, and vice-versa.

simple parallel process has the mutual exclusion pro-—

) and C2.

eventually execute their critical

perty with respect to C The problem of pro-

1 and P2

section is discussed separately (in the next section).

ving that P

There are several ways to express the mutual
exclusion problem in the logic. For example, we can
use a special output function Out(ll,lz,s,t) which
will output some character, say « ,iff 1l and 12 are
and C,.. Then we say that the pro-

2
cess has the desired property iff the corresponding

simultaneously in Cl

37
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tracing function is a string with no a's.
Formally, we define :

OUt(ll,lz,S,t) <=(<1],12> € Gl X C%) >a, I,

and use the corresponding tracing function “6R as
defined by (6). We will say that the mutual exclusion

property is satisfied for P1 and P2

and C, iff the string produced by @R only contains

with respect to C1

blank characters. It is easy to see that such a string

can only be 1 since I. L = L. Hence the property to

prove is :

L,

(7) Yo BR(a, ,a.,s ,w) =
1772770

where a. and a and P

1 2 1 2
the state in which the process is started.

are the first operations of P

and s
o
We will sketch the proof of (7) in the case of

the process of Figure |, In fact, as usual in inducti-

ve proofs, we prove a more general property, namely

(8) ¥151,,s,0 D(11,12,s) "6’:R(1l,12,s,w) E

where the notation ¥xP:: A =

AxX.(P > A,1) =

B stands for :
Ax.(P -~ B,L). (See Milner [211]).
D(llglz,s) is the predicate defined by :

(9) D(Lj51p,8) = (Liefa) UR A LyetaJuR) - e,

(1,elb 3 UG A LyelajuR) » s(x),

(11€{al} Uﬂil Al e{bZ}UGE) > s(x),

2
ff.

All the functions and predicates used here can
be defined (or axiomatized) as continuous objects,

L1 and L2

is an admissible property. For defined values of the

since are flat domains*),and therefore (8)

parameters, the values of D(ll,lz,s) can be conveni-

ently represented by the table of Figure 2.

Ly
L a5 E2 b, Q’z
a tt | s(x) s(x) tt
v A,

s A s

¢, 7//ff - A °
b, s(x) /;:Ez; 1/////i// s(x)
5’11 te | s(x) sl tt

*) . . .
A flat domain is a set S with a partial order © whe-
¥aeh.

re the only pairs in the order are i < a, a « a,

3%

We prove (8) by computational induction on the

. o e, e *k
recursive definition (6) of B8R ).
The base case is trivial., The induction step

easily follows from the facts that :

3(s(x)) =

tt,D(ll,lz,s)Ett b Out(ll,lz,s,t) = I,

D(Succ(ll,s),lz,o(ll,s))stt,
D(ll,SuCC(lz,s),O(ll,s))Ett,

where 3(S(x) = tt means that s{x) is not 1.

In turn, these are easily,albeit tediously, deri-
vable from the definitions of Out,D, Succ and o. For
example, let us show:3(S(x)) = tt,D(ll,lz,S)EttF-

D(Succ(ll,s),lz, o(ll,s)) = tt

in the interesting case 11 z a

x
We have:ISucc(al,S) =
lo(al,s)(x) =

s(x) — ag, c?,

s(x) — s(x), tt.

Let us denote D(Succ(ll,s),lzyc(ll,s)) by D'.

Assume D(ll,lz,s) = tt. We argue by cases on s(x):

s(x) = L leads to a contradiction with 3(s(x)) = tt.

s(x) = tt implies D' = D(a],lz,s'), with s'(x) = tt.
Hence D' = tt.

s(x) = ff implies D' = D(CT,lz,s') with s'(x) = tt.
Furthermore, D(11,12,S) = tt implies, in this

case, 1, < {az} UJ{Q = tt., But then D' = s'(x) = tt.

We will not .bother the reader with the rest of

the proof, which is equally easy .

This proof seems complicated for such a simple
property. However, all the cases are quite easy to
prove, and well within to power of existing automatic
proving systems. Furthermore, the proof brings out all
the cases in a systematic way, including the undefined
cases (Here for instance the property does not depend
on the definedness of the oracle). Also, the predicate

D(ll,l S) summarizes the facts about the computation

2,
which are relevant to the property to prove {for exam-
"when P

enters C., x is True', etc...). There-

1 i
fore, if one intuitively understands why the property

ple

is true, one should be able to guessD(ll,17,S) without

too much trouble.

*%x)

See Manna, Ness, Vuillemin {19 ] for a discussion of
computational induction. Essentially, if F(x)<= t[F i{x)
is a recursive definition, to prove P{¥), one shows
P{1) and ¥f{P(f) - P{r1F]). For this to be valid, P

must be an admissible property.

