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Abstract Residuals of redexes keep track of redexes along reductions in the lambda
calculus. Families of redexes keep track of redexes created along these reductions.
In this paper, we review these notions and their relation to a labeled 𝜆-calculus intro-
duced here in a systematic way. These properties may be extended to combinatory
logic, term rewriting systems, process calculi and proofnets of linear logic.

1 Introduction

The 𝜆-calculus is a basic setting in the foundations of mathematical logic. It gained
much importance in proof theory within types and the Curry-Howard correspon-
dence. In the theory of programming languages, the 𝜆-calculus is a key model for
functional languages. It has also applications in their type theory and even in imper-
ative languages through the use of continuations. The beauty of the 𝜆-calculus is that
all calculations, named reductions, are generated by a single rule, the 𝛽-conversion
rule, which defines the application of an argument to a function.

We suppose that the reader is familiar with the usual definitions and notations of
the 𝜆-calculus. If not the reader is refered to next section or to Barendregt’s book [6].
We will mainly consider 𝛽-conversion and 𝛽-redexes, although many of the results
exposed here also hold in other calculi. A reducible expression (redex) is any term
of the form (𝜆x.M)N where argument N is applied to function 𝜆x.M. Its contraction
produces the term M{x := N} in which all occurrences of the free variable x in M
are replaced by N. We ignore all problems due to the renaming of bound variables
(𝛼-conversion) and assume that the binding of bound variables are respected as in
standard mathematics.

Although 𝛽-conversion is a simple rule, many results of the 𝜆-calculus are not
easy to prove. This is due to the ability of computing inside the body of functions
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at the same time as their arguments are passed to functions. Moreover reductions
may be infinite and inductive proofs have to be carefully performed. However in the
typed versions of the 𝜆-calculus, there are no infinite reductions and proofs get much
simpler. In this paper, we show how the untyped 𝜆-calculus can be viewed as an
infinite limit of labeled calculi, and how proofs in the untyped case can be conducted
in these pseudo-typed calculi.

The results in this paper are already present in many old articles [23, 25], but our
presentation is focused here on a systematic way of defining a labeled calculus that we
will show related to the notion of family of redexes. This family relation generalizes
the notion of residuals which appeared in Church original monograph [11]. We start
from the Hyland-Wadsworth calculus in section 3 and derive the labeled calculus.
In section 4, we show its correspondence with permutation equivalence. The history
of redexes is related to labeled redexes in section 5. We explain our the results are
applicable to combinatory logic and orthogonal term rewriting systems in section 6.
In the conclusion, we cite several related topics such as optimal reductions, reversible
calculi, causality and event structures. The acknowledgements section contains a brief
history of the beginning of theoretical computer science at Inria-Rocquencourt.

2 Preliminaries

The reader familiar with the lambda-calculus may skip this section.

The 𝜆-calculus is a calculus of functions. For instance, take the successor function
on integers succ(n) = n+1. In many programming languages (Lisp, Scheme, Python,
Javascript, Java 8, Ocaml, Haskell), we may define succ by succ = 𝜆n. n + 1 where
𝜆n. n + 1 is the function which for any n returns n + 1. This lambda notation is
a way of manipulating anonymous functions. For instance, with lists, one may
write the expression map(𝜆n. n + 1) [1; 2; 3], which returns the list [2; 3; 4]. When
a function has several arguments as in add(x, y) = x + y, we can define it by
add = 𝜆x.𝜆y. x + y where add is now a function from x returning a function from y
which returns x + y. This transformation of a binary function into unary functions
is called the curryfication in the 𝜆-calculus. It is no more than the isomorphism
between N×N ↦→ N and N ↦→ N ↦→ N where N is the set of natural numbers.. Thus
in this paper, we only consider unary functions.

To apply an argument N to function 𝜆x.M, we write (𝜆x.M) (N) in standard
mathematics. But in order to minimize the use of parentheses, we write (𝜆x.M)N in
the 𝜆-calculus. Thus succ could be defined by succ = (𝜆x.𝜆y. y + x)1. Notice that
the name of a variable bound by a 𝜆 is not important. Therefore 𝜆n. n+ 1 is the same
expression as 𝜆y. y + 1. Bound variables of the lambda-calculus behave like bound
variables of summations or integrals in calculi of mathematics.

To compute a term, we perform sequences of reduction steps as in:

((𝜆x.𝜆y. x + y) 4) 5 → (𝜆y. 4 + y) 5 → 4 + 5 → 9
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The 𝜆-calculus restricts attention to functions and applications. It does not consider
constants, arithmetics, conditionals, lists, etc. In this paper, the 𝜆-calculus is also
untyped and we may consider self-applications such as in 𝜆x. x x. In mathematical
logic or computer science, terms are usually typed and contain values of various data
types. But most of the results exposed here also apply to typed calculi and calculi
augmented by values of data types. Therefore examples of calculations are:

(𝜆x. x x) (𝜆x. x) → (𝜆x. x) (𝜆x. x) → 𝜆x. x
(𝜆x. x x) (𝜆x. x y) → (𝜆x. x y) (𝜆x. x y) → (𝜆x. x y)y → y y
(𝜆x.𝜆y. x y)y → 𝜆z. y z

Notice that y was renamed z in the last example, since the two occurences of y are
not bound by a same 𝜆. When we substitute N for x in M, written M{x := N}, we have
to keep the bindings of variables, as in integral calculus for standard mathematics.

Let V = {x, y, z, ...} be an infinite set of variables, the formal definition of
Church’s 𝜆-calculus is:

M, N ::= x | 𝜆x.M | M N (where x ∈ V )
(𝜆x.M) N → M{x := N} (beta conversion rule)

To minimize the number of parentheses, the usual abbreviations are:

(M N N1N2 · · ·Nn) standing for (· · · (((M N)N1)N2) · · ·Nn)
(𝜆x1x2 · · · xm. M) standing for (𝜆x1.(𝜆x2. · · · (𝜆xm. M) · · · ))

Outermost parentheses may also be omitted.

Beta-conversion can be performed on any subterm of the form (𝜆x.M)N, which
is named a redex (reducible expression). A reduction step M → N is when a redex
in M is beta converted and N is the resulting term. A reduction M ↠ N is a sequence
of reduction steps from M to N. Thus ↠ is the reflexive and transitive closure of
→. When there is no redex in M, we say that M is in normal form.

There could be several redexes in a given term. For instance, take M = ∆(F I)
where ∆ = 𝜆x. x x, F = 𝜆f . f y and I = 𝜆x. x. Then M ↠ yy by 9 distinct reductions.
For instance

∆(F I) → F I (F I) → I y (F I) → y (F I) → y (I y) → y y
∆(F I) → ∆(I y) → ∆ y → y y

Each term of the lambda-calculus has a unique normal form when it exists. This
property is named the confluence property (also named the Church-Rosser property).
We also notice that reductions may reach normal forms in a variable number of
reduction steps. But is there a reduction strategy which reaches normal forms in a
minimal number of steps ? To design such a strategy, we have to perform reductions
with sharing as in programming languages with call-by-need. But what are the
redexes to be shared ? This is the problem that we consider in the next sections.



