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Abstract: The dynamics of processcalculi, e.g. CCS, have often been de¯ned using a
labelled transition system(LTS). More recently it has becomecommonwhen de¯ning dy-
namics to usereaction rules |i.e. unlabelled transition rules| together with a structural
congruence.This form, which I call a reactive system, is highly expressive but is limited in
an important way: LTSs lead more naturally to operational equivalencesand preorders.
This paper shows how to synthesisean LTS for a wide range of reactive systems. A label
for an agent (process)`a' is de¯ned to be any context `F' which intuitiv ely is just large
enoughso that the agent `Fa' (`a' in context `F') is able to perform a reaction step. The
key contribution of my work is the precisede¯nition of \just large enough" in terms of
the categorical notion of relative pushout (RPO). I then prove that several operational
equivalencesand preorders (strong bisimulation, weak bisimulation, the traces preorder,
and the failures preorder) are congruenceswhen su±cient RPOs exist.

Key-w ords: labelled transition, structural congruence,bisimulation, action calculi,
pushout



Synthèse de transitions étiquetées et de congruences

opérationnelles pour les systèmes réactifs, première partie

R¶esum¶e : La tradition veut que l'on d¶e¯nisse la dynamique des calculs de processus
tels que CCS µa l'aide d'un systµeme de transitions ¶etiquet¶ees(LTS). R¶ecemment, il est
devenu courant d'utiliser plut ôt desrµeglesde r¶eaction (c'est-µa-dire desrµeglesde transitions
non ¶etiquet¶ees)associ¶eesµa une congruencestructurelle. Cette pr¶esentation, que j'app elle
systµeme r¶eactif, est tr µes expressive, mais sou®red'une limitation importante : les LTS
permettent ded¶e¯nir demaniµereplus naturelle des¶equivalenceset pr¶eordresop¶erationnels.
Cet article montre comment synth¶etiser desLTS pour de largesclassesdesystµemesr¶eactifs.
On prend comme ¶etiquette d'un agent (processus)`a' n'imp orte quel contexte `F' qui,
intuitiv ement, est tout juste assezlargepour quel'agent `Fa' (`a' sousle contexte `F') puisse
e®ectuerune ¶etape de r¶eaction. Ma principale contribution est une d¶e¯nition pr¶ecisede
\juste assezlarge" µa l'aide de la notion cat¶egoriquedesommeamalgam¶eerelative(\relativ e
pushout", RPO). Je prouve ensuite que plusieurs ¶equivalenceset pr¶eordresop¶erationnels
(bisimulation forte, bisimulation faible, pr¶eordre destraces, pr¶eordre des¶echecs)sont des
congruenceslorsqu'il existe assezde RPO.

Mots-cl ¶es : transition ¶etiquet¶ee, congruencestructurelle, bisimulation, action calculi,
sommeamalgam¶ee
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2 J.J. Leifer

1 Introduction

1.1 Overview

This paper is concernedwith processcalculi, which are mathematical models of computa-
tion. Processcalculi come in many forms, but share several common features. Much as
the λ-calculus isolated the canonical featuresof sequential computation, processcalculi do
the samefor concurrent phenomena,such as non-determinism, synchronisation, and com-
munication. By concentrating on a few coresyntactic primitiv es,processcalculi provide a
setting in which to reasonabout thesephenomenawithout the added baggageassociated
with a full programming language.

There are three critical ingredients beyond syntax that a processcalculusmay possess.
I summarisethesenow and discusseach in greater detail later.

The ¯rst consistsof unlabelled transitions, or reactions as I call them in this paper,
which characterise only the internal state changesof an agent (a process). Reactions do
not require interaction with the surrounding environment.

The secondconsistsof labelled transitions, which characterise the state changesthat
an agent may undergoin concert with the environment. Each transition is associated with
a label, which records the interaction with the environment (for example an output on a
channel) that enablesthe transition. A label is thus an observation about the behaviour
of an agent. Normally, the reactions of an agent are special labelled transitions for which
the interaction with the environment is vacuous(so-calledτ -transitions).

The third consistsof operational preorders and equivalences, which characterisewhen
one computation is respectively behaviourally replaceableby, and behaviourally equal to,
another. An equivalenceis most useful when it is a congruence, i.e. is preserved by the
syntactic constructions of the calculus; in this case,proving the equivalenceof two large
agents can be reducedto proving the equivalenceof components. Thus congruenceis one
of the most desirableproperties an equivalencemay possess.Theseremarks apply as well
to operational preorders.

As I will describe later, much research has concentrated on ¯nding generalde¯nitions
of operational preordersand equivalencesin terms of labelled transitions. For any speci¯c
processcalculus, it is then a challengeto prove that the preorder or equivalencein question
is a congruence.But what happenswhen there are no labelled transitions, only reactions?
The latter situation hasbecomecommonsincereactionsprovide a cleanway of specifying
allowable state changes without commitment to particular observables. Reactions are
highly expressive but limited in an important way: they do not lead as naturally as
labelled transitions do to congruential operational equivalencesand preorders.

The central problem addressedby this paper is as follows: From a processcalculus
with only a reaction relation |called a reactive system| can we synthesisea tractable

INRIA



Synthesising Labelled Transitions and Operational Congruences in Reactive Systems,Part 1 3

labelled transition relation? By tractable, I mean two things: the labels comefrom some
small set; and, the labelled transitions readily yield operational preordersand equivalences
that are congruences.

My approach is to take a label to be a context (an agent with a hole in it). For
any agent a, a label is any context F which intuitiv ely is just large enough so that the
agent Fa (\ a in context F ") is able to perform a reaction. The key contribution of this
work is to make precisethe de¯nition of \just large enough" in terms of the categorical
notion of relative pushout (RPO) and to show that several operational equivalencesand
preorders, namely strong bisimulation, weak bisimulation, the traces preorder, and the
failures preorder, are congruenceswhen su±cient RPOs exist.

