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Plan Computation models

computation models ] . .
¢ [machines] automata theory -- Turing machines

lambda-notation
¢ [character strings] formal grammars, Thue systems, Post

bound variables

¢ [numbers] Kleene recursive functions theory

conversion rules

reductions e [terms] Church lambda-calculus, term rewriting systems

normal forms

Copyright 1941
numeral SyStems PRINCETON UNIVERSITY PRESS

lambda-definability Second Printing 1951 Applications to |Ogic

¢ [cut elimination] 2nd order arithmetic -- Howard, Girard
Barendregt, Henk, The Lambda Calculus. Its Syntax and Semantics, Elsevier, 2nd edition, 1997.

Barendregt, Henk; Dezani, Mariangiola, Lambda calculi with Types, 2010. * [higher order dependent types] HOL, Isabelle, Coq -- Coquand, Huet



Computing with terms

2+3—5
(2+3)+4—>5+4—9
(2+3)+4)«(4+5) — ... ((2+3)+4)*(4+5)

O\

(5+4)*(4+5) ((2+3)+4)*9

PN

9*%(4+5) (5+4)*9

NS

9*9

l

81

Computing with terms

(M.x+1)3—>3+1—4
(Ax.2%xx+2)4 —>2x4+2 —>8+2 — 10
(M F)Ox.x+2) = Mx.x+2)3 —>3+2—>5

(AFAXF(F X)) (Axx +2) —> . AFAXFED)AX.X + 2)

'

AX.(Ax.x + 2)((Ax.x + 2)x)

O\

AX.AX.X + 2)x + 2 AX.(Ax.x + 2)(x+2)

N

AX(XxX+2)+2

Computing with terms

(M2 F(F x))(Ax.x +2)3 — .. (ALAXF(f)(Ax.x + 2)3

|

(Ax.(Ax.x + 2)((Ax.x + 2)x))3

(AX.(Ax.x + 2)x + 2)3 (Ax.x + 2)((Ax.x + 2)3) (Ax.(Ax.x + 2)(x+2))3

N >/

(Ax.x +2)3+2 Ax.(x+2)+2)3 (Ax.x + 2)(3+2)

S~

(3+2)+2 (Ax.x +2)5

N
!

Computation model

¢ define a minimum set

* no instructions, no states, only expressions
* no arithmetic

* just a calculus of functions

* functions applied to functions

.

¢ functions as results

interesting ?
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The lambda-calculus

¢ Lambda terms

MNP = XVYZ..
| (AxM)
| (MN)
| c d, ..

¢ Calculations “reductions’

((Ax-M)N) — M{x := N}

(variables)
(M as function of x)
(M applied to N)

(constants )

Abbreviations

MMMy - - - M, for (((MMl)Mz)M")

(/\X1X2“'Xn.M) for ()\Xl(/\x2(>‘XnM)))

external parentheses and parentheses after a dot may be forgotten

Exercice 1

Write following terms in long notation:

AX.X, AXAY.X, AXY.X, Axyz.y, Axyz.zxy, Axyz.z(xy),
(Ax Ay x)MN, (Axy.x)MN, (Axy.y)MN, (Axy.y)(MN)

Examples

Oxx)N — N
(M £ N)(Axx) = (Axx)N —> N

(Axx0) (AxxN) —> (AxxN)(Ax.xN) —> (AxxN)N —> NN
(Ax00) (Axxx) —> (Axxo) (Axox) —> -+

Yr = (Ax.f(xx))(Ax.f(xx)) —> F(Ax.F(xx))(Ax.f(xx))) = F(YF)

F(Ye) = FF(YD) = - = £(Yy) = -



Recapitulation Abstract syntax

e Example: (Ax.(Ay.Ax.yx)(Az.zx))xy

calculus is more complex than expected

looping expressions !!

recursion operator seems definable /(D\

* when termination ? /q @

consistency ? @
computing power ?