4 J.-J. Lévy

A final remark is that some reductions may be infinite. Take ∆ = 𝜆x. x x and
K = 𝜆xy. x. Then

K x (∆∆) → K x (∆∆) → K x (∆∆) → · · ·
K x (∆∆) → (𝜆y. x) (∆∆) → x

When a term M reduces to a normal form, we say that M normalizes. When all
reductions from M are finite, we say that M strongly normalizes. A calculus is
(strongly) normalizing when every term (strongly) normalizes. An important theorem
of the lambda-calculus (the standardization theorem) says that the leftmost-outermost
strategy is a normalizing reduction strategy.

3 The labeled lambda-calculus

Hyland and Wadsworth introduced an indexed 𝜆-calculus as a syntactic model for
Scott D∞ model [33, 36]. This calculus can be considered as a typed approximation
of the untyped 𝜆-calculus[24], since every reduction in this calculus is finite and the
normal forms are unique. Both Church-Rosser theorem and strong normalization are
valid in Hyland-Wadsworth 𝜆-calculus, which is more closely defined as follows:

M, N ::= xn | (𝜆x.M)n | (M N)n (n is any natural number)

((𝜆x.M)n+1N)m → M{x := N[n]}[inf{n,m} ]

xn{x := P} = P[n]
(𝜆y.M)n{x := P} = (𝜆y.M{x := P})n

(M N)n{x := P} = (M{x := P} N{x := P})n

xn
[m] = x inf{n,m}

(𝜆y.M)n
[m] = (𝜆y.M) inf{n,m}

(M N)n
[m] = (M N) inf{n,m}

We do not consider here the rule (M 0 N)n → ⊥ which makes sense only to emulate
the construction of the D∞ model. The projection operation M[n] replaces the external
index m of M by inf(m, n). Similarly the beta-rule follows the contruction of D∞ as
an inverse limit of domains of functions Dn+1 = Dn ↦→ Dn.

Notice that redex ((𝜆x.M)nN)m can be contracted only when n > 0. Therefore
not every reduction of the untyped 𝜆-calculus can be simulated in this indexed
𝜆-calculus. For instance, let ∆n = (𝜆x.(x10x4)20)n, then:

(∆3 ∆4)15 → (∆2 ∆2)2 → (∆1 ∆1)1 → (∆0 ∆0)0

whereas in the untyped 𝜆-calculus, the term (𝜆x.x x) (𝜆x.x x) loops and therefore
does not normalize. Moreover the indexed calculus enjoys the Church-Rosser prop-
erty. The confluence is visible on the example of figure 1. The calculation of expo-
nents may look complex, but it consists in alternating applications of the predecessor
function and of the minimum of two natural numbers. Indeed redexes have a dis-
tinct computing power depending upon the exponent of their function part, namely
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Fig. 1 A reduction graph in Hyland-Wadsworth 𝜆-calculus

the exponent n in ((𝜆x.M)n N)m. When n = 0, the redex is frozen. When n is
large, the redex can compute as in the usual untyped calculus. In our example, let
Ω3 = (∆3∆4)15 and Ω2 = (∆2∆2)2, then Ω3 can perform 3 steps of reduction, but
Ω2 can perform 2 steps. The exponent of the function part of a redex is named the
degree of the redex. Thus the degree 3 of Ω3 is larger than the degree 2 of Ω2.

The proof of the confluence in the indexed calculus can be found in [23]. (Thanks
to G.Plotkin who taught me the Tait-Martin-Löf method) The proof of strong nor-
malization can be found in [25] (Thanks to D.van Daalen who taught me his easy
way of proving it). Thus the indexed calculus is confluent and only performs finite
reductions. Each term has a unique normal form. There is also the simulation prop-
erty, which means that any finite reduction of the untyped calculus may be emulated
in the indexed calculus as soon as one gives sufficiently large exponents in the ini-
tial term. Therefore the reduction graphs of the untyped 𝜆-calculus may be seen as
an infinite limit of confluent finite reduction graphs. These graphs corresponds to
the inverse-limit construction of the D∞ model, but they also have an intensional
meaning about reductions in the untyped 𝜆-calculus.

In figure 1, all reductions of untyped 𝜆-calculus are emulated. But the reduction
graph differs when the exponents are lowered in the initial term as shown by figure 2.
These compactness and confluence properties of reduction graphs were used in [23]
to show the inside-out completeness of reductions in the untyped 𝜆-calculus. There
are other ways of proving this completeness, but the proof with the indexed calculus
is notoriously simpler and quite intuitive, since innermost reductions lead to the
normal forms when strong normalization is present.

When all exponents of a term are null, the term is in normal form, since there
is no way of contracting a 0-degree redex. When all exponents are 1 in the initial
term, its redexes are activated, but only these ones. The new redexes which may
appear by applying a function to a function or by de-curryfication are frozen. When
all exponents of the initial term are 2, the situation is less clear. The new redexes are
activated, but no more. See for instance the redexes B and B in figure 2.
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Fig. 2 By varying exponents in the initial term, these graphs approximate the reduction graph of
figure 1. Notice that they are all finite and confluent.

Another interesting property of the indexed 𝜆-calculus is that the residuals of
redexes keep their degree. Residuals are defined in the Curry&Feys volume [13].
Intuitively residuals are the copies or the remainings of redexes when another redex
is contracted. Therefore, redexes keep their computing power when other redexes
are computed. So if one restricts the contraction of a redex when a predicate is valid
on the degree of this redex, the calculus is still confluent. For instance, one contracts
((𝜆x.M)nN)m if and only if n is odd.

Finally the Hyland-Wadsworth indexed calculus is a bit frustrating, since it looks
like a particular case of a more general property which implies the compactness
and the confluence properties of the untyped 𝜆-calculus. In the appendix of [25],
a systematic way of generalizating this calculus is exhibited, but it was not much
popularized. In this short note, we will show it, 45 years later!

We are therefore searching for a calculus where every subterm has an abstract
label as an exponent and a reduction rule which preserves confluence and the degrees
for redexes. Moreover we look for a simple condition on degrees of redexes in order
to get strong normalization. This calculus may look as follows:

M, N ::= x𝛼 | (𝜆x.M)𝛼 | (M N)𝛼 (𝛼, 𝛽, ... are abstract labels)
((𝜆x.M)𝛼N)𝛽 → h(𝛼, 𝛽, M{x := g(𝛼, 𝛽, N)})

x𝛼{x := P} = f (𝛼, P)
(𝜆y.M)𝛼{x := P} = (𝜆y.N{x := P})𝛼
(M N)𝛼{x := P} = (M{x := P} N{x := P})𝛼

where f , g, h are undefined functions producing a new term of this calculus. We used
the inductive definition of substitution which keeps invariant the labels except for
variables where the f function is applied. Thus we preserve the degrees of redexes
inside the term which is substituted. We also copy Hyland-Wadsworth calculus by
giving local effects to f , g, h on the external exponents of terms. This again keeps
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invariant the degrees of redexes.

h(𝛼, 𝛽, x𝛾) = x𝜓 (𝛼,𝛽,𝛾)

h(𝛼, 𝛽, (𝜆y.M)𝛾) = (𝜆y.M)𝜓 (𝛼,𝛽,𝛾)

h(𝛼, 𝛽, (M N)𝛾) = (M N)𝜓 (𝛼,𝛽,𝛾)

g(𝛼, 𝛽, x𝛾) = x𝜒 (𝛼,𝛽,𝛾)

g(𝛼, 𝛽, (𝜆y.M)𝛾) = (𝜆y.M)𝜒 (𝛼,𝛽,𝛾)

g(𝛼, 𝛽, (M N)𝛾) = (M N)𝜒 (𝛼,𝛽,𝛾)

f (𝛼, x𝛽) = x𝜙 (𝛼,𝛽)

f (𝛼, (𝜆y.M)𝛽) = (𝜆y.M)𝜙 (𝛼,𝛽)
f (𝛼, (M N)𝛽) = (M N)𝜙 (𝛼,𝛽)

where 𝜙, 𝜒,𝜓 are undefined functions used to define f , g, h. We now try to prove local
confluence of this calculus, i.e. the permutation of the contraction of two redexes in
any given term M.