Authorized licensed use limited to: CAMBRIDGE UNIV. Downloaded on April 13,2026 at 13:39:59 UTC from IEEE Xplore. Restrictions apply.



Notice that if one wants to do an informal proof

of the correctness of this program, one almost invaria-

bly proceeds by examining some property of a "control

],12 and the value of x. This
"control state" can only take a finite number of dif-

state" consisting of 1

ferent values, and therefore we have essentially a
finite (hence decidable) problem to solve. There would
not seem to be too much point in using a theorem prover
when a decision procedure can be used (essentially a
determination of unreachable vertices in a graph).
However, we must emphasize that, from a rigorous point
a view, the assumption that the "control state'
<1],12,x:> contains all the "relevant" information
needs to be justified. It does, for example, depend on
C,iR,
the fact that the predicate D(ll,lz,s) was sufficient

the hypothesis that Cl’Rl’ do not modify x. Indeed,

to carry out the LCF proof constitutes such a justi-
fication. One of the advantages of a completely formal
proof system is that it brings out all the hypothesis
that are necessary for the property to hold, and which
might easily be overlooked in an informal proof.

There are other ways of expressing the mutual
exclusion property in the logic, but we will not expand

on this further here.

3. Absence of deadlocks

We will now discuss another property, the absence
of deadlocks in a process. Again we will focus the
discussion on specific examples, but the methods ‘used

are quite general.

We first consider the process of Figure 3.

r- 4 r-‘ - ="
! 1 |
' | | ]
: | | {
! {
1 N ] a, N
P]' X 2 : :
blx < et | . X « tt '
1 ) I |
L...._*-.._...J L___..+_._._l
Y
bl: x « ff bzza x « ff

Figure 3
Intuitively what is meant by absence of deadlock
The

sort of activity one wants to consider depends on the

is that some sort of activity goes on for ever.

problem. For example if this process starts execution

with x = tt all it can do.is loop in the initial tests.

39

It will do so forever, provided the oracle is always
defined. ,

A more interesting problem is to try to prove that
if the process starts executing with x=€f then at least

one of the operations b, or b2 will get executed

i
an infinite number of times. Now this is not true in
general : for example if the oracle is undefined, no-
thing gets executed ; moreover,if the oracle consists
of tt followed by an infinite sequence of ff's, the

process will execute neither b1 or bZ' Therefore the

property will require some restriction on the oracle w.

A natural restriction on w is that it have no
right part consisting solely of tt's or solely of ff's.
In other words, w should in some sense never "forget"
one of its processes. Also, w should be infinite defi-
ned, which means that it should always return either
tt or £f, and never "hesitate" for ever between its
two processes. In order to express this property formai-
ly within our system, we introduce some recursively

defined predicates and functions

(10) T(w)<= hdw » tt, T(tlw) LE s B > (teoa)
F(w)<= hdw ~ F(ttw),tt ° ° e
T looks for a tt in w and F looks for a ff., Cer-

tainly we want T(w) = F(w) = tt, but that is not
enough. We also want the subsequent portion of w to
have the same property. However, this cannot be expres-—
sed as a continuous predicate P in BY - {tt,1} . For

if we had P(w) =
by eontinuity of P, we would also have P(a) = tt for

tt for some infinite string w , then

some finite prefix o of w .

But this cannot be, because we want P to be true
only of infinite oracles. In fact this argument will
hold for any finite truth value range. But we can
solve the problem by taking B” itself as a "truth
value"” range.

Let us define G, F: B“ + B, by :

Blw) <= T(w).Cw)
F(w) <= Flw).Hw)

an

Then the property we want can be expressed by
Cw) = Flw) =

. . . * . .
consisting of tt's. (we can define tt in the logic by

*
tt , where tt* is the infinite string

* * . .
tt <= tt.tt ).We will denote this property J(w).
Returning to our example, we wish to show that, if

or b, will

, then either b1 2

P(w) is satisfied
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*)

get executed an infinite number of times .

We can express this by taking a tracing function
GR, of the family described by (6), which outputs ¢
whenever bl or b2 is executed, and saying that :

*
a

(o) - BR(a 2 £8,0)

ht

Then, if we set :
X(w) = r:R(a] ,az,ff,m)

Y(w) = 7ﬁK(b],a2,tt,w)
Z(w) = Q&K(al,bz,tt,w) , we can show that

X,Y,Z are defined by the recursive system :

X(w) <= hdw > Y(tlw),Z(tly)
(12) Y(w) <= hdy ~ a.X(tlm),Y(tlw)
Z(w) <= hdy ~ Z(tly),q-X(tly)

(Justifying formally the transformation of (6) into

(12) for this particular case requires an instance of
the general theorem Ax.(uF.t) = uF.(Ax.T), which is
provable in LCF. uhere denotes the fixpoint operator).

