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Plan

* a labeled A-calculus

e |attice of labeled reductions

* |abels and redex families

e canonical representatives

e strong normalization

* Hyland-Wadsworth labeled calculus
* [abels and types
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A labeled lambda-calculus (1/3)

e Give names to every redex and try make this naming consistent
with permutation equivalence.

e Give names to some subterms:

M,N,..:=x]|MN]|xM|M*

e Conversion rule is:
(Ax.MY*N —> Mlel{x .= nloh}

< IS hame of redex
where

(M)P = M* and M® {x := N} = (M{x := N})°



A labeled lambda-calculus (2/3)




A labeled lambda-calculus (3/3)

 Labels are strings of atomic labels:

a,fB,.. == abc..| |« |ﬂ L af | €

——, N
atomic labels

 Labels are strings of atomic labels:

a, b,c,... atomic letters
‘al, |al,...  overlined, underlined labels
of compound labels

e = |e| = |e] empty label



Our favorite example

(AXx.xx)((Af.f3) (AXi())

/

(Af.f3)(Ax.x)((Af.f3)(Ax.X))

—

(Af.f3)(Ax.x) ( (Ax.x)3) ()\x X)3((Af.f3)(Ax.x)) (Ax.xx)( (Ax X)3)

I\ /o |

(Af.f3)(Ax.x)3 (Ax.x)3((Ax.x)3) 3((Af.f3)(Ax.x))
AX. x)33 3( (Ax.x)3) (Ax.xx)3
33

e 3 redex families: red, blue, green.



Our favorite example

A= ((MF.(FR35Y) (Ax.x¥)4)d

B = ((Ax.x")ulilk 36)ilila / \
_ gtlulilk]vluli]kljli1q

ALaJc ALaJd b[a]p

/\

(Alale BLaJd bf«ﬂp BLaJC Alald)blalp

/ ik
BLaJc BLaJd bla]p
AL3JC CLaJd)bfcﬂP L CLaJc ALaJd b[alp
/
/ \ X . a C)p

BLaJc CLaJd bla]p CLaJc BLaJd b[a]p
u{\

_ CLaJc CLaJd blalp
ulilk

2 i ulilk

('\

x?)°)? B)P

e 3 families:



i ulilk

( (()\X Xv)uLijk 3£)j]'i]qLaJc
((A

(((AF(F 3 ()l T T ) aleld olsls

g)\XXV!L"_Jk 3£!J’__|q|_aj bla]p
(Ax.xv)H)alale (Ax.xv)ulilk 36yiliTalale ( 3¢LulilkvTulilkliTilqla)c
km WqLaJd )bmp ((Ax.x )uL ik 3¢) Jf 1qlald )bfalp (MF.(Fk 35)) (Ax.xV)u)alald )blalp
i/ Ny Lk g (O (o))
3ELulifk]vTulilkliTiq)p
( ((Ax.xV)ulilk 36yjlilalale ( 3¢Lulilk]viulikljliqlale

3tlulilk]v [uLJkMHqLaJd )b(ah» ((Ax.x¥ )qu 3e)JHqLaJd )b[a]p

WA iu i| k a

(3¢ Lulilk]vlulilkljlilqlalc
3tlulilk]viulilkljlilqlal d)b [alp



Creation of redexes (1/3)

(AF.(F€ 39)2) (Axx’)* (Ax.(xFxY) ) )P

/ u

( ((Ax.x")“(Ax.(x Malale 3d )blalp

(((Mf.(f€ 3d )ILUJ viulqg )P

U /
( (Ax.(x*xt))ilulvivlglale 3dyblalp

T

*3 families: @ y i|u|v|u|glalc

2 independent redexes a and u creates the new one



Creation of redexes (2/3)

(AF.(F€ 39)2) (Ax.(Ay.x*Y )
a

;
(((x(ayxky)inyatele 3d)blale
(MF.(F€ 39)P)a(Ay. s Lilk)yTiTa )P

A

(()\y [Lilkyjlilalale 3d)blalp

I

3 families: a | j|i|q|alc

2 independent redexes a and u creates the new one



Creation of redexes (3/3)
(Ax.(xx9)P)2 A)P A = ((Ax.(x8xM)T)e

i(AOélAOéi)Bl _ (ALaJcALaJd)b[a]p

'
'