Goal 1 If M → N and M → P, there exists Q such that N ↠ Q and P ↠ Q.

Proof : By induction on the size ||M || of M. The only interesting case is when
M = ((𝜆x.M1)𝛼M2)𝛽 and N = h(𝛼, 𝛽, N1{x := g(𝛼, 𝛽, N2)}) and we have P =

((𝜆x.P1)𝛼P2)𝛽 with M1 → P1 and M2 = P2 or M1 = P1 and M2 → P2. The next
goal is to show h(𝛼, 𝛽, N1{x := g(𝛼, 𝛽, N2)}) ↠ h(𝛼, 𝛽, P1{x := g(𝛼, 𝛽, P2)}). We
subdivide this goal into the following 4 subgoals.

Goal 2 If N → P, then M{x := N} ↠ M{x := P}.

Goal 3 If M → N, then M{x := P} ↠ N{x := P}.

Goal 4 If M → N, then h(𝛼, 𝛽, M) ↠ h(𝛼, 𝛽, N).

Goal 5 If M → N, then g(𝛼, 𝛽, M) ↠ g(𝛼, 𝛽, N).

Proof (G2) : by induction on ||M ||. When M = x𝛼, one has to prove:

Goal 6 If M → N, then f (𝛼, M) ↠ f (𝛼, N).

Proof (G3) : By induction on ||M ||. The critical case is when M = ((𝜆y.M1)𝛼M2)𝛽 →
N = h(𝛼, 𝛽, M1{y := g(𝛼, 𝛽, M2)}). Then M{x := P} = ((𝜆y.M′

1)
𝛼M′

2)
𝛽 with

M′
1 = M1{x := P} and M′

2 = M2{x := P}. One has to show:

h(𝛼, 𝛽, M1{y := g(𝛼, 𝛽, M2)}{x := P} = h(𝛼, 𝛽, M′
1{y := g(𝛼, 𝛽, M′

2)})

which we subdivide into 3 new goals.

Goal 7 M{x := N}{y := P} = M{y := P}{x := {y := P}} when x is not free in P.

Goal 8 g(𝛼, 𝛽, M){x := N} = g(𝛼, 𝛽, M{x := N})

Goal 9 h(𝛼, 𝛽, M){x := N} = h(𝛼, 𝛽, M{x := N})



8 J.-J. Lévy

Proof (G4) : Obvious except when M = ((𝜆x.M1)𝛾M2) 𝛿 → N = h(𝛾, 𝛿, M1{x :=
g(𝛾, 𝛿, M2)}). The definition of h gives h(𝛼, 𝛽, M) = ((𝜆x.M1)𝛾M2) 𝜖 with 𝜖 =

𝜓(𝛼, 𝛽, 𝛿). Therefore h(𝛼, 𝛽, M) → N′ = h(𝛾, 𝜖 , M1{x := g(𝛾, 𝜖 , M2)}). It suffices
to show N′ = h(𝛼, 𝛽, N). This leads to satisfy the following 2 equations on the
algebra of labels.

(E 1) 𝜓(𝛼, 𝛽,𝜓(𝛾, 𝛿, 𝜖)) = 𝜓(𝛾,𝜓(𝛼, 𝛽, 𝛿), 𝜖)

(E 2) 𝜒(𝛾, 𝛿, 𝜖) = 𝜒(𝛾,𝜓(𝛼, 𝛽, 𝛿), 𝜖)

Proof (G5) : As previously. The critical case leads to equations for g in place of h.

(E 3) 𝜒(𝛼, 𝛽,𝜓(𝛾, 𝛿, 𝜖)) = 𝜓(𝛾, 𝜒(𝛼, 𝛽, 𝛿), 𝜖)

(E 4) 𝜒(𝛾, 𝛿, 𝜖) = 𝜒(𝛾, 𝜒(𝛼, 𝛽, 𝛿), 𝜖)

Proof (G6) : Again when the contracted redex is at toplevel, we get:

(E 5) 𝜙(𝛼,𝜓(𝛽, 𝛾, 𝛿)) = 𝜓(𝛽, 𝜙(𝛼, 𝛾), 𝛿)

(E 6) 𝜒(𝛽, 𝛾, 𝛿) = 𝜒(𝛽, 𝜙(𝛼, 𝛾), 𝛿)

Proof (G7) : By induction on ||M ||. This goal is the standard substitution lemma which
makes confluence. With labels we have a new critical case when M = x𝛼 producing
a new goal.

Goal 10 f (𝛼, N){y := P} = f (𝛼, N{y := P})

Proof (G8, G9, G10) : By case inspection on the external label, we get 3 more
equations to satisfy on labels.

(E 7) 𝜙(𝜒(𝛼, 𝛽, 𝛾), 𝛿) = 𝜒(𝛼, 𝛽, 𝜙(𝛾, 𝛿))

(E 8) 𝜙(𝜓(𝛼, 𝛽, 𝛾), 𝛿) = 𝜓(𝛼, 𝛽, 𝜙(𝛾, 𝛿))

(E 9) 𝜙(𝜙(𝛼, 𝛽), 𝛾) = 𝜙(𝛼, 𝜙(𝛽, 𝛾))

The solution of these 9 equations will solve the local confluence statement of
goal G1. It would have been better to prove the full confluence of this new calculus,
for instance with the axiomatic Tait-Martin Löf method. But the same equations
are then sufficient. In fact, these equations were firstly obtained by trying to prove
the full confluence result. Anyhow, the 9 equations prove local confluence and full
confluence may be proved once the labeled calculus is precisely defined.

Equation 9 shows that 𝜙 is associative. Therefore we may take 𝛼 and 𝛽 as strings
in the free monoid and write:

𝜙(𝛼, 𝛽) = 𝛼𝛽

Equations 5-8 and 6-7 give following inductive definitions for 𝜓 and 𝜒.
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𝜓(𝛽,𝛼𝛾, 𝛿) = 𝛼𝜓(𝛽, 𝛾, 𝛿)
𝜓(𝛼, 𝛽, 𝛾𝛿) = 𝜓(𝛼, 𝛽, 𝛾)𝛿

𝜒(𝛽,𝛼𝛾, 𝛿) = 𝜒(𝛽, 𝛾, 𝛿)
𝜒(𝛼, 𝛽, 𝛾𝛿) = 𝜒(𝛼, 𝛽, 𝛾)𝛿

Let o be the empty string and pose ⌈𝛼⌉ = 𝜓(𝛼, o, o) and ⌊𝛼⌋ = 𝜒(𝛼, o, o). Then:

𝜓(𝛼, 𝛽, 𝛾) = 𝛽⌈𝛼⌉𝛾 𝜒(𝛼, 𝛽, 𝛾) = ⌊𝛼⌋𝛾

The labeled lambda-calculus is now fully defined.