Our problem is now to prove that :

(13) Cw) = Fw) = tt* — X(w) = o

We sketch the proof here :
First we show @

(14) 8(T(w))::Y(w) = a.X(8(w)), by parallel computa-
tional induction on the underlined functions.$ here is
the monotonic "is defined" predicate on {tt,ff,L},
axiomatized by &§(1) =1 , 8(tt) = &(ff) = tt. T is
defined by (10), X,Y by (12), and 8(w) by :

(15) 6(w) <= hdw + tlw,8(tlw).

Intuitively, (14) says that, because of the
property f(w), Y as defined in (12), must eventually
call X after eutputting a.In terms of the process, it
1’82 with x =
. The proof of (14) is as

says that if control is in b ff, it must

eventually advance to a, ,a

1’72

follows :
- Base case :
- Inductive step :
Assume P(w) : §(t(w))::y(w) = a.X(h(w)),
Show P'(w) : 8(t'(w))::y'(w) = a.X(h'(w)),

trivial since (L::a = b) always holds.

*) Notice that, in general, it is not true that they
both do : for example, the oracle w defined by

we= tt.ff.tt.w satisfies the axiom, but b2 never gets
executed. This means that there can be infinite wai-

ting of one process.

where : t'(w) = hdy + tt,t(tly),
y' (@) = hdw » a.X(tlw),y(tlw),
h'(w) = hdw » tlw,h(tlw).

We do case analysis on hdw :

. hdw = L , P' reduces to 1::1 = a.X(1), which holds.
. hdw = tt,.P" reduces to tt::a. X(tlw) = o.X(tlw),
which holds.
. hdw = £f, P' reduces to :
S(t(tlw))::y(tlw) = a.X(h(tlw)), which is
P(tlw), and thus holds by the inductive hypothesis.

Similarly, one can prove :

(16) 8(F(w))::2(w) = 0.X(n(w)), where

n (w) <= hdw + n(tlw), tlg, and, using (12) :

(17) S{(T(w))::8(F(w))::X(w)z oX(u(w)),
where u(w) = hdw - 8(tlw),n(tlw).

Then using (11), we can deduce :
(18)%8(w) = Fw) = tt" — X()= a X(ulw) .

We can now use an instance of a general theorem
which says that for any X, u ¢ p¥ » Dw, and any
ae D, from Q(w) = X(w) = a.X(u(w)) and Q(w) - Qu(w)),
one can deduce Q(w) F X(w) = o
vable in LCF.

. This theorem is pro-

We won't show the detailed proof that :

Mw) FMNu(w), (vhere Fw) isBw) = Fw) = tt” ),
but it is easy using (10), (11) and the definition of
8(w) and n(w), and so the theorem applies.

This essentially proves (13), which was our

statement of the absence of deadlock property.

Now, as it turns out, this proof is a special
instance of a systematic proof procedure which enables
us to prove absence of deadlock whenever a process has

a finite number of "

control states', in the sense
which we discussed in the previous section. When this
happens, the process can be described by . a finite
number of recursive equations of the form

Ei:xi(w) <= hdw -+ a.Xi](tlw),Si.Xiz(tlw), such that
every unknown on the right also appear on the left.

Such a system of equations can be translated into a

finite graph in the following way :

Each unknown Xi in the recursive system is repre-
sented by a node of the graph. To each equation of the
form Ei will correspond the two arcs : Xi - Xi s
labelled (1,a;), and X; » Xiz’ labelled (2,ei)3
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For example, Figure 4 represents the graph

associated with our previous example.

X

(],a (2’0')

L

2, 1) (1,0
Figure 4

Now the property J(w) has a remarkable expression
in terms of these graphs. It says that if the graph has
a cycle of which all the arcs have first label 1, then
no acceptable computation path can loop forever in that
cycle (we say that such a cycle is of Type 1). Simi-
larly for cycles containing only 2's (cycles of Type 2).
All other paths represent possible computatioms.

This observation suggests the following proper-
ty to characterize whether a process representable by

)

*
such a graph is deadlock free . Let us suppose that

there is one "start!" node X, and one non blank cha-
racter o used in the equations in such a way that the
process is deadlock freee iff X(w) = a*.

Then if we call G the connected component of
the graph which contains X, and G' the graph obtained
from G by deleting all the arcs with second label a,

the process will be deadlock~free iff all the cycles

of G' are either of Type | or of Type 2.