By showing that the RPO property is a su±cient condition for congruence,this paper
brings together two of the main themes of concurrency semantics: the failures preorders
of Hoare and Roscoe (developed originally for CSP) and the bisimulation equivalencesof
Milner and Park (developed originally for CCS). The former are model-theoretic, com-
paring programs as points in a complete partial order; the latter are operationally-based,
comparing programscoinductively. It is striking, therefore, that the sameRPO hypothesis
servesfor my congruenceproofs of both.

This paper is the ¯rst part of a seriesof two. The companionpaper [Lei02], referred to
asPart 2 throughout, provesthat a generalclassof functors doesindeedsatisfy the axioms
of a functorial reactive system(an elaboration of the notion of reactive systemreferred to
above). Moreover, it shows that a signi¯cant exampleof such, namely a simpli¯ed version
of Milner's action calculi, has su±cient RPOs, as required by all the congruenceproofs.

In the rest of this section, I discusssome of the history of operational congruences
and o®er some background as to why reactions have becomeprominent. I then sketch
the solution strategy presented in this paper. I relate my approach to work by other
researchers and to material I have jointly published. I conclude with an overview of the
structure of the sections.

1.2 Historical background and motivation

It may seemstrange at ¯rst to investigate the \deriv ation of operational congruences"
since congruenceis usually a postulated notion in mathematics: to de¯ne a model, one
chooseswhich elements are equivalent. But choosinghasbecomedi±cult for many models
of computation, creating a gap between the properties such as reaction that are easy to
postulate and those such as equivalencethat are useful to have.

To illustrate how this gap opened,let us look at somestrands in the history of process
calculi. Starting with the seminal work by E.F. Moore [Moo56] which examined \¯nite
automata from the experimental point of view", theoretical computer scientists have pur-
suedthe notion that the observablebehaviour of a computation is more fundamental than
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4 J.J. Leifer

the form in which the computation is written; in this view, two programs are equivalent
when they are indistinguishable by an outside observer. In the caseof automata, an ob-
servation consistsof a labelled transition of the form a x a′: automaton a can input the
label x and becomea′. (This is a slight simpli¯cation of Moore's original notion, which
distinguished input from output labels.)

One automaton re¯nes another if the former has a subsetof the labelled transitions of
the latter, whether or not the two havedi®erent syntactic forms. For example,a =̂ x.(y+ z)
and b =̂ x.y + x.z both can input the same strings of labels, 〈〉, 〈x〉, 〈xy〉, 〈xz〉, so are
equal (re¯ne each other) despite their syntactic di®erences. This notion of comparing
computations basedon their labelled transitions is now known as the traces preorder; the
interpretation of computations in terms of their traces is the traces model (see[Ros98]).

The traces preorder is attractiv e for its simplicit y, but is limited. Someof its inade-
quacieswith respect to particular applications were overcomein the late 1970sby Hoare
and Milner in ways that I describe below. The primary weaknessof the traces preorder
is its inabilit y to handle the subtleties of non-determinism. This is evident if we consider
the pair a, b de¯ned earlier. After inputting x, a is in a state that can input either y or
z; but b takesa \silent" choice (an internal choice not controllable by external in°uence)
when inputting x and enters oneof two states: either a state in which only y can be input
or a state in which only z can be input. Even though a and b have identical traces, their
non-deterministic behaviour is di®erent.

The problem of handling non-determinism together with causality (the dependenceof
one transition upon an earlier one) was ¯rst addressedby Petri nets (see, for example,
[Rei85]). Researchers on Petri nets did not originally consider equivalencesor preorders
for them. However, event structures, which are similar to traces but account for the
causality and non-determinism of events, are a setting for modelling Petri nets and other
causal systemsand yield notions of equivalence[WN95]. BecausePetri nets do not have
a compositional syntax, it is di±cult to understand what it meansfor an equivalenceto
be a congruence.For this reason,I do not discussthem further and con¯ne my attention
to processcalculi with compositional syntax.

Di®erent applications for processcalculi have di®erent informal requirements for when
the patterns of labelled transitions for two agents are the same (in the caseof equiva-
lences)or re¯ne one another (in the caseof preorders). No one de¯nition can be faithful
to all possible requirements. Given that, we can consider schemas parameterised by a
labelled transition relation for de¯ning di®erent equivalencesand preorders | and thus
take labelled transitions to be the postulated part of a processcalculus from which equiv-
alencesand preorders are derived. This di®erencelends labelled transitions their power:
a labelled transition relation captures the important interactions betweena computation
and its environment without making a commitment to a speci¯c equivalenceor preorder.

INRIA



Synthesising Labelled Transitions and Operational Congruences in Reactive Systems,Part 1 5

As I will discusslater, many new processcalculi for modelling distributed computation do
not include axioms for labelled transitions but instead rest on an even simpler base.

Hoare'swork on Communicating Sequential Processes(CSP) [Hoa78, Hoa85] and Mil-
ner's on Communicating Concurrent Systems(CCS) [Mil80, Mil88] addressedthe problem
of comparing computations in a way that is sensitive to non-determinism, and hencedis-
tinguishes a from b (the examplesI gave earlier).

Hoare's approach in CSP was to present every agent as an explicit set-theoretic con-
struction including, amongst other data, failures; the latter are traces, each of which is
enriched with a set of refusals indicating which labels may be refusedby the agent after
inputting the trace. For example, after inputing x, b can refuse y and can refuse z but
a cannot refuseeither. Each constructor in CSP (pre¯xing, parallel composition, choice,
etc.) is de¯ned in terms of the manipulation of failures (as a continuous function on the
complete partial order of agents). The explicit set-theoretic representation of agents in
CSP supports the designof model checkers [Ros94, Ros98] which are, for example, e®ec-
tiv e in detecting bugs in protocols [Low96]. I concentrate in this paper on the strand of
research originating with CCS, but return to the failures preorder in Subsection3.7 when
proving that it is a congruence.