M, N ::= x𝛼 | (𝜆x.M)𝛼 | (M N)𝛼

((𝜆x.M)𝛼N)𝛽 → 𝛽 · ⌈𝛼⌉ · M{x := ⌊𝛼⌋ · N}

x𝛼{x := P} = 𝛼 · P
(𝜆y.M)𝛼{x := P} = (𝜆y.M{x := P})𝛼
(M N)𝛼{x := P} = (M{x := P} N{x := P})𝛼

𝛼 · x𝛽 = x𝛼𝛽

𝛼 · (𝜆y.M)𝛽 = (𝜆y.M)𝛼𝛽
𝛼 · (M N)𝛽 = (M N)𝛼𝛽

We say that label ⌈𝛼⌉ is overlined and ⌊𝛼⌋ is underlined. Labels may be atomic
letters on any given alphabet or composite strings formed by atomic letters and over-
lined or underlined labels. These underlined/overlined labels may also be considered
as atomic since the calculus cannot break them. They are just a way of building new
structured labels for redexes and subterms.

In [24, 25], the labeled 𝜆-calculus is defined as previously. However we notice
that the key property for confluence is the associativity of the 𝜙 function in the above
calculations. So we could have defined 𝜙(𝛼, 𝛽) = 𝛽𝛼 without breaking associativity.
This gives the following definitions where labels are mirrored with respect to the
labeled 𝜆-calculus in [24, 25].

𝜙(𝛼, 𝛽) = 𝛽𝛼 𝜓(𝛼, 𝛽, 𝛾) = 𝛾⌈𝛼⌉𝛽 𝜒(𝛼, 𝛽, 𝛾) = 𝛾⌊𝛼⌋

The corresponding labeled 𝜆-calculus matches the structure of terms and contexts in
a better way since it easily allows empty labels. Then the definition of substitution
is the standard definition for substitution in the unlabeled 𝜆-calculus. Therefore the
labeled 𝜆-calculus is now expressed in the following way. (Let o be the empty label
and pose ⌈o⌉ = ⌊o⌋ = o)

M, N ::= x | 𝜆x.M | M N | M𝛼

(𝜆x.M)𝛼N → M{x := N ⌊𝛼⌋}⌈𝛼⌉

M𝛼{x := P} = M{x := P}𝛼 (M𝛼)𝛽 = M𝛼𝛽

We notice that the usual 𝜆-calculus is now comprised within the labeled calculus
when all labels are empty. This labeled calculus seems a most general confluent
labeled calculus as soon as we assume local modifications for labels. For instance
Hyland-Wadsworth calculus can be obtained by homomorphism on labels by taking
𝛼𝛽 = inf{𝛼, 𝛽} for the concatenation and ⌈𝛼⌉ = ⌊𝛼⌋ = 𝛼 − 1 for overlining and
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Fig. 3 A labeled reduction graph corresponding to the reduction graph in figure 1

underlining. Moreover the calculus preserves the degree of redexes. With labels
instead of numbers, it is more suitable to call name of a redex the label of its function
part, what was named the degree of a redex in Hyland-Wadsworth calculus.

Consider now the following example where ∆ = 𝜆x.(xc xd)b, ∆ = 𝜆x.(xg xh)f .
Then the names of redexes become larger and larger in the same way as their degrees
were decreasing in Hyland-Wadsworth calculus.

Ω = ∆a ∆e

→ Ω1 = (∆𝛾1 ∆𝛿1 )b⌈a⌉ 𝛾1 = e⌊a⌋c 𝛿1 = e⌊a⌋d
→ Ω2 = (∆𝛾2 ∆𝛿2 )f ⌈𝛾1 ⌉b⌈a⌉ 𝛾2 = 𝛿1⌊𝛾1⌋g 𝛿2 = 𝛿1⌊𝛾1⌋h
→ Ω3 = (∆𝛾3 ∆𝛿3 )f ⌈𝛾2 ⌉f ⌈𝛾1 ⌉b⌈a⌉ 𝛾3 = 𝛿2⌊𝛾2⌋g 𝛿3 = 𝛿2⌊𝛾2⌋h
→ · · ·

On the example of figure 3, we may check confluence. Moreover there are three
redexes with names a, i and 𝛾 = u⌊i⌋k. The first two ones are in the initial term,
but the third one is created by the contraction of the redex with name i. Its name
is made of the name of his creator and the labels of two other subterms in the
context. Similarly in the above reduction of Ω, there are redexes with names a, 𝛾1,
𝛾2, 𝛾3, . . . and the names of their creators are also part of the names of these redexes.
Sometimes two redexes must be contracted to create a third one. Take for instance
F = 𝜆f .(f c yd)b, I = 𝜆x.xv and ∆ = 𝜆x.(xk xℓ) j . Then the redexes with names a
and u are both creators of the redex in the final term of the reduction below. (Notice
that the two redexes of the initial term can be contracted in any order and thanks
to the associativity of concatenation on labels, the name of the final redex is indeed
unique)

Fa (Iu ∆i)q → Fa∆i ⌊u⌋v ⌈u⌉q → (∆i ⌊u⌋v ⌈u⌉q⌊a⌋c yd)b⌈a⌉

Our final remark is about strong normalization. The labeled calculus preserves the
names of redexes. Technically redexes and their residuals have a same name. There-
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Fig. 4 The reduction graph from (K ℓxp )q Ω with names of contracted redexes on top of arrows.

fore it still enjoys the Church-Rosser property when we restrict the conversion rule
according to a predicate P on the names of the contracted redexes. The conversion
rule is then

(𝜆x.M)𝛼N → M{x := N ⌊𝛼⌋}⌈𝛼⌉ when P(𝛼) is true

Then we recover the reduction graphs of figure 2 by considering predicates such that
P1 (𝛼) ≡ 𝛼 = a, P2 (𝛼) ≡ 𝛼 = i, P3 (𝛼) ≡ 𝛼 ∈ {a, i} . . . . A key property is that the
labeled 𝜆-calculus strongly normalizes when the predicate P is only valid on a finite
set [25]. Then we cannot have an infinite reduction and the normal form is unique.
For instance, on figure 4, take Ω = ∆a ∆e as defined previously, the reduction graph
becomes finite when P is restricted to finite subsets of the set {a, ℓ, 𝜙,𝜓, 𝛾1, 𝛾2, · · · }
of redex names.

We now summarize the previous definitions and the main results of the labeled
𝜆-calculus.

Definition 1 Let A = {a, b, c, · · · } be a given alphabet of letters. The set of labels
A† is a set of strings defined as follows

𝛼, 𝛽 ::= a | 𝛼𝛽 | ⌈𝛼⌉ | ⌊𝛼⌋ | o

where ⌈𝛼⌉ and ⌊𝛼⌋ are overlined / underlined strings and o is the empty label (the
empty string) with defining ⌈o⌉ = ⌊o⌋ = o. Let A+ be the set of nonempty labels.