Abstract syntax Bound variables
* The syntax of lambda-terms can be abstracted as: L
(Mx.(Ay.Ax.y x) (Az.zx))x y (rightmost x, y are free)
MNP == xyz.. (variables) @ A U
Exercice 2
[ (Ax.M) (M as function of x)
* Show binders of bound variables in
(AF.(Ax.F(xx))(Ax.f(xx))) (Ax.Ay.x)
| (M N) (M applied to N) (AF.(Ax.F(xx))(Ax.F (xx)))(AF x y . x(F y))
M N

(AF.F((Ax.x)3))(Ax.Ay.x)

| cd, .. (constants ) @



Bound variables

/

(AyAx.y)x = Ax.x (AyAxy)x = Ax.x
incorrect correct

(dynamic binding: Lisp) (lexical binding: Scheme)
(AX.(Ay.Ax.y)x3)2 (AX.(Ay.AX.y)x3)2

(Ay.Ax.y)23 (Ax.(Ax.x)3)2 (Ay.Ax.y)23 (Ax.(Ax'.x)3)2
(Ax.2)3 (Ax.x)3 (Ax.3)2 (Ax.2)3 (Ax'.2)3 (Ax.x)2
2 3 2

Exercice 2bis Why Lispis consistent ?

Bound variables

Ay Ax.y)x — Ax'.x
Ay Axy)x = (AyAxXy)x = Ax'.x

* renaming of bound variables
* names of bound variables are not important

 standard in many other calculi

fow/2 cos(x)dx = foﬂ/2 cos(x")dx’ Yiia = 2?21 aj

AXX+2 =4 Ay.y+2 AXy. X +y =q Ayx.y +x

Bound variables

» de Bruijn indices is a systematic computer representation of bound

variables

¢ for each occurence of a bound variable, one counts the number of binders

to traverse to reach its binder.

e Example: (Ax.(Ay.Ax.y x) (Az.zx))xy N

is (A (AX10) (A.01))xy )

Substitution
x{y =P} =x cly=P}=c
yy=prPr=P

(MN){y := P} = M{y := P} N{y := P}
Ay-M){y =P} =ry.M

(AMM){y := P} = XX M{x:=x"}H{y:=P}
where x’ = x if y not free in M or x not free in P,

otherwise x’ is the first variable not free in M and P.
(we suppose that the set of variables is infinite and enumerable)

Free variables

var(x) = {x} var(c) =0
var(MN) = var(M) U var(N)
var(Ax.M) = var(M) — {x}

®



Conversion rules Lambda theories

A M — A M{x = x} (x' ¢ var(M)) M =3 N when Mand N are related by a zigzag of reductions
(MMN  —5  M{x:= N} M and N are said interconvertible
Mx.Mx  —, M (x & var(M))

* a-redex, B-redex, n-redex, ...

\od
\ed \
* left-hand-side of conversion rule is a redex (reductible expression) M /\/\/ N
\

» we forget indices when clear from context, often

*Also M =, N, M =, N, M =5, N,..

Red uction Step * Interconvertibility is symmetric, reflexive, transivite closure of reduction relation

* or with notations of mathematical logic:

* let R be a redex in M. Then one can contrat redex R in M and get N: aFM=N, BEM=N, nF-M=N, B+n+-M=N, ..

R
M — N e the syntactic equality M = N will often stand for M =, N.

Reductions Exercice 3

¢ Find terms M such that:
M-=>N when M=My —> My — M, — ---M,=N (n>0)

M — M
* same with explicit contracted redexes M=My —> My = M, — ---M, =M (M; all distinct)
Ry R R, M= xM
M=My —> M, —> My--- —> M, =N I
M =5 MM

¢ and with named reductions M =5 MNyNs - - - Ny for all Ny, No, ... N,

p: M= M —R; M, —Ri My--- —Rf> M, =N ¢ Find term Y such that, for any M:
* we speak of redex occurences when specifying reduction steps, (e

but it is convenient to confuse redexes and redex occurences when clear from ¢ Find Y’such that, for any M:

context Y'M => M(Y'M)

 (difficult) Show there is only one redex R such that R — R



Normal forms

* An expression M without redexes is in normal form
M A
* If M reduces to a normal form, then M has a normal form

M —=> N, N in normal form

Exercice 4

* which of following terms are in 8-normal form ?

in Bn-normal form ?