In Milner's CCS, agents have a free syntax and the labelled transition relation is
generated by inference rules in the style of Plotkin's structured operational semantics
[Plo81], e.g.

x.a x a
a α a′

a + b α a′

Remark: Throughout this paper a, b, c, . . . are usedto denote agents even when this con-
tradicts historical conventions. The labels (ranged over by α . . .) compriseinput channels
x, y, z, . . . and output channels ¹x, ¹y, ¹z, . . . and a special distinguished element τ . This ter-
minology is somewhat misleading becauseno data is actually input or output; they are
just complementary °avours. In the π-calculus, which I describe later, the di®erencesare
signi¯cant.

The key idea in CCS is that of synchronisation. If one agent can output x and the
other can input x then their parallel composition can synchronise on x. The result is a
τ -transition which records the synchronisation but leaves the name on which it occurs
anonymous:

a x̄ a′ b x b′

a | b τ a′ | b′

Milner consideredseveral equivalencesfor CCS; the main oneswerestrong and weak bisim-
ulation. Both kinds employ a coinductive form of de¯nition which givesa powerful proof
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6 J.J. Leifer

technique for comparing agents (an idea that originates with Park [Par81]) and provide
a general way of de¯ning an equivalenceparameterisedby a labelled transition system.
Strong bisimulation relieson no assumptionsabout the underlying structure of the labels;
weak bisimulation requires a distinguished τ -transition. I will discussboth in detail later
(Subsection2.3 and Subsection3.5) but summarisethe two now.

Both strong and weak bisimulation are sensitive to non-determinism and are able to
distinguish the pair a, b described earlier in the discussionof the tracespreorder. A strong
bisimulation S is a relation on agents satisfying the following coinductive property: for
all (a, b) ∈ S and all labelled transitions a α a′, there exists b′ such that b α b′ and
(a′, b′) ∈ S (and vice versa). Informally , \if a and b are S-related then whatever a can do,
b can do too, and they both end up in S-related states; likewisefor whatever b can do".
The largest strong bisimulation relation (which is the union of all strong bisimulations) is
denotedby ∼. The largestweakbisimulation, denotedby ≈, is coarserbecauseit is °exible
in allowing τ -transitions to be collapsedand expandedwhen comparing two agents. For
example,a agent that inputs x and then immediately outputs y would be related by weak
bisimulation to one that inputs x, then has several τ -steps (internal computations), and
¯nally outputs y.

Milner provedthat both kinds of bisimulation arecongruences(though not with respect
to sum for weak bisimulation | seeSubsection3.5 for further discussion). Such proofs
require carein CCSand aremoredi±cult in later calculi. This is the price of avoiding CSP-
style explicit representations of agents and agent constructors. It is a central theme of this
paper to provide mathematical tools for easingthe burden of proving that operationally
de¯ned equivalences(such as bisimulation) are congruences.

The idea of using a τ -like transition to record a primitiv e computational step plays a
central role in later calculi. Thesetransitions are variously called reaction rules, reduction
rules, ¯ring rules, etc.; I shall use reaction rules throughout. In CCS, the τ transition
relation requiresthe entire collection of labelled transition rules to generateit. A dramatic
simpli¯cation was proposed in the Chemical Abstract Machine (CHAM) of Berry and
Boudol [BB90, BB92] and used in work [Mil92] on the π-calculus of Milner, Parrow, and
Walker [MPW89, MPW92]. Thesecalculi were the ¯rst to employ a lightweight quotient
of the agent terms, called a structural congruence,in order to make their reaction rules
easyto de¯ne. I shall con¯ne the discussionto the π-calculus. (CHAM treats the quotient
more explicitly with \heating and cooling" rules, though the idea is similar.)

Structural congruenceis an equivalencerelation ≡ on agents that allows the parts of
an agent to rearrangethemselves,e.g.

a | b ≡ b | a a | (b | c) ≡ (a | b) | c · · ·

The reaction relation , which characterisesthe primitiv e computational step (namely
communication of a name over a channel), is simple to de¯ne; it is the smallest relation

INRIA



Synthesising Labelled Transitions and Operational Congruences in Reactive Systems,Part 1 7

satisfying the rule

¹x〈y〉.a | x(z).b a | {y/z}b

that respects structural congruence

a ≡ a′ a′ b′ b′ ≡ b

a b

and is closedunder all non-guarding contexts C (e.g. c | −; seeSubsection2.1 for further
discussion)

a b

C[a] C[b]
.

Thus the agent ¹x〈y〉 | (c | x(z).b) has a reaction even though the parts neededto enable
the reaction | namely ¹x〈y〉 and x(z).b | are not adjacent:

¹x〈y〉 | (c | x(z).b) ≡ ( ¹x〈y〉 | x(z).b) | c {y/z}b | c .

The easewith which reaction rules are de¯ned in this style facilitated an outpouring of
new processcalculi for modelling encrypted communication [AG97], secureencapsulation
[SV99], agent migration [CG98, Sew98, FGL+96] and soon. Each isolatesa computational
phenomenonand presents it via a reaction rule together with a structural congruenceover
somesyntax. Here are two examplesof reaction rules:

� In Cardelli and Gordon's ambient calculus, one ambient may move inside another
(lik e a packet through a ¯rewall):

y[in x.a | b] | x[c] x[y[a | b] | c] .

� In Sewell and Vitek's Box-π calculus, a messagemay move from inside to outside a
wrapper and is decoratedwith the wrapper's name while doing so:

y[¹x↑v | b] ¹xȳv | y[b] .

In the π-calculus the communication of namesalong channels presented subtleties in
the design of a labelled transitions system and of equivalences(of which several are now
studied [SW01]); the proofs of congruencefor theseequivalencesrequire care. For many of
the newer calculi, such as those listed above, the problem of choosingappropriate labelled
transitions and proving that bisimulation is a congruenceis di±cult, and, in many cases,
not attempted. In all these cases,experimentation is costly: a slight modi¯cation of the
syntax or reaction rules often causesthe labelled transition relation to changeand breaks
congruenceproofs, forcing them to be reconstructed.
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8 J.J. Leifer

So the gap ¯rst described at the beginning of this subsection has widened as the
data de¯ning a typical processcalculus have changed. Labelled transitions are no longer
postulated primitiv esof a calculus but instead are teasedout from the four fundamental
components:

� syntax (agents and agent contexts);

� structural congruence;

� set of reactive (non-guarding) contexts;

� reaction rules.