Definition 2 Let P be a predicate on A†. Then the labeled 𝜆-calculus is defined as:

M, N ::= x | 𝜆x.M | M N | M𝛼

(𝜆x.M)𝛼N → M{x := N ⌊𝛼⌋}⌈𝛼⌉ when P(𝛼) is true

M𝛼{x := P} = M{x := P}𝛼 (M𝛼)𝛽 = M𝛼𝛽

name(((𝜆x.M)𝛼N)𝛽) = 𝛼

where the substitution M{x := N} is defined as in the standard 𝜆-calculus.
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Fig. 5 The left-hand side reduction graph is not a lattice whereas its right-hand side labeled version
is a lattice. Take I = 𝜆x.x, 𝛼 = ⌊a⌋ ⌈a⌉, 𝛽 = ⌊b⌋ ⌈b⌉.

The fully labeled 𝜆-calculus is when every label is nonempty. Notice that when
the initial term is fully labeled, then all reducts are fully labeled.

Theorem 1 (confluence) The labeled 𝜆-calculus is confluent.

Theorem 2 (strong normalization) If the domain of P is finite, the fully labeled
𝜆-calculus strongly normalizes.

There are many other properties of the labeled calculus. Here, we mention several
without their formal definitions and proofs which can be found in [25]. Also see next
section for a precise definition of residuals and standard reductions (i.e. reductions
with a left-to-right strategy) as originally exposed in Curry&Feys volume [13]. A
created redex is a redex which is not a residual of another redex [23].

Proposition 1 (preservation of redex names) In the labeled 𝜆-calculus, any redex
and its residuals have the same name.

Proposition 2 (creation of redexes) When M → N by contracting a redex R in M,
the name of R is overlined or underlined in the name of any created redex in N.

Theorem 3 (standardization) In the fully labeled 𝜆-calculus, if M ↠ N, then there
is a unique standard reduction M

st
↠ N from M to N.

Proposition 3 (lattice of reductions) In the fully labeled 𝜆-calculus, the reduction
graph has an upper semi-lattice structure w.r.t. the reduction relation.

Notice that this property is not true in the usual 𝜆-calculus, but indeed holds as
shown on figure 5. One can prove that reduction graphs are full-fledged lattices in
the 𝜆I-calculus where K terms are not allowed [25].

4 Labels and permutation equivalence

Let now consider the standard unlabeled 𝜆-calculus. Reductions are designated by
the greek letters 𝜌, 𝜎, 𝜏. The reduction 𝜌 from M to N contracting the redexes R1
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in M0 producing M1, the redex R2 in M1 producing M2, . . . the redex Rn in Mn−1
producing Mn where n ≥ 0 is written:

𝜌 : M = M0
R1→ M1

R2→ M2 · · ·
Rn→ Mn = N

We write R/𝜌 for the set of residuals in N of a redex R in M along reduction 𝜌.
Intuitively residuals of a redex are what remains of that redex in the final term of the
reduction. The residuals of a redex R in a term M after the contraction of an other
redex S are defined by case inspection on the relative positions of R and S in M.
There are 6 cases! We illustrate the definition of residuals in the examples below.
Let I = 𝜆x.x and ∆ = 𝜆x.x x, then the redex R and its residuals R/S are underlined:

(I x) (I x) → (I x) x I x (I x) → x (I x)
∆ (I x) → (I x) (I x) (𝜆x.I x (I x)) y → I y (I y)
∆ (I x) → (∆ x) (I x) → x

Notice that when there are more than one residual of R, these residuals are all
disjoint. This is the case for a single reduction step, but is no longer true after several
steps. Thus when R and S are two redexes in a same term, the residuals R/S and
S/R are sets of disjoint redexes.

When R and S are two disjoint redexes in M, we can contract them in any order
and obviously obtain the same term. This is also true for any given set F of disjoint
redexes in M. Their contractions give a same term N, which we write:

M F→ N

We write 𝜌 : F when 𝜌 is a any reduction contracting the disjoint redexes of F in
any order. The 0-step reduction o contracts an empty set of redexes. Thus o : ∅. Let
also write 𝜌 :R when F = {R}.

When a redex R contains a redex S (or S contains R) in M, we have to consider
more carefully the set R/S and S/R of residuals. By the following local-confluence
lemma, we get again the same term by contracting R and the disjoint set of residuals
S/R in any order or contracting S and the residual R/S. The proof is in [13, 25].

Lemma 1 (basic permutation) Let R and S be redexes in M. Then if M R→ N and
M S→ P, there exists Q such that N

S/R
→ Q and P

R/S
→ Q.

Let 𝜌 ; 𝜎 be the reduction 𝜌 followed by reduction 𝜎. Let 𝜌 and 𝜎 be coinitial
when they start from the same term, and cofinal when they end on the same term.
Then the permutation equivalence on reductions is defined as follows.

Definition 3 (permutation equivalence) Two coinitial reductions 𝜌 and𝜎 are equiv-
alent by permutations, written 𝜌 ∼ 𝜎, in the following ways:

(i) 𝜌 :R, 𝜎 :S, 𝜌′ :R/S, 𝜎′ :S/R =⇒ 𝜌 ; 𝜎′ ∼ 𝜎 ; 𝜌′
(ii) 𝜌 ∼ 𝜎 ∼ 𝜏 =⇒ 𝜌 ∼ 𝜏



14 J.-J. Lévy
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Fig. 6 Reductions equivalent by permutations from ∆A to y B

(iii) 𝜌 ∼ 𝜎 =⇒ 𝜌 ; 𝜏 ∼ 𝜎 ; 𝜏
(iv) 𝜌 ∼ 𝜎 =⇒ 𝜏 ; 𝜌 ∼ 𝜏 ; 𝜎

Thus 𝜌 ∼ 𝜎 means that 𝜌 and 𝜎 differ by a (possibly empty) sequence of basic
permutations. Therefore we know that the two coinitial reductions 𝜌 and 𝜎 are
cofinal. But the converse may not be true. For instance on figure 5, the two reduction
steps from I(I x) to I x are not equivalent by permutations. In [25, 7, 19, 34], a
computable definition of the equivalence by permutations is given. It involves the
cube lemma and residuals of reductions which we skip here.

There is an alternative way of checking the equivalence by permutations with the
use of the labeled 𝜆-calculus. Let U be a term of the labeled 𝜆-calculus and |U | be the
same term where all labels are erased. Therefore M = |U | is a term of the unlabeled
𝜆-calculus. Similarly if 𝜌′ is a reduction in the labeled 𝜆-calculus, we write |𝜌′ | for
the same reduction in the unlabeled 𝜆-calculus. In a more sophisticated terminology,
the | · | operator is a forgetful functor.