Ax.x Ax.x(Axy .x)(Ax.x)
Axy.x Axy . x(Axy.x)(Ax.yx)
AXY . Xy Axy x((Ax.xx)(Ax.xx))y

Axy x((Ax.y(xx))(Ax.y(xx)))

Exercice 5

e Show that if M is in normal form and M > N, then M = N

¢ Show that:
1- \x.M > N implies N = Ax.N' and M = N’

2- MN => P implies M <> M', N—=> N’ and P= M'N'
or M= MM, N-=> N and M'{x:=N}-=>P

3- XMle”-M,, o N implies M1 o Nl, M2 — N2, Mn > N,,
and XN1N2--~N,,:N

4- M{x := N} => A\y.P implies M <> \y.M’ and M'{x:= N} => P
or M= xMiMy--- M, and NMi{x := N}---M,{x := N} => \y.P
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Adding &-rules: PCF

¢ Terms of PCF

M, N, P =

XY Z .. (variables)

Ax.M (M function of x)

MN (M applied to N)

n (integer constant)

M®N (arithmetic operation, +, *, -, /)

ifz Pthen Melse N (conditionnal)

e Conversion rules

(Ax.M)N — M{x := N}

m®n—> m®n

ifz 0 then M else N — M

ifz n+1then Melse N — N




Examples (bis)

24+3—5
(2+3)+4—>5+4—9
(2+3)+4)x(4+5) — ... ((2+3)+4)%(4+5)

O\

(5+4)*(4+5) ((2+3)+4)*9

PN

9*%(4+5) (5+4)*9

NS

9*9

l

81

Examples (bis)

(M.x+1)3—>3+1—4
(MAx.2%x+2)4 — 2x44+2 —>8+2— 10
(M. F3)(Mx.x+2) = (Ax.x+2)3—>3+2 —>5

(AFAXF(F X)) (Axx +2) —> . AFAXFED)AX.X + 2)

!

AX.(Ax.x + 2)((Ax.x + 2)x)

O\

AX.AX.X + 2)x + 2 AX.(Ax.x + 2)(x+2)

N

AX(XxX+2)+2

Examples (bis)

(M2 F(Fx))(Ax.x +2)3 — .. (ALAXF(f)(Ax.x + 2)3

|

(Ax.(Ax.x + 2)((Ax.x + 2)x))3

(AX.(Ax.x + 2)x + 2)3 (Ax.x + 2)((Ax.x + 2)3) (Ax.(Ax.x + 2)(x+2))3

N >/

(Ax.x +2)3+2 Ax.(x+2)+2)3 (Ax.x + 2)(3+2)

S~

(3+2)+2 (Ax.x +2)5

N
!

Examples

Fact(3)

Fact = Y(Af.Ax. ifz x then 1 else x x f(x — 1))

Y = A.(Ax.f(xx))(Ax.f(xx))

can be written as a single term in:

(AFact .Fact(3))

((AY.Y(Mf.Ax. ifz x then 1 else x x f(x — 1)))

(AF.(Ax.F(xx))(Ax.f(xx))) )