(A® )55 — (Alelelalclele plelelalc]g]h)flelela]c]g] ela]c]balp

(A®2A5)B: — (Alelalelg plelale]h)felalclblalp

(Aan+1 AO‘:7+1 )5n+1 — (ALeoznng\_eosz h)f|_eozn_| B

einfinite number of families



Permutation equivalence (1/7)

* Proposition [residuals of labeled redexes]
S € R/p implies name(R) = name(S)

e Definition [created redexes] Let <p, R> be historical redex.

We say that p creates R when AR’, R € R'/p.

* Proposition [created labeled redexes]

If S creates R, then name(S) is strictly contained in name(R).



Permutation equivalence (2/7)

Proof (cont’d) Created redexes contains names of creator

()\X_...(XB N)--- ) (Ay.M)Y — ...(()\y_M)vLaJB N -

Q ’YWW
N~ creates ——*

((Ax.(Ay.MYN)N)E P —> (\y.M)VIelBp

0}

vlalB
K createSJ

(Ax. x1)® (Ay.M)2)B N —> (Ay.M)dLedralB y

ol olafvy[a]B
\—_ creates



Permutation equivalence (3/7)
e Labeled laws M“ {x := N} = (M{x := N})“ (M¥)P = MeP
f M — N, then M* — N©

* Labeled parallel moves lemma+ [ 74 ]

G G/F F/G
IfM—)Nand M— P, then N— @ and P — Q@

for some Q).

 Parallel moves lemma++ [ The Cube Lemma]

still holds. w—



Permutation equivalence (4/7)

e | abels do not break Church-Rosser, nor residuals

e | abels refine A-calculus:

- any unlabeled reduction can be performed in the labeled calculus
- but two cofinal unlabeled reductions may no longer be cofinal

Take /(/3) with | = Ax.x.

((Ax.x)P ((Ax.x")e 38)9)2

N\

(()\X.Xf)e 3g)dLch(b]a (()\X.Xc)b 3gLlefe1d)a



Permutation equivalence (5/7)

* Definition [pure labeled calculus]

Pure labeled terms are labeled terms where all subterms have
non empty labels.

* Theorem [labeled permutation equivalence, 76]

Let p and o be coinitial pure labeled reductions.
Then p ~ o iff p and o are labeled cofinal.

Proof Let p ~ 0. Then obvious because of labeled parallel moves lemma.

Conversely, we apply standardization thm and following lemma.

* Lemma [uniqueness of pure labeled standard
reductions]

Proof ...



Permutation equivalence (6/7)

Proof [uniqueness of labeled standard]
Let p and o be 2 distinct coinitial pure labeled standard reductions.

Take first step when they diverge. Call M that term.

We make structural induction on M. Say p is more to the left.
If first step of p contracts an internal redex, we use induction.
If first step of p contracts an external redex, then:

M = ((Ax.P)“ Q)B

Pl-a—IB{X g QLO‘J}

st
st

NIelB £ ((Ax.A)*B)P



Permutation equivalence (7/7)

e Corollary [ labeled prefix ordering]

Let p: M —=> N and o : M —=> P be coinitial pure labeled reductions.
Then p C o iff N => P.

e Corollary [1lattice of labeled reductions]

Labeled reduction graphs are upwards semi lattices for any pure
labeling.

e Exercice Try on (Ax.x)((Ay.(Ax.x)a)b) or (Ax.xx)(Ax.xx)
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Labels and history (1/4)




Labels and history (2/4)

* Proposition [same history — same name]

In the labeled A-calculus, for any labeling, we have:

(p, R) ~ (0,S) implies name(R) = name($)

* The opposite direction is clearly not true for any labeling

(For instance, take all labels equal)

e But it is true when all labels are distinct atomic letters in the
Initial term.

e Definition [all labels distinct letters]
INIT(M) = True when all labels in M are distinct letters.