Theorem 4 Let 𝜌 and 𝜎 be two reductions starting from M. Let 𝜌′ and 𝜎′ be two
reductions starting from U in the fully labeled 𝜆-calculus such that M = |U |, 𝜌 = |𝜌′ |
and 𝜎 = |𝜎′ |. Then

𝜌 ∼ 𝜎 ⇐⇒ 𝜌′ :U ↠ V ∧ 𝜎′ :U ↠ V

Thus reductions equivalent by permutations correspond to coinitial and cofinal
reductions in the fully labeled calculus. For instance on figure 5, the difference
between the unlabeled and labeled reduction graphs is subsumed by permutation
equivalence. Similarly when ∆ = 𝜆x. xx and Ω = ∆∆, the two cofinal reductions
Ω→Ω and Ω→Ω→Ω are not equivalent by permutations. It is also an easy exercise
to check the permutation equivalences in figures 3, 4, 5, 6.

Definition 4 (prefix) Let 𝜌 and 𝜎 be coinitial reductions. Then 𝜌 is a prefix of 𝜎 up
to permutations, written 𝜌 ≤ 𝜎, when there exists 𝜏 such that 𝜌 ;𝜏 ∼ 𝜎.

Proposition 4 Let 𝜌 and 𝜎 be two reductions starting from M. Let 𝜌′ and 𝜎′ be two
reductions starting from U in the fully labeled 𝜆-calculus such that M = |U |, 𝜌 = |𝜌′ |
and 𝜎 = |𝜎′ |. Then

𝜌 ≤ 𝜎 ⇐⇒ 𝜌′ :U ↠ V ∧ 𝜎′ :U ↠ W ∧ V ↠ W
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Thus the prefix ordering on unlabeled reductions corresponds to the lattice struc-
ture of reductions in the labeled 𝜆-calculus. In categorical terminology, the category
of coinitial reductions of the unlabeled calculus admits pushouts w.r.t. the prefix or-
dering up to permutations. Notice too that equivalence by permutations corresponds
to antisymmetry of the prefix ordering. Furthermore, equivalence by permutations
is left simplifiable, i.e. 𝜌 ;𝜎 ∼ 𝜌 ;𝜏 implies 𝜎∼𝜏.

Definition 5 (standard reduction) Let 𝜌i : Mi−1
Ri→ Mi . Then the reduction 𝜌 =

𝜌1; 𝜌2; · · · 𝜌n. is standard when for 1 ≤ i < j ≤ n, the contracted redex Rj is not a
residual of a redex R′

j external to or to the left of Ri in Mi−1 along 𝜌i ; 𝜌i+1; · · · 𝜌j−1.

Thus a standard reduction follows an outside-in and left-to-right strategy. The
leftmost outermost reduction is standard, but the converse may not be true.

Theorem 5 (standardization) Let 𝜌 be a reduction in the unlabeled 𝜆-calculus.
There exists a unique standard reduction 𝜌st such that 𝜌 ∼ 𝜌st .

Therefore standard reductions whose reduction strategies are outside-in and left-
to-right are canonical representatives of equivalence classes by permutations.

5 The history of redexes

When we explored the labeled 𝜆-calculus, we mentioned that the names of redexes
contain the names of their creators. In some sense, the history of a redex is contained
in its name. If we start from a term with all subterms labeled with distinct atomic
letters, the redexes with atomic names correspond to redexes already existing in the
initial term. The redexes with composite names correspond to redexes created along
reductions. Moreover we know by theorem 4 and proposition 1 that the names of
redexes are preserved by permutations of reduction steps. The following proposition
ensures that residuals of redexes are consistent with the permutation equivalence.

Proposition 5 Let 𝜌 and 𝜎 be two coinitial reductions starting at M and let R be a
redex in M. Then 𝜌 ∼ 𝜎 =⇒ R/𝜌 = R/𝜎.

Since the labeled calculus captures the history of reductions in the names of
redexes, one cannot speak of a redex by itself in the unlabeled calculus. We have to
add the reduction leading to the existence of that redex. Therefore we write ⟨𝜌, R⟩
when R is a redex in the final term of 𝜌. We call such a pair a h-redex, i.e. a redex
and its history.

Definition 6 Let 𝜌 and 𝜎 be two coinitial reductions, and let R and S be redexes,
subterms of the final terms of 𝜌 and 𝜎. Then ⟨𝜎, S⟩ is a copy of ⟨𝜌, R⟩, written
⟨𝜌, R⟩ ≲ ⟨𝜎, S⟩, defined as follows:

⟨𝜌, R⟩ ≲ ⟨𝜎, S⟩ ⇐⇒ ∃𝜏, 𝜌 ;𝜏 ∼ 𝜎, S ∈ R/𝜏
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Fig. 7 Copies and the family relation on h-redexes

Definition 7 Let 𝜌 and 𝜎 be two coinitial reductions, and let R and S be redexes
in the final terms of 𝜌 and 𝜎. Then ⟨𝜌, R⟩ and ⟨𝜎, S⟩ are in a same family, written
⟨𝜌, R⟩ ≃ ⟨𝜎, S⟩, and is defined as follows:

(i) ⟨𝜌, R⟩ ≲ ⟨𝜎, S⟩ =⇒ ⟨𝜌, R⟩ ≃ ⟨𝜎, S⟩
(ii) ⟨𝜌, R⟩ ≲ ⟨𝜎, S⟩ =⇒ ⟨𝜎, S⟩ ≃ ⟨𝜌, R⟩

(iii) ⟨𝜌, R⟩ ≃ ⟨𝜎, S⟩ ≃ ⟨𝜏, T⟩ =⇒ ⟨𝜌, R⟩ ≃ ⟨𝜏, T⟩

Clearly, when 𝜌 ∼ 𝜎, the h-redex ⟨𝜎, S⟩ is a copy of h-redex ⟨𝜌, S⟩. Thus the copy
relation tracks redexes with their history up to permutation equivalence, and the
family relation is the reflexive, symmetric and transitive closure of the copy relation
on h-redexes. This is illustrated on figure 7 where a zigzag connects h-redexes ⟨𝜌, R⟩
and ⟨𝜎, S⟩. On the example of figure 3, one can check that there is no alternative way
of connecting the B redexes inside (B A) and (A B) with residuals along reductions.
On that example, one can also check that the B redexes have all the same name 𝛾. In
fact, there are three families of h-redexes with names a, i and 𝛾.

Let now write INIT(U) when U is a labeled term with distinct letters on all
subterms. We consider both labeled and unlabeled terms and connect the family
relation with names of redexes in the labeled 𝜆-calculus.

Theorem 6 (redex history) Let 𝜌 and 𝜎 be two coinitial reductions, and let R and
S be redexes in the final terms of 𝜌 and 𝜎. Let 𝜌′ and 𝜎′ be two reductions starting
from U in the fully labeled 𝜆-calculus such that M = |U |, 𝜌 = |𝜌′ |, 𝜎 = |𝜎′ |, R = |R′ |
and S = |S′ |. Then

⟨𝜌, R⟩ ≃ ⟨𝜎, S⟩ ⇐⇒ INIT(U) ∧ name(R′) = name(S′)

Thus the families of redexes correspond to their names in the labeled setting.
These families characterize all redexes, not only the ones appearing in the initial
term. There are two extra properties that explain our intuition as described at the
beginning of this article.