(\Fact.Fact3)((\y.y(\f.\x.ifz x then 1 else x * f(x-1)))(\. Yf))
(\y.y(\f.\x.ifz x then 1 else x * f(x-1)))(\f. Y)3
(\f.Yf)(\f.\x.ifz x then 1 else x * f(x-1))3
(\x.(\f.\x.ifz x then 1 else x * f(x-1))(xx))(\x.(\f.\x.ifz x then 1 else x * f(x-1))(xx))3
(\f.\x.ifz x then 1 else x * f(x-1))((\x.(\f.\x.ifz x then 1 else x * f(x-1))(xx))(\x.(\f.\x.ifz x then 1 else x * f(x-1))(xx)))3
(\x.ifz x then 1 else x * (\x.(\f.\x.ifz x then 1 else x * f(x-1))(xx))(\x.(\f.\x.ifz x then 1 else x * f(x-1))(xx))(x-1))3
ifz 3 then 1 else 3 * (\x.(\f.\x.ifz x then 1 else x * f(x-1))(xx))(\x.(\f.\x.ifz x then 1 else x * f(x-1))(xx))(3-1)
3" (X.(\f.\x.ifz x then 1 else x * f(x-1))(xx))(\x.(\f.\x.ifz x then 1 else x * f(x-1))(xx))(3-1)

3 * (\f.\x.ifz x then 1 else x * f(x-1))((\x.(\f.\x.ifz x then 1 else x * f(x-1))(xx))(\x.(\f.\x.ifz x then 1 else x * f(x-1))(xx)))(3-1)

(\Fact.Fact3)((\y.y(\f.\x.ifz x then 1 else x * f(x-1)))(\f. Yf))

wifz x then 1 else x * f(x-1))) (\y.y(\f.\x.ifz x then 1 else x * f(x-1)))(\f. Yf)3 (\Fact.Fact3)((\y.y(\f.\

e

then 1 else x * f(x-1))3 (\Fact. Fact3)((\f.fYf)(\f.\x.ifz x then 1 else x * f(x-1))) (\y.y(\f.\x.ifz x tt

11 else x * f(x-1))(xx)))) (\Fact. Fact3)((\f.f(fYf))(\f.\x.ifz x then 1 else x * f(x-1))) (\LFYF)(\f.\x.ifz x

/

(\f.\x.ifz x then 1 else x * f(x-1))((\x.(\f.\x.ifz x then 1 else x * f(x-1))(xx))(\x. (\f.\x.if
— ~

Ase x * f(x-1))(xx)))))

(\Fact.Factd)(\y.y(\.\.ifz X then 1 else x * fix-T)))(\.Yr))

(\Fact. Fact3)(\(. YI)(\.\x.ifz x then 1 else x * f(x-1))) (y.y(\.\x.ifz X then 1 else x * f(x-1)))(\1. Y1)3 (\Fact.Fact3)((\y.y(\\.\x.ifz X then 1 else x * f{x-
P -
(£ YO(\.\x.ifz x then 1 else x * f(x-1))3 (\Fact. Fact3)((\f.fY)(\L.\x.ifz x then 1 else x * f(x-1))) (\y.y(\M.\x.ifz x then 1 eise x * f(x-1))(\.f)
. /

; then 1 else x * f(x-1))(xx))(\x.(\f.\x.ifz x then 1 else x * f(x-1))(xx)))) (\Fact. Fact3)(\.f(fY))(\V.\x.ifz x then 1 else x * f(x-1))) (LAYO(L \x.ifz x then 1 else x * f(x-1))3
26n 1 else x * f(x-1)po))(\.(\f. W.ifz x then 1 else x * f(x-1)){xx))})) (\f.\x.ifz x then 1 else x * fix-1))((\x.(.\x.ifz x then 1 else x * f(x-1))x))(\.(\f.\x.ifz x then 1 else x * f{x-1),
—_—
—1_))’{(\1\:(11&”2 x118 then 1 alsiJ X118 * xx(x118-1))(\x.(\f.\x.ifz x then 1 else x * f(x-1))(xx)))3 (\f.\x.ifz x then 1 eise x * f(x-1))((\x.(\.\x.ifz x then 1 else x * f{x-1))xx))(\x.\x 12
3 then 1 else x118 * (.(\f.\x.ifz x then 1 else x * f{x-1))(Xx))(\x. (\.\x.ifz x then 1 else x * f{x-1))(xx))(x118-1))3 (V.\x.ifz x then 1 else x * f(x-1))((\x.\X118.ifz x118 then 1 eise »
V.\x.ifz x then 1 else x * f(x-1))xx))x-1))x-1))3 (\W.ifz x then 1 e;;'x * (\.\x.ifz x then 1 else x * f(x-1))(\.\x.ifz x then 1 eise x * f(x-1)){(\x.(\.\x.ifz x then 1 else x * f(x-1)){x>

