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Plan

e functions and A-notation
* higher-order functions

e data types

e notation in Coq

* enumerated sets

e pattern-matching on constructors
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Functional calculus (1/6)

(Ax.x+1)3—>3+1—4
(Ax.2xx+2)4 —>2%x4+4+2 —>84+2 — 10
(AF.f3)(Ax.x+2) = (Mx.x+2)3—>3+2 —>5
(Ax Ay .x+y)32=
(AxAy.x+y)3)2 = (Ay3+y)2 —> (A\y3+y)2 —>3+2 —5

(M A F(F x))(Ax.x +2) — ...



Functional calculus (2/6)

(M F(F x))(Ax.x+2) — ...

(F\X.F(F))(\X.X + 2)

\x.(\x.x + 2)((\x.x + 2)x)

N\

X.\x.x +2)x + 2 \x.(\x.x + 2)(x+2)

N/

X.(x+2)+2



Functional calculus (3/6)

(AMFAF(F X)) (Ax.x+2)3 —> ... M) Axx +2)3

!

(Ax. (Ax.x + 2)(Ax.x + 2)x))3

(AX.(AX.X + 2)x + 2)3 (Ax.x + 2)(Ax.x + 2)3) (Ax.(AX.x + 2)(x+2))3

\ > >/

AX.xX +2)3 + 2 Ax.(x+2)+2)3 (AX.x + 2)(3+2)

I

(3+2)+2 (Ax.x + 2)5

N
%



(AF A F(Fx))((Ay.Ax.x + y)2)3 — ...

(ALAXf(fX))(Ay.Ax.x + y)2)3

N

ALAXF(X)(Ax.x + 2)3 (AX. (ALAX Xt 2 (A AX X+ 4)2X))3

/T

Ay.Ax.x + y)2((Ay.Ax.x + y)23) (AX.(Ax.x + 2)((Ay.Ax.x + y)2x))3

(AX.(Ay.Ax.x + y)2((Ax.x + 2)x))3

(AX.(Ay.Ax.x + y)2(x+2))3 Ay.Ax.x + y)2((Ax.x + 2)3) (Ax.(Ax.x + 2)((Ax.x + 2)x))3 (Ax.x + 2)((Ay.Ax.x + y)23) (AX.(Ay.Ax.x + y)2x + 2)3
(Ay.Ax.x + y)2(3+2) (Ax.(Ax.x + 2)(x+2))3 (Ax.x + 2)(Ax.x + 2)3) (AX.(Ax.x + 2)x + 2)3 Ay.Ax.x + y)23 + 2
Ay.Ax.x + y)25 (Ax.x + 2)(3+2) M.(x+2)+2)3 AX.x+2)3+2

(Ax.x + 2)5 (3+2)+2

N
|



Functional calculus (5/6)

Fact(3)

Fact = Y(Af.Ax. ifz x then 1 else x x f(x — 1))

Thus following term:

(AFact .Fact(3))
(Y(Af.Ax. ifz x then 1l else xx f(x — 1)))

also written
(AFact .Fact(3))

((AY.Y(Af.Ax. ifz x then 1 else x x f(x — 1)))
(Af.(Ax.f(xx))(Ax.f(xx))) )



(\Fact.Fact3)((\y.y(\f.\x.ifz x then 1 else x * f(x-1)))(\f. Yf))

l

(\y.y(\f.\x.ifz x then 1 else x * f(x-1)))(\f. Y)3

'

(\f.Y)(\f.\x.ifz x then 1 else x * f(x-1))3

l

(\x.(\£.\x.ifz x then 1 else x * f(x-1))(xx))(\x. (\f.\x.ifz x then 1 else x * f(x-1))(xx))3

l

(\f.\x.ifz x then 1 else x * f(x-1))((\x.(\f.\x.ifz x then 1 else x * f(x-1))(xx))(\x.(\f.\x.ifz x then 1 else x * f(x-1))(xx)))3

l

(\x.ifz x then 1 else x * (\x.(\f.\x.ifz x then 1 else x * f(x-1))(xx))(\x.(\f.\x.ifz x then 1 else x * f(x-1))(xx))(x-1))3