I call a processcalculus containing thesecomponents a reactive system.

In this way, a reactive system closely resembles instances of the λ-calculus [Bar84].
The latter consist of a simple syntax, a structural congruencebasedon α-conversion, a
set of reactive contexts (known as \evaluation contexts" [FF86]) chosento force strategies
such as call-by-name or call-by-value, and a reaction rule basedon β-reduction.

There is however an important di®erencewhich renders the problem of ¯nding useful
equivalencesfor processcalculi more di±cult: their reaction relations are usually neither
con°uent nor normalising. As a result, equivalencesfor λ-calculi, such as those basedon
normal forms or on termination properties [Bar84, L¶ev78], do not provide viable routes
to follow. Therefore we need to consider equivalencesbased on bisimulation or other
techniques that make no assumptionsabout con°uenceor normalisation properties. Yet
bisimulation requireslabelled transitions, which are not provided in a reactive system,and
proofs of congruence,which can be di±cult and fragile, as already discussed. The next
subsectionoutlines the strategy for synthesisinglabelled transitions which is the basisfor
the work in this paper.

1.3 Contexts as labels

We wish to answer two questionsabout an arbitrary reactive system consisting of agents
(whosesyntax may be quotiented by a structural congruence)and a reaction relation
(generatedby reaction rules):

1. Can we synthesisea labelled transition relation λ whereλ comesfrom a small set
of labels that intuitiv ely re°ect how an agent interacts with its environment?

2. Under what general conditions is strong bisimulation (and, more generally, other
preordersand equivalences)over λ a congruence?

We can begin to addressquestion1 by consideringCCS. Let a, b rangeover agents, C,D,F

range over contexts (agents with a hole), and x range over names. The usual labelled

INRIA



Synthesising Labelled Transitions and Operational Congruences in Reactive Systems,Part 1 9

transitions λ for λ ::= ¹x
∣

∣ x
∣

∣ τ re°ect an agent's capability to engagein somebehaviour,
e.g. ¹x.a | b has the labelled transition x̄ because¹x.a | b can perform an output on x.
However, if we shift our emphasisfrom characterising the capabilities of an agent to the
contexts that enablethe agent to react, then we gain an approximate answer to question 1
by choosing the contexts themselvesas labels; namely we de¯ne

a F a′ i® Fa a′ (1)

for all contexts F . (We denote context composition and application by juxtap osition
throughout. We regard a context with a trivial hole asan agent, soapplication is a special
caseof composition.) Instead of observingthat ¹x.a | b \can do an ¹x" we might instead see
that it \in teracts with an environment that o®ersto input on x, i.e. reacts when placed
in the context − | x". Thus, ¹x.a | b

−|x
a | b.

The de¯nition of labelled transition in (1) is attractiv e when applied to an arbitrary
reactive system becauseit in no way dependsupon the presenceor absenceof structural
congruence. Furthermore, it is generatedentirely from the reaction relation (ques-
tion 1); and, strong bisimulation over the synthesisedlabelled transition relation · is a
congruence,(question 2). The proof of the latter is straightforward: let C be an arbitrary
context and supposea ∼ b; we show that Ca ∼ Cb. SupposeCa F a′; by de¯nition,
FCa a′, hencea FC a′. Sincea ∼ b, there exists b′ such that b FC b′ and a′ ∼ b′.
HenceCb F b′, as desired. The other direction follows by symmetry.

Nonetheless,the de¯nition in (1) is unsatisfactory: the label F comesfrom the set of all
contexts | not the \small set" asked for in question 1 | thus making strong bisimulation
proofs intolerably heavy. Also, the de¯nition fails to capture its intended meaning,namely
that a F a′ holds when a requires the context F in order that a reaction is enabled in
Fa: there is nothing about the reaction Fa a′ that forcesall of F | or indeed any of
F | to be used. In particular, if a a′ then for all contexts F that preserve reaction,
Fa Fa′, hencea F Fa′; thus a has many labelled transitions that re°ect nothing
about the interactions of a itself.

Let us unpack (1) to understand in detail where it goeswrong. Consider an arbitrary
reactive system equipped with a set Reactsof reaction rules; the reaction relation
contains Reactsand is preserved by all contexts, as formalised by the following axiom and
inferencerule:

l r if (l, r) ∈ Reacts
a a′

Ca Ca′
.

Expanding (1) according to this de¯nition of we have:

a F a′ i® Fa a′

i® ∃(l, r) ∈ Reacts, D. Fa = Dl & a′ = Dr . (2)
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10 J.J. Leifer
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The requirement Fa = Dl in (2) is rendered by a commuting square
(as shown in Figure 1) in some category whose arrows are the agents and
contexts of the reactive system. This requirement reveals the °aw described
earlier: nothing in (2) forcesF and D to be a \small upper bound" on a and l. The next
subsectionexploresthe challengesinvolved in making precisewhat \small upper bound"
means.

1.4 Relative pushouts

For several years I tried to make precise what \small" means. I was mired in detailed
arguments about speci¯c examplesof contexts for which I would search for a \dissection
lemma", having roughly the following form: given Fa = Dl, there exists a \maxim um"
C, such that for someF ′ and D′ we have F ′a = D′l, F = CF ′ and D = CD′. In other
words, dissectionpeelso®as much as possiblefrom the outside of F and D, decomposing
Fa = Dl as CF ′a = CD′l. If the dissection of Fa = Dl peelso® nothing, i.e. produces
the decomposition idFa = idDl, where id is the identit y context, then F and D are \a
small upper bound". But the problem then remains: when is C the \maxim um" possible
context that can be peeledo®?