>
se x * fx-1))(\x.(f.\x.ifz x then 1 else x * f(x-1))(xx))(\x.\x 109.ifz x 109 then 1 else x109 * xx(x109-1)))(3-1) ifz 3then 1 else 3 * (\f.\x.ifz x then 1 else x * f(x-1))((\x.(\f.\x.ifz x

x then 1 else x * f(x-1))((\.\x.ifz x then 1 else x * f(x-1))}{(x.(f.\x.ifz x then 1 else x * f(x-1))(xx))(\x.(\.\x.ifz x then 1 eise x * f(x-1))(xx))))(3-1)
——

(VR FRct )iyt .02 x then 1 also x * foc ML YY)

(VFisct FactSH(V. YINL bz x than 1 etse x * fjx- 1) (. 0cit2 x then 1 alse x * #oe L. Y (\Fact. Facta)(y.yi.w.itz x then 1 elso x * 0 1)LEYY)

.

(Y e x e 7 s x < TS (Fact Faceife YIS i x ther T s x * x-))) (Ve x thee 7 e x * a3 N0 1Y 1Fs

-

T
5o x * fx-1INo. AL Uiz x then 1 alse x * e 1Poiuc (1182 x then 1 alse x * #r-3 JNooch)) (VFact. Fact3)\. ATV .tz x then | also x * #e-1))) (LY x102 X then 1 aiso X * fix-1)L

@ " e S 14 etz x than 1 also x * #0c TIOONW. (. e X than 1 aése x * tix-ipeddlil itz x then 1 aise x * tic- N (¢ b2 x then 1 ekse x * A 000)Le (.U %2 X tha, 1 als X * o VG (VFact Facs3jt. .tz x then 1 also x *
Uitz x thwn 1 65w x * (e 1L e T18.02 X718 thevs 7 alse 178 e 18- (VI 2 x e 1 ks x * S} pux I3 (Vi x thn T i x * k-T2 x theen 1 eksex * fix-T)in)ilx e 120462 X120 then T aise X120  xxfo20-1J153

50 " tpx- 1!

8162 X116 hen 1 lse X118 * (U (0.2 X then £ a5 x * S0c 1N, A% b 2 x then 1 adse x " fox poriic 1613 (4.2 X them £ a5 X * 800 1JN{Le e 1602 x 118 then 1 also X118 *xoxfe 16-1)Ue W 11262 x 11 then 1 aiso X115

101 656 x * e Tpponile (Vb itz x theer 7 el x * Ge-1NoON-1NE- 1R (W2 x hews 7 wse x * (L iz x ther T s x * -3V U 42 x fhwe 7 ks x * e T)fe, 0 1 12 x e 1 ek x * e )t (. e 402 x thers T aise x * f-1)

NS 3 A Le i x b T ks x AT (4 L 2 x Mo 1 ek x * Tl e 103 42 X709 then 1 eése X709 * xxfx108-1)))(31) iz 3 thees 1 aise 3 ° (VL iz x then T ekse x * f{x-T))foc (4 1 2 x e 7 edse x * STV, (V. e if2 x then 1 aise x *

—

37 (002 x thon 1 also x " SN2 X then 1 aiso X " ik AT, A% L2 X than 1 atse x * fix [POCiLe (1. 1.2 X than £ also X * XIS 1)

) 3 (4 \witz x theer 7 edse x * Se- TNV e 002 x then 7 s x * - Nl 100 2 X100 then 1 ks x 700 * e[ 100- 1NV \x i%2 x them T e x * -