Figure 5 represents the graph G' for our previous

example.
X

2 1
Figure 5.
It has two trivial cycles, one of type !, one

of type 2.
We leave to the reader the (easy) proof of the

property.

%) Thanks are due to L. Hyafil for his active contri-

bution to the solution of this problem.
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In fact, it is possible to show that if a pro-
cess can be represented by a finite system of equa-
tions of the form Ei above, then the property of
absence of deadlock is provable within the logic. We
will not discuss this further, partly because the
interest of the general proof techniques presented
here lies precisely in the fact that they apply to
processes which do not.have a finite number of "states"

In order to illustrate this point we will sketch
the proof of the absence of deadlock of the process
represented in Figure 6. This process is an adaptation

of an example of Hoare [141].

an alarm clock.

Figure 6 :

Roughly speaking, one can think of t as being
the time, and h as being the hour at which an alarm
will ring. After the alarm has rung, h is reset to
some later hour, here h + 10. The expected behavior
of this system is that the alarm should ring an infi-
nite number of times.

Using the same techniques as above, the problem
can be formulated as follows

Prove that

(19) P(w) — isint(t)::isint(h)::X(t,h,w) = o) where
X(t,h,w) is defined by

(20)  X(t,h,w) <= hdw ~ X(t+1,h,tlw),

t<h > X(t,h,tlw),

a.X(t,h+10, tlw).

J(w) is the property of the oracle introduced in
our last example and isint is a continuous predicate
characterizing the domain of the integers (See
Newey [251).

An outline of a proof is the following

Rewrite (20) as

X(t,h,e) <=
Y(t,h,w) <=

hdw - X(t+1,h,tlw),Y(t,h,tlw)
t<h > X(t,h,w),x.X(t,h+10,w)

@2n
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Then, prove :

(22) tisint(t)::F(w)::X(t,h,w) = Y(U(t,w),h,V(w)),
where F is the same as in (10), and U,V are defined by
U(t,w) <= hdw » U(t+],tlw),t
V(w) <= hdw > V(tlw), tlw.

This says that the process cannot stay forever
in the loop t « t+l1 of the left branch.U and V give
the value of the parameters t and w upon exit of the

loop.

Then, prove :
(23) tisint{t)::isint(h)::T(w)::F(w):s:

X(t9h)w)5d~x(e(tsh,‘d)sH(t’h’w) ,Q(tshyw))s
where T and F are as in (10), and ©¢,H,0 are defined

by :

0(t,h,w) <= U(t,w) < h > 0(U(t,w),h,V(w)),U(t,w)
SiH(e,h,0) <= U(t,w) < h » HU(t,w),h,V(w)),h+10
Slace,hw) <= U(t,u) < h > 2UCE,w) 0, VW), V()
This says that the process cannot stay forever
stuck in the innerloop of the right branch. ©,H,Q
give the values of the parameters t,h,® upon exit of
the loop.

Then one essentially applies the general theorem
which we used in the last example on (18) to finish
the proof.

The structure of the proof is very similar to
the finite case, although the steps are much hardexr
to prove.

At this point, we should make the following
comment : the existential quantifier is not allowed
to appear in admisssible predicates in LCF, and so,
instead of stating : "3 8,h,w Q(&,h,w)", one must
actually exhibit the 3,h,w which make Q(6,h,w) true.
This is the purpose of system (24), for example. Yet,
the general theorem which we use at this point to
deduce X(x) = a*from X(x) = aX(g(x)) does not require
g to be recursive. It is not yet clear whether this
really complicates the proof, but it seems to be a

potential problem for LCF-like systems.

4 Other properties

There are many other properties of simple paral-
lel processes which can be formalized and proved
within our system, such as, for instance, determinacy

and equivalence.

Let us take the following example : we will show
that if an assignement A commutes with all the opera-
tions of a sequential program P, then the result of
executing A and P in parallel is the same as the
result of executing P after A.

Let us suppose that A is the assignement s <« fs.

The commutativity property is expressed by :

¥lel, seS ¢
¥lel, seS

o(l,fs) = £(o(1,s))

!:(A’P) Succ(l,fs) = Succ(l,s)

We also need the hypothesis that the oracle is
. . *
defined, which we can state as D(w) = tt , where :

D(w) <= 8(hdw) Dtlw).

§ is the same monotonic "

(14).
Then the property to prove can be stated as :
Ga,2),Dw) = tt” - M(a,fs) = M(A,a,s,0)

where "a"

isdefined" predicate used

in Eq.

is the label of the starting operation of P
and M,Mare defined by :

(25) M(1l,s) =
(26) M(B,1,s,0) =

Stop(l) » s, M(Succ(l,s),o0(1l,s))
Stop(1l) - f£s,

hdw > M(1,fs),
M(A,Succ(1,s),0(1,s), tlw).