Labels and history (3/4)

R /\/

(p.

\ INIT(M) = True
R /\5

name(R) = name(S)



Labels and history (4/4)

* Theorem [same history = same name, 76]

When INIT(M) and reductions p and o start from M :
(p, RY ~ (0,S) iff name(R) = name(S)

e Corollary [decidability of family relation]

The family relation is decidable (although complexity is
proportional to length of standard reduction).



developments

CENTRE DE RECHERCHE
COMMUN
INRIA
MICROSOFT RESEARCH




Parallel steps revisited (1/3)

e parallel steps were defined with inside-out strategy
[a 1la Martin-Lof]

e can we take any order as reduction strategy ?

e Definition A reduction relative to a set F of redexes

in M is any reduction contracting only residua
A development of F Is any maximal relative rec

s of F.
uction of F.



Parallel steps revisited (2/3)

* Theorem [Finite Developments, Curry, 50]

Let F be set of redexes in M.

(1)  there are no infinite relative reductions of F,
(2)  they all finish on same term N

(3) Let R be redex in M. Residuals of R by all finite
developments of F are the same.

e Similar to parallel moves lemma, but we considered particular
inside-out reduction strategy.



Parallel steps revisited (3/3)

* Notation’ [parallel reduction steps]
_ F
Let F be set of redexes in M. We write M —>» N

if a development of F connects M to N.

e This notation is consistent with previous results

e Corollaries of FD thm are also parallel moves + cube lemmas



Finite and infinite reductions (1/3)

e Definition A reduction relative to a set F of redex families is
any reduction contracting redexes in families of F.

A development of F Is any maximal relative reduction.

* Theorem [Finite Developments+, 76]
Let F be a finite set of redex families.

(1)  there are no infinite reductions relative to F,
(2)  they all finish on same term N
(3)  All developments are equivalent by permutations.



Finite and infinite reductions (2/3)

e Corollary An infinite reduction contracts an infinite set of
redex families.

e Corollary The first-order typed A-calculus strongly terminates.

Proof In first-order typed A-calculus:

(1)  residuals R" = (Ax.M")N" of R = (Ax.M)N keep the
same type of the function part

(2)  new redexes have lower type of their function part



Finite and infinite reductions (3/3)

Proof (cont’d) Created redexes have lower type

(Ax. - xN - )Y Ay.M) = - (Ay.M)N' - --

O —T o

N~ creates ——*

(AxAy.M)NP —> (\y.M')P



Inside-out reductions
e Definition: The following reduction is inside-out
R R> R,
IOZM:MO—)Ml—)M2”'—)Mn:N

iff for all 1 and j, 1 <, then R; is not residual
along p of some ij inside R; in M;_1.

* Theorem [Inside-out completeness, 74]
Let M —=> N. Then M ==> P and N > P for some P.

J.—p).
~~~ |
~~~~ Y .
Phe O e inside-out+
Oio DR
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Exercices

e Show

x
ﬁ_ *
~~~ |
.. 1
~~~.t Io:*
IO ~~~~ 1 5~ "
~
~** sss * * 'é
X 4
. & Y 4
10, 7o
S~ P




normalization
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Strong normalization (1/3)

e Another labeled A-calculus was considered to study Scott
D-infinity model [ Hyland-Wadsworth, 74]

e D-infinity projection functions on each subterm (n is any integer):

M,N,.. :=x"|(MN)"|(Ax.M)"

e Conversion rule is:
(()\X_M)n+1/\/)p —> M{X = N[n]}[n][p]

n + 1is degree of redex

U[m][n] — U[p] where p = min{m, n}
X" {x:= M} = My



Strong normalization (2/3)

* Proposition Hyland-\Wadsworth calculus is derivable
from labeled calculus by simple homomorphism on labels.

Proof Assign an integer to any atomic letter and take:
h(a8) = min{h(a), h(5)}
h(lar]) = h(la]) = h(a) -1

* Proposition Hyland-\Wadsworth calculus strongly normalizes.

e Corollary When only a finite set of redex degrees is contracted,
there is strong normalization.



