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Plan A labeled A-calculus (1/2)

» Give names to every redex and try make this naming consistent

p with permutation equivalence.
e complete reductions P g

e sublattice of complete reductions  Need give names to every subterm:

* more on canonical representatives M, N, ... o= x| “(MN) | *(Ax.M)

* costs of reductions + sharing

« speculative computations * Conversion rule is:

e other calculi Be(Ax.M)N) —> Ble] M{x = leIN}
* connection with event structures « is name of redex
* local compactness proof technique Wwhere

*(PU)=2U and *x{x:=M} =M



A labeled A-calculus (2/2)

B
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* Labels are nonempty strings of atomic labels:

atomic labels

Our favorite example
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* 3 redex families: red, blue, green.

Our favorite example
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Complete reductions (1/5)

* Each step contracts a full AL F3)(Ax.X)

single redex family /
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Complete reductions (2/5)

* Definition [complete reductions]
{(p, F) is an historical set of redexes when F is a set of
redexes in final term of p.

(p, F) is f-complete when it is maximum set such that
R,S € F implies (p, R) ~ (p, S)

An f-complete reduction contracts an f-complete set at each step.

¢ Proposition [lattice of f-complete reductions]
Complete reductions form a sub-lattice of the lattice of reductions.

Proof simple use of following lemma which implies f-complete
parallel moves.

Complete reductions (3/5)

* Notations

o F
M =—> N when M —> N and F is the set of redexes with
name « in M.

MaxRedNames(M) when all redexes in M have maximal names.

e Lemma [complete reductions preserve max redex names ]

M => N and MaxRedNames(M) implies MaxRedNames( V)

Complete reductions (4/5)

¢ Definition [d-complete reductions]

(p, ]'_> is d-complete when it is maximum set such that

{po, Ro) < (p, F) for some (po, Ro)
An d-complete reduction contracts a d-complete set at each step.

* Proposition [below canonical representative]
Let (po, Ro) be canonical representative in its family.
Let po C p. Then (po, Ro) ~ (p, R) iff (po, Ro) < (p, R).

Proof difficult.

* Proposition [ f-complete = d-complete]
d-complete reductions coincide with f-complete reductions.

Complete reductions (5/5)

* Proposition [ length of reduction = number of families]

In complete reductions, number of steps equals the number of
contracted redex families.

Proof application of MaxRedNames lemma.

e Corollary [optimal reductions]
In complete reductions, never redex of same family is contracted twice.

e Implementation [optimal reductions]
Can we implement efficiently complete reductions ?



Implementation (1/5) Implementation (3/5)

¢ Implementation [optimal reductions]
algorithm [John Lamping, 90 -- Gonthier-Abadi-JJ, 91]

» Sharing of basic values is easy: l

|
(Owx + x)((Ax.x)3) —> <+ ) — <+ ) [G\%L/ H ‘

¢ Problem is sharing of functions:

(Ax.x3+ x8)((Ax.I(x)) —> 3 + o4 — 7?7 ‘
application
Ax.1(x)
Implementation (2/5) Implementation (4/5)
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Implementation (5/5)

* beautiful Lamping’s algorithm is unpractical

* highly exponential in the handling of fans node (not elementary
recursive) [Asperti, Mairson 2000]

* nice algorithms unsharing paths to bound variables [ Wadsworth
92, Shivers-Wand 2010]

* Haskell, Coq, Caml ??

Speculative
‘computations
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Permutations in Call by value

¢ Definition [call by value]

A value remains a value if computed or substituted by a value

V i= x| \&x.M
The call-by-value reduction strategy is defined by:
(AX.M)V —> M{x := V}

M—> M’ N—> N’

cbv cbv

MN —> M'N MN —> MN’

cbv cbv

e Fact [permutations in call by value]

Equivalence by permutations only permute disjoint redexes.

Speculative computations
¢ Definition [speculative call, Boudol-Petri 2010]
V &= x | Asx.M
The speculative reduction strategy is defined by:

(Ax.M)V —> M{x = V}
(A M)N —> (AV? M{x := V})N

AVIM)V — M

spec

M —» M’ N—> N’ M —> M’

spec spec spec

MN — M'N MN — MN"  AV?M — A\V?M’

spec spec spec




Jents structure
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Creation of redexes (1/3)

e Causal order between redex families

In favorite example: a I
v v
Lcreates
klilu
v

* Several redexes can create another one

(AF.F3)((Ax Ay 4)9) g

\ \kl-ﬁcreates

(A\y.4)3