(25) and (26) are the appropriate instances of Eq. (1)
and (4) respectively for defining the sequential and
parallel state transformation functions of P and A//P
respectively.
We show :
€a,P) HM(1,£s8) 2 m(a,1,s,0)

by computational induction on m using (26), and
€(A,P) D) =t m(l,fs) cMA,L,s,0) ,m(1,8)M(L,s)

by computational induction on m using (25). These two

properties imply the desired result. The details of

the proof are straightforward.

II. Parallel Processes

In this part, we attempt to formalize the semantics
of more general parallel processes, and to give methods
for proving properties about them.

The processes that we now consider generalize those
of the previous part in that they can have a varying,
possibly unbounded, degree of parallelism. In parti-
cular, calls of processes within processes, possibly
recursively, are allowed. However, the various parts

of a process still communicate via the memeory.

42
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In section 5 we present the semantics we use,
and in section 6 we show examples of proofs, inclu-
ding the proof of the correctness of a parallel

recursive program to compute the factorial function.

5 Semantics

Following Milner [23], we want to think of a pro-
cess as an object which operates on a memory state
with the help of an oracle it first performs an
action, which is an indivisible operation, and then
returns a new process. Since it may have used some of
the oracle to determine which was the first action to
perform, it must also return a new oracle. One way to
express this is to consider the semantics of a process

to be in the functional domain P satisfying the

equation :

27) P =S >0~ 85 x 0x P,

The justification that such a domain P, consis-
ting of continuous functions, can be constructed comes
from the fundamental work of Scott [26J,[27]1,[28].

Given a state s € S and an oracle w € &, a pro-
cess p € P will return a triple <s',w',p'> with s'e S,

w' e, p' € P, 1.e

psw E <s"w'lp'>

If we denote ( )1, ( )2, ( )3 the three projec-
tions functions, then )
s' 2 (psw) w' =

(psw) s p' = (psw)3, and

we can write :

(28) p = Asiw <(psw)1,(P5w)2 , (psw)3>.

In fact, this structure turns out not to be quite
sufficient. One needs to have a special process, cal-
led STOP, and to be able to test the equality p = STOP
with a continuous predicate Stop : P » {tt,ff,1} . For
this to be possible, STOP must be an isolated point in

P. We obtain this by slightly modifying (27) to

(29) P = {STOP}+(S »&> S x2x P] «

This now says that a process is either the un-
defined element | or STOP or a triple of the form (28).
It is then possible to axiomatize the continuous pre-
dicate Stop in such a way that Stop(l) = 1L,

Stop(STOP) = tt, and, for any other process p

Stop(p) = ff.
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Let us define two useful combinators on processes
the first one is the composition combinator. It is a
mapping * : P x P -~ P which, given two processes p and
q, yields a process p * q, the sequential composition

of p and q, defined by

(30) p * q <= Stop(p) ~ q,

Ashw < (psw) 4 (Psw),, (PSw) 4 * q>.

The second one is the parallel combinator, a

mapping // : P x P » P, defined by :

(31) p // q <= Stop(p) ~ q,

Stop(q) ~ p,

Asiw.hdw ~ <(pst1w)1,(pstlu)z,(pstlw)3 /! q>,
(qstlw)],(qstlw)z,p /] (qstlw)3>~

Intuitively, what p // q does, when neither p
nor q are Stop, is ask the oracle which component must
get control first, p or q. If it is p, then p // g
does the first action of p and returns a process which
consists of the new process of p in parallel with q.
If it is q, then the symmetric course of action takes
place.

Let us also define a state transformation func-
tion on a process, i.e a function M : P X S x Q > S.
Given a process p, a state s and an oracle w, we

define MlpJlsw as follows

(32) Mlplsw <= Stop(p) - s,
M[(psw)3](psw)l(psw)2 .

Intuitively, Mlplsw represents the resulting
state of the memory after p has finished its execu-
tion on starting state s and oracle w.

Let us illustrate these definitions with some
simple examples. We will represent a simple assignment
a:s<«f(s) by the process a=Asiw<fs,w,STOP>. Thus
(asw)l = fs, (asw)2 = w,(asw)3 = STOP, and (32)
yields Mlalsw = M[STOP]fsw =

fs, as expected.
Also, if a is the assignment s <« f(s), b the

assignment s <« g(s), we can use (30) to get a * b

a* b = Asiw < fs,w, STOP * b> = Asiw <fs,w,b>.