Theorem 7 (GFD - generalized finite developments) If contraction of h-redexes is
restricted to a finite number of families, the calculus strongly normalizes. Moreover
all maximal developments are equivalent by permutations.
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The GFD theorem corresponds to strong normalization of the labeled calculus
when only a finite number of redex names are permitted to be contracted [26]. The
theorem may be seen as a more general version of the classic finite development
theorem (see [13]) which insures finiteness and uniqueness of developments of
redexes in the initial terms (i.e. redexes with zero-history). The GFD theorem is also
clearly related to strong normalization in the standard unlabeled 𝜆-calculus, since a
reduction is infinite iff it creates an infinite number of h-redexes families.

Proposition 6 (canonical representatives) Each family of h-redexes contains a
unique canonical representative ⟨𝜌st , R⟩ such that 𝜌st is a standard reduction of
minimal length.

The canonical representative is proved by considering an extraction process which
we skip here [25]. Intuitively the name of a labeled redex contains the standard
reduction giving the canonical representative. This theorem can also be proved by
considering balanced paths and Girard’s theory of geometry of interaction as in [3].
On the example of figure 3, one can check that the canonical representatives of
families a, i, 𝛾 are ⟨𝜖 ,∆A⟩, ⟨𝜖 , A⟩ and ⟨𝜌i , B⟩ where 𝜖 is the empty reduction and 𝜌i
is the one-step reduction contracting redex with name i. Canonical representatives
for h-redexes are unique minimum elements in their families. They may be seen at
the origin of the Berry’s stability property in the 𝜆-calculus [28].

6 Other calculi

Combinatory logic is another simple calculus [18]. From the labeled 𝜆-calculus, we
may guess the following calculus for a labeled combinatory logic. Considering the
abstract syntax trees of terms which are redexes, namely IM, K MN and SMNP,
the only labels 𝛼, 𝛽, 𝛾 on the left spine of I x, K x y or S x y z redexes are taken
into account to form the new labels [I :𝛼], [K :𝛼, 𝛽], ⌈S :𝛼, 𝛽, 𝛾⌉ and ⌊S :𝛼, 𝛽, 𝛾⌋.
Below, we abbreviate the notation for the substitution of variables x, y and z by
writing {x := x𝛼} for {x := x𝛼; y := y𝛼; z := z𝛼}.

M, N ::= x | S | K | M N | M𝛼

I𝛼x → x [I:𝛼]

(K 𝛼x)𝛽y → x [K :𝛼,𝛽 ]

((S𝛼x)𝛽y)𝛾z → ((xz) (yz){x := x⌊S:𝛼,𝛽,𝛾⌋}) ⌈S:𝛼,𝛽,𝛾⌉

M𝛼{x := P} = M{x := P}𝛼 (M𝛼)𝛽 = M𝛼𝛽

Overlined and underlined labels of the labeled 𝜆-calculus are replaced by boxed,
underlined, overlined labels made of the kind of conversion and the labels on the left
spine of each redex. Notice that subterms of the right hand side of the conversion rules
are not labeled. This is purely conventional. The important labels are the ones which
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appear on the edges of the right-hand-sides, since these are the labels intervening in
the creation of new redexes. Finally the I and K rules use boxed labels in order to
avoid two contiguous overlined and underlined labels.

Take ∆ = SII. Then there is the following looping reduction ∆∆↠ ∆∆ since:

SII(SII) → I(SII) (I(SII)) → SII(I(SII)) → SII(SII) → · · ·

But if ∆ is labeled with ∆ = (SaId)bIe, ∆ = (Sf Ii)gIj , there is no longer a looping
reduction:

∆c∆h → (Id ⌊𝛼0 ⌋∆𝛾0 (Ie⌊𝛼0 ⌋∆𝛾0 )) ⌈𝛼0 ⌉ 𝛼0 = S:a, b, c 𝛾0 = h⌊𝛼0⌋
↠ (∆𝛽1∆𝛾1 ) ⌈𝛼0 ⌉ 𝛽1 = 𝛾0 [I:d ⌊𝛼0⌋] 𝛾1 = 𝛾0 [I:e⌊𝛼0⌋]
↠ (Ii ⌊𝛼1 ⌋∆𝛾1 (Ij ⌊𝛼1 ⌋∆𝛾1 )) ⌈𝛼1 ⌉ ⌈𝛼0 ⌉ 𝛼1 = S: f , g, 𝛽1

↠ (∆𝛽2∆𝛾2 ) ⌈𝛼1 ⌉ ⌈𝛼0 ⌉ 𝛽2 = 𝛾1 [I: i ⌊𝛼1⌋] 𝛾2 = 𝛾1 [I: j ⌊𝛼1⌋]
↠ (Ii ⌊𝛼2 ⌋∆𝛾1 (Ij ⌊𝛼2 ⌋∆𝛾1 )) ⌈𝛼2 ⌉ ⌈𝛼1 ⌉ ⌈𝛼0 ⌉ 𝛼2 = S: f , g, 𝛽2

↠ (∆𝛽3∆𝛾3 ) ⌈ 𝛿2 ⌉ ⌈𝛼1 ⌉ ⌈𝛼0 ⌉ 𝛽3 = 𝛾2 [I: i ⌊𝛼2⌋] 𝛾3 = 𝛾2 [I: j ⌊𝛼2⌋]
→ · · ·

Similarly a labeled version of orthogonal term writing systems (OTRS) is consid-
ered in [30, 31]. In ORTS, labels on subterms of right hand sides of conversion rules
are taken into account since there could be redexes in them. Suppose L → R be a
conversion rule (now L and R are for left hand sides and right hand sides). Therefore
we use a diffusion operator 𝛼 · R with the name 𝛼 of every left hand side L on the
labels of the right hand side R.

M, N, L, R ::= x | f (M1, M2, · · ·Mn) | M𝛼

L → ⌈𝛼⌉ · R{x := x⌊𝛼⌋} 𝛼 = name(L)

M𝛼{x := P} = M{x := P}𝛼 (M𝛼)𝛽 = M𝛼𝛽

𝛼 · x = x 𝛼 · f (M1, M2, · · ·Mn) = f 𝛼 (𝛼 · M1,𝛼 · M2,𝛼 · Mn)

This labeled calculus corresponds to our labeled combinatory logic when the function
symbols f of ORTS are I, K , S and application (where diffusion is restricted to the
external labels of right hand sides). This calculus also corresponds to the labels used
for recursive program schemes in [35] which strongly inspired our work. Permutation
equivalence of recursive program schemes is also presented in [7].

7 Conclusion

Permutation equivalence is a general property of any locally confluent calculus. A
quite simple example is the calculus of derivations in context-free languages, where
reductions are derivations and permutation equivalence corresponds to parse trees.
A parse tree is indeed characterized by a unique left-to-right (standard) derivation.
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Coinitial/cofinal derivations with distinct parse trees are not equivalent and corre-
spond to what is named ambiguity.

In the case of calculi with critical pairs (for instance term rewriting systems
with linear left hand sides which may overlap), the notion of residuals is no longer
defined when the contracted redexes R and S form a critical pair. But permutation
equivalence can also be defined inside subsets of reductions without conflicting
reductions (see [9]). This is also the case in the 𝜆-calculus when 𝜂-conversion and
𝛿-rules together with 𝛽-conversion are considered, but to our knowledge this has not
been explored, except in Interaction Systems [5].