In this subsectionI look at someexamplesof dissectionin order to illustrate just how
subtle the problem is. These examples motivate a solution that I intro duce here and
present in detail later in this paper.

For someparticular classesof contexts, it is easyto understand what to do. Consider
this exampleof two compositions Fa = Dl in a free term algebra:

(

α〈α′〈β〈−〉〉〉
)

◦ γ =
(

α〈α′〈−〉〉
)

◦
(

β〈γ〉
)

= α〈α′〈β〈γ〉〉〉 .

(For the sake of clarit y, I use◦ for composition in this example.) The maximum context
C that can be peeledo® is α〈α′〈−〉〉. Nothing more can be peeledo® becauseC = D.
The only other possibilities are− and α〈−〉, neither of which is asbig asC. SoC it is! Of
courseI am arguing informally here,but it is straightforward to make this line of thinking
precise.

Free term algebras are the simplest setting in which to consider dissection exactly
becausethey are free. When passing to a syntax quotiented by a non-trivial struc-
tural congruence,the question becomesdi±cult, especially when compounded with nam-
ing structure such as in the π-calculus. Consider a typical π-calculus agent such as
a =̂ (νu)( ¹x〈u〉 | x(z).¹y〈z〉). Notice that a contains a parallel constructor |, which is
associative and commutativ e and has identit y 0; also, u and z are bound, so are sub-
ject to α-conversion. Furthermore, the name x is used twice (which requires attention
when substituting another name for it) and is discardedafter the reaction a a′, where
a′ =̂ (νu)( ¹y〈u〉).
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out
out

outnu

nu

in

x

yx

y

Figure 2: A graphical representation of a π-calculus reaction (νu)( ¹x〈u〉 | x(z).¹y〈z〉)
(νu)( ¹y〈u〉)

This structure demands careful treatment and makes dissection for the π-calculus
di±cult: for term algebra, one can incrementally peel o® a top-level function symbol,
but for the π-calculus, there is no notion of a \top-lev el" constructor. The structural
congruenceof the π-calculus equatesso many di®erent syntactic representations of the
sameagent that it is di±cult to understandwhereto begin. Without any naming structure,
parallel composition becomeseasierto handle, as shown by Sewell [Sew]. As I explain in
Subsection1.5, it is the treatment of names that distinguishes the dissection results in
this paper from his.

A possibleapproach is to abandon tree-like syntax and to think in terms of graph-like
syntax that automatically quotients out many ignorable di®erences.Even if a dissection
result could be proved for somegraph-theoretic representation of the π-calculus, it would
not necessarilygeneralisesmoothly to other calculi. As a result, I studied dissection for
Milner's action calculi [Mil96], which are a family of reactivesystems.The syntax of action
calculi is su±ciently rich to embraceprocesscalculi such asπ-calculus, the λ-calculus,and
the ambient calculus. Action calculi are intro duced in Subsection4.2 in Part 2; here I
con¯ne my attention to a few salient features of their graphical form.

Consider the exampleshown in Figure 2; it illustrates a pair of action graphs |agen ts
in an action calculus| that represent the π-calculus reaction a a′ given earlier. An
action graph consistsof nodes(rectangleswith two blunt corners) and arcs:

� Nodesare labelled with controls from a control signature of primitiv es. Each action
calculus may have a di®erent control signature, such as {nu, in,out} for a simple π-
calculus without replication or choice, or {ap, lam} (application and λ-abstraction)
for the λ-calculus.
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M

N
L

K(0; 0)

L

K

KL N

(0; 0) (0; 0)

(0; 0)
(1; 1)

(0; 2)

(2; 0)M

M

a

l D ′

F ′

C

N

M
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F

L

N

K

Figure 3: A surprising dissection involving re°exion

(0; 2)

(0; 2)

(0; 2)
(0; 0)

F

F ′

D ′
(0; 0) (0; 2)

a t0

t1

l
t2

t3

D

K

K

K

K

(t1 ,t3)
(t1 ,t2)
(t0 ,t3)
(t0 ,t2)

C

(0; 4)

Figure 4: A surprising dissection involving forking

� Arcs represent names. They connect source ports to target ports. The sourceports
are arrayed on the left interface of an action graph (such as is shown for the action
graph nestedinside in) and on the right sideof nodes(e.g. nu); they also include free
names(e.g. y). The target ports are arrayed on the right interface of action graphs
and the left side of nodes. Arcs may be forked from a sourceport (such as the arcs
from x in the LHS) and may be discarded(such as the arc from x in the RHS).

How canweperform dissectionon action graphs? It is the wiring structure (the arcs) of
an action graph that makesdissectionso di±cult. Consider the exampleof a composition

INRIA



Synthesising Labelled Transitions and Operational Congruences in Reactive Systems,Part 1 13

m

a

l F

D

F ′

D′

C
Ĉ

F̂ ′

D̂′

JJ

Figure 5: A relative pushout

Fa = Dl shown in Figure 3. (This example is basedon one ¯rst suggestedby Philippa
Gardner.) The contexts F and D are just action graphs with a hole (shown as a shaded
rectangle). The composition Fa is formed by placing a inside the hole of F and joining up
the corresponding arcs. By reasoningabout the controls it is possibleto seewhich ones
can be peeledo®: F has N,M and D has N,L, so C might have N (the intersection of
the controls in F and D). Indeed, the C shown doeshave just onecontrol. But what arcs
should C have? Does the loop shown in C make C \maximal" in somesense?Should C

have other forked and discardedarcs? How can we choose?

The example in Figure 4 is even more curious: F and D have no nodesat all | they
are pure wiring contexts. SinceF = D and a = l, one might expect that the \maximal"
common part that can be peeledo® of Fa = Dl is F = D itself. This is not true! The
triple F ′, D′, C provides a better dissection in a way that I will make precisebelow.