Then : Mla*blsw = Mlblfsw = gfs, as expected.

Now, let us see how to use (3!) to get a//b

Asiw. hdw > <fs,tlw, STOP // b>,
<gs,tlw, a // STOP>

Asiw. hdw » <fs,tlw,b>,

a//b

i

<gs,tlw,a>.
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We can write this

(Ca // b)sw)l = hde ~ fs, gs
((a // b)sw), = hdw > tle, tle
(Ca // b)sw)3 z hdw > b, a

because of the axioms (J.)1 = (L), = (1)3 = L.

2

Then «e have

Mla//bisw = ML((a//b)sw)3]((a//b)5w)l((a//b)5w)2 by (32)

= hdw -~ M(blfs tlw,
Mlalgs tlw

= hdw » gfs, fgs, as expected.

Here we have used the fact that M[1]sw=l1, which

comes from Stop(l) = i, and the fact that Stop(a//b)=ff.

At this point, let us observe that the simple
parallel processes considered in Part I are indeed
special cases of those we are now modeling. To any
sequential program S of paragraph 1.1, we associate
the element S of L ~ P defined by :

$(1) <= STOP(l) - STOP,

Askw<o(1,s),w, S(Succ(l,s))>,
where o(l,s) and Succ(l,s) are the next state and
next operation functions of the program S, and L is
the label alphabet of S. Thus S(l) is a process ¢ P
in our present sense.

Then one can show that the state transformation
function M as defined by (1) in Part I (denote it Mi)
is the same as the current state transformation function

M defined by (32), i.E :

Mo (1,8) = M(S(1) sw

The proof is straightforward by parallel compu-
tational induction on the two definitionms.

In a similar way, one can now obtain the state
transformation Mof a simple parallel process, as
defined by (4), from the parallel combinator //‘and the
state transformation function M of the present theory.

More precisely :
-/K’(l]alzssyw) = M[‘s—l(ll)//gz(lz)] Sw
one could also define tracing functions in the present

context and relate them to the tracing functions of

part I in the same fashion.

6 Proofs

In the remainder of this paper we discuss some

proofs of properties of parallel processes.
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As an example of proof using computational induc-
tion, let us show the associativity of the composition

of processes, namely :

(33) (P*q) *r =px* (qQ*r1).

4 +

¥pqr

The proof proceeds by computational induction on
the two occurrences of '*' designated by an arrow,
using the recursive definition (30).

The base ease is trivial.

For the inductive step, assume

¥pqr £(p,q) * r = f(p,q * 1).
Show :
qur[Stop(p)»q,kskw<(psw)1,(psw)z,f(psw)3,q)>]*r =
(34)[Stop(p)»q*r,ksxw<(psm)1,(psw)2,f(psw)3, q * r>]

We do case analysis on Stop(p) :

trivial.

Stop(p) = i:
Stop(p) = tt
Stop(p) = ff :

(34) is reduced to g * r = q % T.

l1.h.s. = [AsAw<(p5w)1,(pSw)Z,f((psw)3,Q)>]*r

ASAw<(Psw)1,(P5w)2,f((psw)3,q)*r> Def. of =

1

KSKw<(pSw)],(psw)Z,f((psw)B,q*r)>Ind. Hyp.
z r.h.s
]
Let us now indicate another useful tool for proofs,

the structural induction principle on P. This princi-

ple can be justified within the system (for admissible
predicates), by using computational induction on the
recursive definition of the domain as a retract (cha-
racteristic function) in the general Scott domain D
(See Scott [27]1,028]).

However, we will give here an informal presenta-—
tion, without formal justification.

The domain P satisfying P = {STOP}+[ S+Q~+SxQxP]
can be built recursively via a sequence of approxima-
tions, much like the fixpoint of an ordinary recursive
defintion. Here, we have :

Po {STOP,1} and, for n > o

P
n

{sTOP} +[S > ~> sxaxP I

Then P =l¥an. Now for every p € P and for every
n> o it Is possible to define the n~th projection of
P> pnePn. If p € Pn then p, = P.

One can show that, for n > o :

(35) b, = Asha<(psw) s (psw) 5, [ (psw) 41 >

This suggests the following proof idea : to prove

a property of p € P, prove it for all its finite
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projections. For this to be a valid proof, the proper-—

ty ¥ to prove must be admissible (See Manna, Ness,

Vuillemin [19]), i.e one must have ¥n ﬂ’(pn) > F(p).