'

ifz 3 then 1 else 3 * (\x.(\f.\x.ifz x then 1 else x * f(x-1))(xx))(\x.(\f.\x.ifz x then 1 else x * f(x-1))(xx))(3-1)

l

3 * (\x.(\f.\x.ifz x then 1 else x * f(x-1))(xx))(\x. (\f.\x.ifz x then 1 else x * f(x-1))(xx))(3-1)

l

3 * (\f.\x.ifz x then 1 else x * f(x-1))((\x.(\f.\x.ifz x then 1 else x * f(x-1))(xx))(\x.(\f.\x.ifz x then 1 else x * f(x-1))(xx)))(3-1)



(\Fact.Fact3)((\y.y(\f.\x.ifz x then 1 else x * f(x-1)))(\f. Y{))

T

\f.\x.ifz x then 1 else x * f(x-1))) (\y.y(\f.\x.ifz x then 1 else x * f(x-1)))(\. Y{)3 (\Fact.Fact3)((\y.y(\f.\x.ifz
z X then 1 else x ™ f(x-1 ))3 (\Fact. Fact3)((\f.fYf)(\f.\x.ifz x then 1 else x ™ f(x-1))) (\y.y(\f.\x.ifz x then
then 1 else x * f(x-1))(xx)))) (\Fact. Fact3)((\f.f(fYT))(\f.\x.ifz x then 1 else x * f(x-1))) (\f.fYF)(\f.\x.ifz x the
N — o / i
1 1 else x * f(x-1))(xx))))) (\f.\x.ifz x then 1 else x ™ f(x-1))((\x.(\f.\x.ifz x then 1 else x ™ f(x-1))(xx))(\x.(\f.\x.ifz x




(\Fact.Fact3)(\y.y(\.\x.ifz x then 1 alse x * f(x-1)))(\\. Y))

e

(\Fact. Fact3)(\. YI)(\.\x.ifz x then 1 else x * f(x-1))) (\y.y(M.\x.ifz x then 1 else x * f(x-1)))\. Y1)3 (\Fact.Fact3)(\y.y(\.\x.ifz x then 1 else x * f(x-1))}\f.
— e
- (. YO \x.ifz x then 1 eise x * f(x-1))3 (\Fact. Fact3)(\.IYH\. \x.ifz x then 1 else x * f(x-1))) (\v.y(\M.\x.ifz x then 1 else x * f(x-1)))(\.fY)3 i

f \x.ifz x then 1 else x * f(x-1))xx))(\x.(\f.\x.ifz x then 1 else x * f(x-1))(xx)))) (\Fact. Fact3)((\.f(fYf)){\f.\x.ifz x then 1 else x * f(x-1))) (\£. fo)(‘\l \x.ifz x then 1 else x *f(x-1))3 ___

_/
/ o —
ifz x then 1 else x * f(x-1))(xx)(\x.(\f.\x.ifz x then 1 else x * f(x-1))}xx))))) (\f.\x.ifz x men 1 else x * f(x-1))((\x.(M.\x.ifz x then 1 else x * f(x- 1))(xx))(\x (\f.\x.ifz x then 1 else x * f(x-1))(xx))K
" f(x=1))((\x.\x118.ifz x118 then 1 @lse x118 * xx(x118-1)){\x.(\f.\x.ifz x then 1 else x * f(x-1))(xx)))3 (\.\x.ifz x then 1 else x * f(x-1))((\v.(\.\x.ifz x then 1 else x * f{x-1))xx))(\x.\x120.ifz x
— | — ]
v —

'z x118 then 1 else x118 * (\x.(\f.\x.ifz x then 1 else x * f(x-1))(xx))(\x.(\.\x.ifz x then 1 eise x * f{x-1)){xx))(x118-1))3 (. \x.ifz x then 1 else x * f(x-1))(\x.\x118.ifz x118 then 1 else x118 *
) —- )
¢))(\x.(\.\x.ifz x then 1 else x * f(x-1))xx)\x-1))x-1))3 (\x.ifz x then 1 else x * (\.\x.ifz x then 1 else x " fix-1))(\\.\x.ifz x then 1 alse x * f(x-1))((\x.(\[.\x.ifz x then 1 else x * f{x-1))}xx)\x.(