The point of theseexamplesis to demonstratethat informal reasoningabout dissection
is di±cult when dealing with contexts containing wiring: There is almost no way to decide
just by looking at the arcs themselveswhether one dissection is better than another.

Out of this murkiness ¯nally emergeda clearer way. I cameupon an abstract charac-
terisation, called a relative pushout, of which dissectionsare \b est". By abstract, I mean
that the characterisation makesno useof any speci¯c properties of contexts except their
composability, thus can be instantly cast as a category theoretic property.

Consider the outside commuting squarein Figure 5 which shows Fa = Dl. A relative
pushout (RPO) for this square is a triple F ′, D′, C satisfying two properties: ¯rst, the
triple is a candidate, i.e. F ′a = D′l and CF ′ = F and CD′ = D; second,for any other
candidate F̂ ′, D̂′, Ĉ, there exists a unique mediating J making all the triangles commute
(as shown).

RPOs are the key contribution of this paper. It is by working with them, rather than
trying to come up with ad hoc ways of dissecting contexts in speci¯c examples,that we
gain two important advantages:
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14 J.J. Leifer

� RPOs are abstract: as I said before they do not rely on any speci¯c properties of
contexts exceptcomposability. By de¯ning labelled transitions in terms of RPO con-
structions, it is possiblecarry out proofs of congruence(seeSection 2 and Section 3)
for several operational equivalencesand preorders(strong bisimulation, weak bisim-
ulation, the traces preorder, and the failures preorder), for which the proofs do not
depend on any speci¯c properties of contexts except the existence of RPOs. Thus
theseresults are applicable to any reactive system which possessessu±cient RPOs.

� RPOs provide a unifying discipline for analysing contexts in speci¯c examples.The
fuzzinessabout which dissection is \b est" in the examplesof action graphs shown
earlier disappears: we want the candidate triple F ′, D′, C ′ from which there is a
unique mediator to any other candidate. By this requirement, the candidatesshown
in Figure 3 and Figure 4 are \b est". (There may be many best candidates, but
all of them are isomorphic to each other by standard categorical reasoning.) The
problem of ¯nding RPOs for graphs is non-trivial, as shown by the lengthy proofs
in Chapter 6 of [Lei01], but one is sustainedby the unambiguit y of the task: there
is no vaguenessabout the properties required of an RPO.

Thus, the notion of an RPO doesnot solve the problem of ¯nding a dissection,but it makes
the problem well-de¯ned and provides a reward for the e®ort by virtue of the congruence
proofs that rely on the existenceof su±cient RPOs.

1.5 Other work

This subsection brings together some of the important related work. There is a large
collection of literature about processcalculi, someof which I referred to in previous sub-
sections. I will concentrate on those piecesof research that most closely impinge on the
speci¯c problems that I addressin this paper.

The idea of ¯nding conditions under which a labelled transition relation yields an
operational congruencehas been thoroughly studied in work on structural operational
semantics (SOS) [GV92, TP97]. The principle is to postulate rule formats, conditions
on an inductive presentation of a labelled transition relation that ensurethat operational
equivalences(e.g. weak bisimulation [Blo93]) are congruences. There is a fundamental
di®erencebetweenthis problem and the one I am looking at. The work on SOSpresumes
that a labelled transition relation is already given: the problem is to show that if it satis¯es
a particular format then the congruencesfollow. My work takesreaction rules asprimitiv e,
not labelled transitions: I aim to synthesisea labelled transition relation from the reaction
rules for which operational equivalences(and preorders) are congruences.In my case,the
synthesisedlabelled transition relation is not inductiv ely presented. It is an open question
whether it can be inductiv ely presented and, further, whether this presentation satis¯es
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some well-known rule format from SOS theory: this possibility is discussedin greater
detail in Section 5 of Part 2, which covers future work.

The problem of deriving operational congruencesfor processcalculi from a reaction
relation and not from a labelled transition relation is studied in the work on barbed bisimu-
lation [MS92], insensitivity observation [HY95], and testing equivalence [DH84]. The ¯rst
two construct equivalencesby augmenting bisimulation over the reaction relation with
observations about related states. For example, in the former, the observations are barbs
which detect the abilit y of an agent to perform an output on a channel. The last (testing)
comparestwo agents by their abilit y to satisfy the same\may" and \m ust" tests.

Thus all three depend on primitiv e observations (not just reactions) though thesecan
be simpler than labelled transitions. The main obstacle to their use is the fact that they
do not yield congruencesbut instead needto be \closed up" by all contexts. For example,
it is straightforward to prove barbed equivalencein particular casesbut di±cult to show
barbed congruencebecauseof the heavy quanti¯cation over all contexts. Work by Fournet
[Fou98] and by Fournet and Gonthier [FG98] easethis burden with techniques that allow
a proof of barbed congruenceto be broken into pieces,each of which may be carried out
using other congruencerelations.

Je®reyand Rathke [JR99] used contexts as the basis for the labels of an LTS in the
caseof the ν-calculus (a variant of the λ-calculus with fresh name creation). They did
not synthesiseuniformly theselabels from a reaction relation but they wereguided by the
intuition that the labels are small contexts that enablea reaction. Theselabels give them
the right observational power to obtain useful congruencesbasedon bisimulation.

Sewell's work [Sew] is the closestto mine of all the material I havecited here. Hestudied
the problem of deriving contextual labels for a family of reactive systems(parameterised
by arbitrary reaction rules) whosesyntax consistsof free terms quotiented by a structural
congruencefor parallel composition. He de¯ned labelled transitions by explicitly reasoning
about how a label overlapswith a redex. From this de¯nition, he proved that bisimulation
is a congruenceby appealing to his speci¯c dissection results (not motivated by RPOs).
There are three important di®erencesin approach:

� He dealt with multi-hole redexeswhich capture the full uniformit y of metavariables,
thus leading to lighter labelled transitions than I can synthesise with my present
RPO technology. I discusspossibleremediesfor this in Section 5 in Part 2.