In particular, LCF well formed formulae are admissible.
For such properties, the structural induction

principle can be stated in the following form :

k(N €9
(36) — q(STOP)

¥p §(jp) b ¥p T (hshw<(psw) » (Psw) 55 ] (psw)i)

¥p T (p)

Notice however that for finite p's , this induc-
tion principle is valid for any property fP. In other
words, from the above premisses, one can infer :

(¥ finite p)fP(p), whether or not jais admissible. It
is not clear yet how one can justify this within LCF,
but it is certainly a valid deduction rule which can

be added to the system.

Example : As an example of the use of structural induc-
tion, let us prove :
(37) ¥p p * STOP = p
(1) Q1) : trivial
(ii) $(sTOP) : trivial
(iii) assume : ¥p(jp) * STOP = jp.

show ¢ q * STOP = q,

where q = Xs Aw<(psw)1,(psw)z,j(psw)3>- We have :
q*STOP =

As%w<(qsw)1,(qsw)2,(qsw)3*STOP>

ksxw<(psu)l,(pSM)z,j(psw)§ STOP>
= Asxw<(psw)1,(psw)2,j(psm)3> Ind. Hyp.

1

4 0

We will now introduce several properties of pro-
cesses and prove some facts about them. In the sequel,
a will denote the individual action Xsiw<fs,w, STOPx .

Commutativity. We define a total predicate Q(a,p)

" a commutes

with the following intuitive meaning :
with all the individual actions of p". We first de-

fine it for finite p'S by induction :

FQ(a, STOP), Q(a,t),
(38) Q(a,p)<=>VsVu{[f(psw)lE(pfSw)l]A[(PSw)ZE(pfsw)sz
[(psm)BE(pfSw)3]AQ(a,(Psw)3)} .

To justify that this defines Q for all finite p'S
one can use (36) with the remark on finite p's, or
observe directly that pePn =>(p5m)3 € Pn_] and use

mathematical induction on n.

45

Then, for arbitrary p, define Q(a,p) <=>VnQ(a,pn).
This definition is consistent in that it reduces to
(38) for finite p's.

Q has the following property :

Lemma 1 :
Let a,b be individual actions. Then,for every
finite p :
Q(a,b) A Q(a,p) > Q(asb//P)'
Proof :

The proof is easy by structural induction (36)

on p, and is left to the reader. 0

Strong Determinacy : Following the technique used

in the previous paragraph, we now define a total
predicate D(p) with the intuitive meaning : "the state
transformation function of p does not depend on its
oracle, provided it is defined". D(p) is defined as
follows :

D(1), —D(STOP),
(39) D(p)<=>¥s¥uw ¥uw'[ Def (w)ADef (w')oM[plsw= Mlplsw']

A¥s ¥u D((psw)3)

for finite p's,and D(p)<=>¥n D(pn) for arbitrary p's-
Def(w) is the predicate D(w) = tt*, where

Dw) <= G(hdw),ithw) as defined in Section 4.

Def-preserving: We now define a total predicate A(p)
with the intuitive meaning "if p is given a defined
oracle, it returns a defined oracle'". A(p) is defined

as follows :

4 (STOP),
A(p) <=> ¥s Vuw[Def(w) > Def((psw)z)]AVs Y A(psw)3
for finite p's,and A(p) <=> ¥n A(pn) for arbitrary p.

We can now state the following properties

Lemma 2

¥p  Q(a,p), D(p),a(p)
¥s Yw{Def(w) > Mla//plsw = Mlaxplsw}

Informally, this states that under certain restric-
tions on p and if a commutes with all the individual
actions of p, then executing a in parallel with p is
equivalent to executing a before p, as far as final
results are concerned.

The property to be proved is admissible and we
can use computational induction on M, much in the
same way as in section 4 where an analogous result
was obtained for simple parallel processes. The

proof here is slightly longer, although quite easy. U
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Lemma 3 : For all finite p : (40) F(n) <= Xr.Aw<r,w,{n=o » STOP,p(n)//F(n-1)1>,

Q(a,p) A D(p) A A(p) > D(a//p) where p(n) is the individual action :
3 .

p(n) = AzAe<r*n,w, STOP>
The proof is simple by structural induction on p.[]

We assume here that the state s is reduced to r,
Lemma 4 : For all finite p : and that r is a non negative integer.
a(p) o A(al/p). We will first show by mathematical induction on n

Again the proof is easy and we omit it. [J that F(n) is finite. We need :

Lemma 5 :Let a be an individual action :

The recursive factorial l1f P € Pn then a//p ¢ Pn+1'
We now have all the basic tools to show the Proof : By mathematical induction on n. The base case
correctness, of the recursive factorial process is trivial. Now for n > o, assume p ¢ Pn-l => al/p Pn'

shown in Figure 7. Let p € P_. Then
n

P = p 5 Ashw<(psw) |, (psw) o, [(psw)y] _ >y by (35).