—

-
n 1 else x * fix-1))((\x.(f.\x.ifz x then 1 else x * f(x-1))(xx)){(\x.\x 109.ifz x 109 then 1 else x109 * xx(x108-1)))(3-1) ifz 3then 1 else 3 * (\f.\x.ifz x then 1 else x * f(x-1))((\x.(\.\x.ifz x then 1

—

\x.ifz x then 1 else x * fix-1){(\.\x.ifz x then 1 else x * f{x-1)N(\x.(\f.\x.ifz x then 1 else x * f(x-1)){xx))\x.(\f.\x.ifz x then 1 else x * f(x-1))(xx))))(3-1)

—
s —
—

z X then 1 alse x * f{(x-1)N(\.\x.ifz x then 1 alse x * f(x-1))}(\x.\x100.ifz x 100 then 1 else x100 * xx(x100-1))(\x.(\.\x.ifz x then 1 eise x * f(x-1))(xx))))(3-1) 3 * (\f.\x.ifz x then 1 else x * f(x-1




(Fact. Fact3(Wy.y\. w0z x theny | also x * ik N YT

\Fact. Fact3Y. YIN L Wz x than 1 olse x * fx-1) (. otz x thon | olso x " e 1M Y2 AFact. Fact3N(y.y (¢ w.z x thon 1 also x * e 1)INLLYY))
(VYD x then T alse x < fin-1)00 (R FRCTIN(¢ YDV \x ilz x them T alse x * Kx-1))) oy iV w0z x thee T alse x * Sx-1 M0 IYNS (\Faet Factd
r x then f also x TN AL W2 x than 1 else x " 1 o) o (. 0z x then | also x T A0 INaac ) (\Fact Fact3iV. YN w. itz x thon | also x * x-1))) (LAY iz x then 1 olso x " k- 1003
/ - a — -
hon 1 olse x TN T\ WLtz x than 1 also x * A0 1Mo A 6 x than 1 edseo x T -1 i )y AL x then 1 edso x " I NTw. (L WXz x thon 1 olse x * 101 ipa ) e (11w 0z x they | also x * A0 3 N )G (\Fact. Fact3\.\x. (& x theny | also x * A1)\

—

(V \x 2 x o) 1 o5 x * (e-T)0{\x L 71802 X178 thew 7 alse x178 * xxfx T18-1oe (V. ¥z x Maws 1 edse x * fx-1))xx )9 A\ e il x then 1 edse x * fix-TNT (Ve #2 x theer 1 etse x * fx-Tlipon e e 12040 X720 then T aise x 720 * xefe 1 20-1)113

- I ————
v —
thon folso x "Hx- 1N 1180z x 118 hon 1 olse x 118 * (W . w. itz x thon | also x " A NN W AL ez x than | edse x * a1 i 118-1),3 iz x then folso x " M-I N et 18 X2 x 118 than 1 elso x 118 "xxx 118 1)\ W11 Xx x 115 thon | olso x 115 " xufe ) 15

—
—

- -
e Mr x then T else x ¢ fx-T el (Ve iz x theer T else x  An-T NN E-7 INx-7 103 i ifz x thav) 7 alse x * (e iz x Mo T aded x * W=7 N0 e A2 x ey 1 @dse x * fie-T 0 (V0 e 2 x vy 7 edser x * (- Tl M L 2 x then T s x * -7 I LN -7 003 fw.ifz

e—
—

_—. ’ S—
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Pure lambda-calculus

e lambda-terms

M N P = X,V Z ... (variables)
| AX.M (M as function of x)
| M(N ) (M applied to N)

e Computations “reductions”

(Ax.M)(N) — M{x = N}

;s
A




Examples of reductions (1/2)

e Examples

(Ax.x)N — N

(M. f N)(Ax.x) —=> (Axx)N — N

()\X.X N)()\y.y) —> ()\y.y)N —> [\ (name of bound variable is meaningless)