More abstract calculi are also considered in [14, 32, 17] with a notion of permu-
ation equivalence.

For process calculi, permutation equivalence, labeled calculi and h-redexes define
causality inside reductions. Therefore there is a connection with Winskel’s theory
of event structures as proved in [10, 22] where labels are related to bisimulation
in these process calculi. Labeled process calculi are also present in the theory of
reversible calculus [12]. History-based flow information can also be related to the
labeled calculus [8]. The incremental evaluations for makefiles in the Vesta system
are also described with a labeled functional language [1].

Another motivation for the study of the labeled 𝜆-calculus was to formalize the
evaluation of 𝜆-terms with optimal sharing[27]. These evaluations are easily defined
on first-order rewriting systems (or combinatory logic). Shared reductions are then
implemented with dags and a correspondence may be shown between labels and
nodes of dags. But when there are bound variables and functions as in the 𝜆-calculus,
the situation is more complex as shown in the appendix of [36]. Lamping [21, 4]
gave an algorithm for the evaluation in the 𝜆-calculus with sharing. Kathail [20] gave
another algorithm. In [15, 3] Lamping algorithm is connected to Girard’s geometry
of interaction. From Lamping algorithm, one can adapt the shared evaluation of
𝜆-terms to a shared calculus of proofs nets in linear logic [16].

A final property of the 𝜆-calculus is the existence of the sublattice of family
complete reductions in which leftmost outermost reductions reach the normal forms
(when they exist) in a minimal number of reduction steps. A striking property of
family complete reductions is that the redexes contracted at each step are all residuals
of a single redex, thus meaning that family complete reductions are complete with
respect to copies of redexes. They exactly capture the maximum sharing possible
when redexes are copies of a single redex. This leads to the optimality of Lamp-
ing algorithm when counting the number of reduction steps. This reduction is the
analogous of the call-by-need evaluation in standard programming languages [29, 2].
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I attented two fantastic CEA-EDF schools about Programming and about Interactive
Graphics at the Bréau-ss-Nappe with notably Dijkstra and Newman.

In 1971, I was introduced to theoretical computer science by Jean Vuillemin
(still at Stanford University) and Jean-Marie Cadiou (just back from Stanford).
Gilles Kahn came (from Stanford) to Inria a few months later. With Gilles, we
started by making small formal proofs with Scott computational induction in the
spirit of Manna-Ness-Vuillemin. Gilles also worked on coroutines and on the non-
deterministic multiplexer. On summer 1972, Inria hosted the first ICALP conference
with worldwide researchers in this new area of theoretical computer science. Huge
event! quite challenging !!

In parallel, a new connection started with Edinburgh. Robin Milner (also back
from Stanford) and Chris Wadsworth visited Inria in 1972-1973. Robin destroyed
our attempt with Jean-Marie to formalize parallel programs with oracles. Anyhow
our paper was accepted at SWAT’73! Gilles gave me Church’s monography about the
Calculi of Lambda Conversion. I read it in a café at the bottom of avenue de Wagram.
Crystal clear ! Then I tried to read Barendregt’s thesis and Nederpelt’s phD. Not so
easy ! I went to Gilles and said there were too many theorems. Gilles looked at it and
said “oh! he is dutch!”. . . Maurice Nivat (who joined Inria in 1971) was excellent at
inviting current stars of theoretical computer science. Many foreigners visited our
building. At Pentecôte 1973, I extended Vuillemin’s results about safe computations
in recursive program schemes to the 𝜆-calculus. Immediately, Maurice asked me to
register for a Thèse de 3ème cycle and to speak at the seminar on next Tuesday!!

In 1973, Gilles and I started a small implementation of Milner’s LCF logic, in APL
on the IBM 360/91 in CEA-Saclay (a big failure), and later in AlgolW on another
IBM 360/67 machine in Grenoble (more successfully). At fall 1973, Gilles took
me to visit David Park in Warwick. I left him to travel to Edinburgh on November.
David said “speak with Gordon Plotkin, and at Edinburgh, you’ll be freezing like
a lolly”. I indeed met Robin and Gordon, and many others in the CS department
at the King’s buildings and the AI group at Hope Park Square. Discussions were
great. I remember Robin jumping to the whiteboard and making my proofs before
I could present them. Gordon showed me on a ridiculously small blackboard how
Scott’s continuous functions were unable to capture the sequentiality induced by
leftmost-outermost evaluations. Thus Scott’s denotational semantics was not fully
abstract. Gordon also showed his 𝜔-incompleteness counterexample to a conjecture
of Barendregt. I also saw the 3-bar heater in Gordon’s office where only one bar was
on.

At winter 1973, Maurice told me that Peter Welch, a student of David Park, was
trying to show the completeness of inside-out reductions in the 𝜆-calculus. He had
a 60-page long proof! I tried to read it, and some while later, I strangely felt that
Maurice would not sign my dissertation if I was not able to prove it by my own means.
Fortunately, I could make a simple proof, 3 months later! I defended my Thèse de
3ème cycle on summer 1974, with J.-Y. Girard in the jury. Maurice did advice me
to visit Jean-Yves at University of Paris 7. Another great moment! Jean-Yves was
lecturing in front of no more than 5 students. But when finished, we quickly went
to the café in front of Jussieu and he showed me on a paper napkin the reductibility
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method for proving strong normalisation in typed calculi. On September 1974, I was
invited to the Swansea mini-conference on 𝜆-calculus. I met there Roger Hindley,
Henk Barendregt, Corrado Böhm, Gordon Plotkin, Peppe Longo, Anne Troelstra,
... and Haskell Curry. I was a newbie in the world of logicians. Later, I did my first
talk in public at the Rome 1975 Symposium about 𝜆-calculus and Computer Science
Theory where I presented my result about inside-out completeness. Dana Scott asked
me loudly a question about the completeness of transfinite reductions! Goodness! I
could not imagine reductions going further than infinity. I was stuck. (I now know
that Dana is the kindest person.)

I went on with the 𝜆-calculus until my Thèse d’État on January 1978. Some of
the results were in common with Gérard Berry (who joined Inria in 1973). In the
present article, part of them is presented. For me, that was the end of the glorious
times in the theory of programming at building 8 in Inria-Rocquencourt. Of course,
I forgot to quote many other interesting events, schools and curious meetings with
exceptional people. We indeed had lot of fun and I was extremely lucky to participate
to these times.

Afterward, the building grew up. I zigzaged in term rewriting systems with
Gérard Huet (who joined Inria in 1972), CAD for VLSI, system programming,
parallel programming, mobility, and formal proofs. I also enjoyed teaching at Ecole
polytechnique in Palaiseau and had the fantastic opportunity to meet excellent (PhD)
students.

Finally, I cannot thank all the people who influenced my work or helped me.
Among them, my mentors Gilles Kahn, Jean-Marie Cadiou, Jean Vuillemin, Maurice
Nivat and my friends Gérard Huet, Gérard Berry. Also for sure Gordon Plotkin, Robin
Milner, Henk Barendregt and Jan Willem Klop. I am deeply sorry for the very many,
French or aliens, that I love, but did not mention.

I also thank the two brave reviewers of this (theoretical) paper, who greatly
contributed to clarify many obscure points.
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