Since (psw)3 =z [(psw)3]n_l, we get that (psw)3ePn_1.

Therefore, by induction hypothesis : a//(psw)3ePn.

Now, ((a//p)sw) = hdw ~» p,a//(Pstlw)B, by (31)
= hdw -+ pn,[a//(PStlw)ajn-

Hence ((a//p)sw)SePn and a//p ¢ P 0

n+l

As an easy consequence of this we get that, for

every n 2 o, F(n) ¢ P . The proof is straightfor-

2n+1
r<r*n Call F(n-1) ward by induction on n.

We can now prove

Theorem : ¥n, k > o, Wuwe,

Def(w) > M[F(n)Jkw = k * Fact(n), where Fact(n)
is the factorial function :
Fact(n) <=(n = o0)> I, n * Fact(n-1).

Proof : we prove the property :

. . . *)
Figure 7 : the recursive factorial . ¥a¥m Q(p(m),F(n)) A D(F(n)) A A(F(n))A

(41) Def(w) » M[F(n)Jlkw = k * Fact(n),

by mathematical induction on n. We will only outline

In this process, n is a non negative integer

parameter, r is a global variable and the operation

. . . . The base case is easy. The inductive
r+r*n is not interruptible. the proof € y step,

for n > o, splits into four cases

(i) Qp(m),F(n)).

It is possible to describe formally a language

for parallel programs and then use the formal seman-

tics of the language to obtain the mathematical pro- The key step here is to prove Q(p(m),p(n)//F(n-1))
cess in P which represents such a program. This is from the inductive hypothesis Q(p(m),F(n-1)). This is
however outside the scope of the present paper, and done by using Lemma 1 and the fact that F(n-1) is

we will assume that the formal semantics of the paral- finite. One also needs Q(p(m),p(n)) which is a direct
lel flowchart language used in Figure 7 is such that consequence of the commutativity and associativity
the corresponding object in P is described by the of the multiplication on the integers.

following recursive definition ¢ (1i1) A(F(n))

This is where Lemma 4 gets used.
(iii) Def(w) » M[F(n) Jkw = k * Fact(n)

*) This process is an adaptation of an example proposed Assume Def(w). We have
by Milner [23]. + denotes the multiplication on

the integers.
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MLF(n) lkw = M (F(n)kw)BJ (F(n)kw) 1 (F(n)kw)2
Z Mip(n)//F(n-1) Jkw. Def (40)
2 MLF(n-1) 1 (k*n)w Lemma 2
= (kxn) * Fact(n-1) Ind. Hyp.

= k * Fact(n) .
(iv) D(F(n))

We use Lemma 3 and case iii above already

proved. U

This shows both correctness and termination of
the recursive factorial. The proof seem a bit compli-
cated, and it is quite probable that it can be shorte-
ned. In fact, it may be that some form of Lemma 2 can
be proved without the determinacy hypothesis.

Lemma 4 is technical and could be eliminated by
adopting a slightly different formalism for processes.
Actually, the formalism that we have at present some -
how seems .too general, in that it allows processes
which can modify oracles in arbitrary ways, whereas
intuition says that a process always returns some
right portion of the oracle i.e, we should have
w 5u0(psw)2, where @ denotes the string concatena-
tion. Furthermore, intuition says that (psw)l,(pSm)2
and (psw)3 should not depend on that portion of the
oracle which is at the right of u. These suggest
possible improvements on the present formalism.

The above proof also calls for some comments on
the logic. In order to carry it out mechanically, in
the present form, one essentially needs to extend LCF
by adding the structural induction principle for
finite p and also allowing the possibility to define
wffs which are not admissible. Of course, the system
would have to check that such wffs only get used in

proofs for finite p's. This might be convenient for

some proofs even if they can be carried out also
in pure LCF.
Conclusion

This paper shows examples of proofs about paral-
lel processes which can be carried out completely
formally. The proofs generally appear to be more com-
plicated than proofs about sequential programs. There-
fore the need for complete formality appears even
greater than for sequential programs. Proofs carried
out manually are probably just as likely to contain
bugs as the original code. Also the need for structure
in the proof is essential, if we want to be able to
prove meaningful things about sizeable parallel

programs.

Evidently there is need for more research both
at the level of semantics of parallel processes and at
the level of proof structure. The present semantics
should be extended to handle processes with communica-~
tion lines, and poesibly also modified to forbid "un-
natural" behavior of processes, as suggested at the end
of last section. Also, work should go into proving
general properties of parallel programs, such as suffi-

cient conditions for using facts about components of a

program to deduce facts about the whole program.
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