3 (4 Witz x theer 7 edse x * Ge-TINIV e e x thers 7 alse x * fe- TNV e %2

—
Wa i \XS7.1t2 xS7 then | eiso xS7 * xxix97-1) Yor. (e ¥z X then 1 eise x * e 1jipolioe1)i2 3° (uitz x then | also x * (.2 X then

37 (it xthen 1 eésex * .tz x thor 1 also x * 40 N (107 x then 1 oigo x 4
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Computing without &-rules

* Booleans
True = Ax.A\y.x = K True MN => M
False = Ax.\y.y False MN > N

_ d efi n abi | ity « Pairs and Projections

(M, N) = Ax.xMN T (M, N) => M
m = Ax.x True (M, N) => N
7 = Ax.xFalse

* Non-negative integers ...

0 = (True, True) isZero 0 = True
n+1= (False, n) isZero(n + 1) <> False
isZero =m;

CENTRE DE RECHERCHE
COMMUN
INRIA
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Computing without &-rules Computing without 8-rules
» Numbers will be in unary-code * ... integers
N=0& S(N) Succ = Ax.(False, x)

. .. i Pred = Ax.isZerox 0 m»
with following implementation:

0 = (True, ?)
1 = (False,0) = (False, (True, 7))

2 = (False, 1) = (False, (False, (True, ?)))

n= <'False, n—1) = (False, (False, - (True, ?7)))

w
n



Other numeral system

¢ also named Church’s numerals

n=AMf(f(--- f(x)--+))
—

or
n=MXN.fofo---f

—
n

was n+1 in Church’s original monograph

Other numeral system

¢ Lambda-/ calculus

A.M (M depends upon x)
no K = Ax.\y.x

¢ Church numerals

n= . x.f"(x) nl 2> |

n>1 | = Ax.x

e Pairs and projections
(M, Ny = Ax.xMN m1(m, n)
m1 = Ap.p(Ax.Ay.y I x) ma(m, n) = n
T = Ap.p(AxAy. x 1y

Other numeral system

e ... successor and predecessor

Succ = AnAf. A x.nf (f x)
Pred = An. 5 (n¢ (1,1,1))

¢ = At.(AxAy.Az.(Succ x, x, y))(m3 t) (73 t)(73 ¢t)

where 7r{’, WS’, 7T§’ are the 3 projections on triples

@ shift register! FIFO

= INWw|b
N BN ENY
alalalN

Church numeral system

Alonzo Church

Stephen Kleene
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§9. ORDERED PAIRS AND TRIADS, THE PREDECESSOR FUNCTION 31

1f L, M N are formulas representing positive Integers

’
then 2 (M, A) conv A, 2.(M, A] conv A, 3, (L, M, N conv
L, (L, M N conv A, and (L, M, N] conv A.

Verification of this depends on the observation that, irf
M 1is a formula representing a positive integer, MI conv s (the
mth power of the identity 1s the ldentity).

By the predecessor function of positive integers we mean
the function whose value for the argument 1 is 1 and whose value
for any other positive integer argument x 1is x-1, This func-
tion 1s A-defined by

P——-»Aa.Jj(a(Ab[S(J1b), 31bJ 32b])[’: ISEe1]5)0e
For if K, L, M represent positive integers,

(Ab[S(3,0), 3,0, 3,b])(K, L, M] conv [SK, K, L],
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COMMUN
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languages
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Towards programming languages

* Many o&-rules

* Adding types === never following terms :

v,ﬂ +

Next class

= m
S
34+ Ax.x 4(5) 20(Ax.x) ifz Ax.x then 1 else 3
AL (Ax.F(xx))(Ax.f(xx)) AX.xX
* Adding store and mutable values
CENTRE DE RECHERCHE v
COMMUN
INRIA
MICROSOFT RESEARCH
Functional programming Next class

* Scheme, SML, Ocaml, Haskell are functional programming languages
* they manipulate functions

* confluency

* and try to reduce the number of memory states

* consistency