(Ax. x x)(Ax.xN) —> (Ax.xN)(Ax.xN) — (Ax.xN)N —> NN

(Ax.x)(Ax.x) —> Ax.x

Let /| = Ax.x, we have /(x) = x for all x.
Therefore (/) = /. [Church 41] > o I:<



Examples of reductions (2/2)

e Examples

(Ax. x x)(Ax.xN) —> (Ax.xN)(Ax.xN) —> (Ax.xN)N — NN
(Ax. x x)(Ax. xx) = (Ax. xx)(Ax. xx) —> - --

e Possible to loop inside applications of functions ...

Yi = (Ax.f(xx))(Ax.f(xx)) —> F((Ax.f(xx))(Ax.f(xx))) = f(Ys)

FOYe) = £(F(Yr) = - = £7(YF) = -+

e Every computable function can be computed by a A-term

Church’s thesis. [Church 41]



Fathers of computability

Alonzo Church

T

X
”
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The Giants of computability

Hilbert —> Godel —> Church —> Turing

N

Kleene

Post Curry

von Neumann




Typed lambda-calculus (1/5)

e In Coq, all A-terms are typed

e In Coq, following A-terms are typable

(Ax.x4+1)3—>3+1—4
(Ax.2xx+2)4 —> 2%x4+2 —>8+2 —> 10
(A F3)(Ax.x+2) = (Mx.x+2)3 —>3+4+2 —5
(Ax.A\y.x+y)32=
(Ax Ay x+y)3)2 = (Ay3+y)2 —=> (A\y3+y)2—>3+2—>5

T

(AF A F(f x))(Ax.x+2) — ...

AN



Typed lambda-calculus (2/5)

e In Coq, all A-terms have only finite reductions
(strong normalization property)

e In Coq, all A-terms have a (unique) normal form.

e In Coq, the following A-terms are not typable

(Ax. x x)(Ax. x x)

(AFact .Fact(3))
((AY.Y(Af.Ax. ifz x then 1 else x x f(x — 1)))

(M. (Ox.F(x)) (Ax. F(xx))) ) |:<

AN



Typed lambda-calculus (3/5)

 The Coq laws for typing terms are quite complex
[ Coquand-Huet 1985]

e In first approximation, they are the following (1st-order) rules:
Basic types: N (nat), B (bool), Z (int), ...
If x has type a, then (Ax.M) has type a — 3
If M has type a — 3, then M(N) has type

Example 1 : nat
x :nat implies x+1:nat

(Ax.x + 1) : nat — nat

/
) )

3 : nat
(Ax.x 4+ 1)3 : nat

X
.



Typed lambda-calculus (4/5)

Example X :nat - x : nat

X :nat - x : nat 1 : nat
X :nattH x-+1:nat

x :nat = x+1:nat
- (Ax.x 4+ 1) : nat — nat

- (Ax.x + 1) : nat — nat 3 : nat
- (Ax.x 4+ 1)3 : nat

X

v 4 )‘-ﬁ



Typed lambda-calculus (5/5)

Example with currying and function as result

X

v 4 x¢
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lambda-terms (1/3)

Definition plusOne (xX: nat) : nat := x + 1.
Check plusOne.

Definition plusOne
Check plusOne.

fun (x: nat) => x + 1.

Definition plusOne fun x => x + 1.

Check plusOne.

Compute (fun x:nat => x + 1) 3.

Definition plusTwo (x: nat) : nat := x + 2.
Definition twice := fun f => fun (x:nat) => f (f x).

Compute twice plusTwo 3.



lambda-terms (2/3)

e Coq tries to guess the type, but could falil.
(type inference)

e put always possible to give explicit types.

e Types can be higher-order
(see later with polymorphic functions)

e Types can also depend on values
(see later the constructor cases)



lambda-terms (3/3)

e Coq treats with an extention of the A-calculus with
inductive data types. It's a programming language.

 the typed A-calculus is also used as a trick to make a
correspondance between proofs and A-terms and propositions
and types for constructive logics (see other lectures).

(Curry-Howard correspondance)