� He invented explicitly his de¯nition of labelled transition and his statement of dis-
section, both of which are complex, without employing RPOs (which I worked with
later). As as result, his proof of congruenceis not easily generalisableto other syn-
tactic families and other operational equivalences.It seemslikely, however, that his
dissection results imply the existenceof RPOs for the classof reactive systemshe
considered,and it would be worth trying to recast them so as to make this precise.
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16 J.J. Leifer

� He con¯ned his attention to free term algebraswith parallel composition and did not
handle wiring structure such as is shown in Figure 4. I discusswiring in Section 4
in Part 2 | and show detailed proofs involving it in Chapter 6 of [Lei01] where
the discipline of seekingRPOs guidesthe dissectioninvolved. Given the complexity
of Sewell's de¯nition of labelled transition and of his statement of dissection, it is
di±cult to seehow thesecould be generalisedto embracewiring without the bene¯t
of the notion of RPOs or other universal constructions.

The idea of RPOs ¯rst appears in [LM00], published jointly with Milner. It contains
congruenceresults for strong bisimulation and weakbisimulation for reactive system(thus
partly overlapping with Section 2 in the present paper) not the functorial reactive system
consideredhere in Section 3.

The presentation of action calculi contexts in Section 4 of Part 2 intersectswith that of
[CLM00], though the latter work doesnot contain any useof functorial reactive systems,
a substantial innovation of the present paper and Part 2.

Milner's recent study of bigraphical reactive systems[Mil01] attacks someof the open
problems brought out in the present paper and in Part 2. I have inserted pointers to
his work in the discussionabout the role of precategoriesin functorial reactive systems
(Subsection3.7 in Part 2) and in the description of future work related to nestedgraphs,
multi-hole contexts and metavariables in reactions, free namesand binding, and summa-
tion (all in Section 5 in Part 2).

In this paper, I have madeno useof the doublepushout techniquesdeveloped in graph
rewriting [Ehr79]. Theseare a way to describe the occurrenceof a subgraph |esp ecially
a redex| in a graph. To avoid confusion, I should emphasisethat relative pushouts play
quite a di®erent role. In my work, subgraph occurrencesare handled by embeddings
and contexts; the nature of the graphs (with forked wiring) seemsto require a speci¯c
approach. But it would be useful to examine in the future how the embeddingsrelate to
the double pushout construction, and how graph-theoretic representations of the syntax of
the π-calculusand other calculi formed by quotienting out structural congruencecompare
to similar work in graph rewriting [CM91, KÄon99].

The proofs contained in this paper and in Part 2 are sometimesomitted for the sake
of brevity. In all casesI refer to the full proof in my Ph.D. [Lei01].

1.6 Outline

The subsequent sectionsof this paper are organisedin the following way:

Section 2: I make precisethe notion of a reactive systemand give a de¯nition of labelled
transition in terms of idem pushouts(IPO), a sister notion of RPOs. I then present
a seriesof results using simple categorical reasoningthat shows how to manipulate

INRIA



Synthesising Labelled Transitions and Operational Congruences in Reactive Systems,Part 1 17

IPOs and RPOs. The main theorem then follows by direct use of the categorical
results from the section: if su±cient RPOs exist then strong bisimulation is a con-
gruence. I conclude by reproving the same theorem in a cleaner way by isolating
two lemmaswhich give derived inferencerules for labelled transitions.

Section 3: I generalisethe de¯nition of reactive systemby enriching it so as to comprise
two categorieswith a functor F between them. The idea is that the downstairs
category is the one in which one wishes to consider agents and contexts, but for
which enoughRPOs might not exist. The upstairs category doeshave RPOs but at
the cost of extra intensional information in the arrows and objects. By re¯ning the
de¯nition of labelled transition so that it relates arrows downstairs in terms of IPO
properties of their preimagesupstairs, I obtain congruenceresults for strong bisim-
ulation, weak bisimulation, the traces preorder, and the failures preorder. Finally, I
proposeaddedstructure neededin a functorial reactive systemto cater explicitly for
RPOs that yield multi-hole contexts. I concludeby proving that strong bisimulation
is a congruencehere as well.

Section 4: This section reviews someof the accomplishments of this paper.

Part 2 continuesthis thread of work. It shows that a generalclassof functors satis¯es
the axioms of functorial reactive systems,from which I argue that a subclassof Milner's
action calculi with su±cient RPOs is indeed an instance. Part 2 concludeswith a list
of open questions, whosesolutions are critical to the application of this work to a wide
variety of processcalculi.
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2 Operational congruences for reactive systems

2.1 Formalisation of reactive systems

In this subsection I investigate how to give reactive systems,which were intro duced in-
formally in Subsection1.2, a precisecategory-theoretic de¯nition. The goal is to include
appropriate categorical structure so that it is possible to synthesise labelled transitions
and prove that several operational equivalencesand preorders are congruences.To that
end, I ¯rst study relative pushouts(RPOs) and idem pushouts(IPOs), which are universal
constructions related to pushouts. I then show how to synthesiselabelled transitions from
a set of reaction rules, with IPOs playing the central role. Finally I prove by categorical
reasoningthat if su±ciently many RPOs exist then strong bisimulation is a congruence.
The next section considersricher notions of equivalencesand reactive systems, proving
that the former are congruences.

This paper employs only basiccategory theory, such assimple universalconstructions,
slices(and coslices),monoidal structures, and functors. Full explanations appear in the
classicwork by Mac Lane [Mac71], or in [BW01], which is online.

Throughout this section, I use lowercaseroman letters a, b, . . . for agents (processes)
and uppercaseroman letters C,D, . . . for agent contexts (processcontexts). Both are
arrows in a categoryof contexts (as explainedbelow). Juxtaposition is usedfor categorical
composition. Other notation is explained as it comesup.

How do we get at the essenceof reactive systems, i.e. how do we ¯nd mathematical
structure that is simple enoughto get general results about congruencesand rich enough
to encompasssigni¯cant examples?The key ingredients of a reactive system were shown
in Subsection1.2 and are recalled here:

� syntax (agents and agent contexts);

� structural congruence;

� set of reactive (non-guarding) contexts;

� reaction rules.

For each, I outline the mathematical designspaceand explain the decisionsI have taken.

syntax: Since contexts are composable, I take them to be the arrows of somecategory
C. This presents an immediate question. Are the objects of C agents or sorts?

Following the former route leads to a problem: If we think of a context C as an
embedding of an agent a into an agent a′, i.e. \ C : a a′ ", then there is no easy
way to apply C to a di®erent agent. For example, we cannot state the congruence
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property of an equivalence∼: if a ∼ b for agents a and b then C \applied to" a and C

\applied to" b are∼-equivalent for all contexts C. (In Chapter 6 of [Lei01] I discuss
embeddings, which are critical in proving the existenceof universal constructions
for categoriesof graphs.) Alternativ ely, if the objects are the sorts (or \t ypes" or
\arities") of the contexts, then agents area specialsubclassof contexts. In particular,
agents are contexts with a null hole, i.e. contexts whosedomain is somedistinguished
object 0. Now the congruenceproperty of∼ is neatly rendered: if a ∼ b for all arrows
a, b : 0 m, then Ca ∼ Cb for all arrows C with domain m.

For concreteness,consideras an example a category of contexts for someAlgol-lik e
programming language. The objects of the category could comprisethe usual types:
bool , int , cmd. Then we have the following examplesof arrows:

C0 =̂ if − then x := 0 else skip : bool cmd

C1 =̂ 14< − : int bool

C0C1 = if 14< − then x := 0 else skip : int cmd .

Another exampleis of a categoryof linear multi-hole term algebracontexts over some
signature §. Theseare consideredin more detail in Subsection3.8. The objects are
natural numbers. The arrows m n are n-tuples of terms over § ∪ {−1, . . . ,−m},
where each symbol −i is usedexactly once. For example, if § = {α, α′, β, γ}, where
α and α′ are constants, β is a 1-place function symbol, and γ is a 2-place function
symbol, then:

C0 =̂ 〈γ〈−2, α
′〉, α, β〈−1〉〉 : 2 3

C1 =̂ 〈α, β〈α′〉〉 : 0 2

C0C1 = 〈γ〈β〈α′〉, α′〉, α, β〈α〉〉 : 0 3 .

structural congruence: The main decisionhere is whether to make structural congru-
enceexplicit or implicit. The simplest solution (which is the onetaken in this paper)
is leave it implicit in the de¯nition of arrow equality | thus the arrows are structural
equivalenceclassesof contexts. Consequently , certain categories(such as those of
graph contexts, seeSection 4 in Part 2) do not have enoughuniversal constructions
to give the desiredcongruenceresults. In thesecases,we are forced to look for the
universal constructions in lessquotiented categoriesand then exhibit functors with
special properties back to the fully quotiented categories(seeSubsection3.2).

set of reactiv e contexts: This is modelled by a set D of arrows. Sincereactive contexts
are composableand identit y contexts are reactive, I take D to be a subcategoryof C.
Furthermore, decomposing reactive contexts yields reactive contexts, so D1D0 ∈ D
implies D1, D0 ∈ D .
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For example, in the call-by-value λ-calculus [Plo75], the reactive contexts consist of
all compositions of the following contexts:

− ap(v,−) ap(−, a)

where v is any value (closed abstraction) and a is any term. In the π-calculus
consideredin [Mil92], the reactive contexts consist of all compositions of following
contexts (closedunder structural congruence):

− (νx)(−) − | a

wherex is any nameand a is any process.Reactivecontexts correspond to evaluation
contexts of Felleisenand Friedman [FF86].

reaction rules: Theseare given by a set Reactsof redex-contractum pairs of agents (l, r)
with common codomain, i.e. (l, r) ∈ Reactsimplies that there is an object m of
C such that l, r : 0 m. For simplicit y, I consider redexesand contractums that
are pure agents, not agents with meta-variables (i.e. contexts). Thus, to de¯ne the
reactions of CCS, we let

Reacts=̂
{(

¹x.a | x.b , a | b
)

/ x is a name and a, b are agents
}

rather than:

Reacts=̂
{(

¹x.−1 | x.−2 , −1 | −2

)

/ x is a name
}

.

I use / throughout this paper for set comprehensions.The latter approach main-
tains the maximum uniformit y present in rules and is consideredin detail by Sewell
in [Sew]; however, that approach is complex and would require future work to adapt
it to the categorical setting of this paper (seeSection 5 in Part 2).

Distilling the structures described in the past paragraphsyields the following de¯nition
of a reactive system and a reaction relation:

De¯nition 2.1 (reactiv e system) A reactive system consists of a category C with
added structure. We let m,n range over objects. C has the following extra components:

� a distinguished object 0 (not necessarilyinitial);

� a set of reaction rules called Reacts⊆
⋃

m∈objC C(0,m)2, a relation containing pairs
of agents with common codomain;

� a subcategory D of C, whose arrows are the reactive contexts, with the property
that D1D0 ∈ D implies D1, D0 ∈ D . ¥
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De¯nition 2.2 (reaction relation) Given a reactive system C, the reaction relation
⊆
⋃

m∈objC C(0,m)2 contains pairs of agents with common codomain and is de¯ned
by lifting the reaction rules through all reactive contexts:

a a′ i® ∃(l, r) ∈ Reacts, D ∈ D . a = Dl & a′ = Dr . ¥

We now have enough de¯nitions to make precisethe ¯rst approximation for labelled
transitions given in (1). The only change is that we think of composing arrows rather
than \applying contexts" and we are careful about which contexts are reactive (by writing
D ∈ D below):

De¯nition 2.3 (lab elled transition | ¯rst appro ximation)

a F a′ i® Fa a′

i® ∃(l, r) ∈ Reacts, D ∈ D . Fa = Dl & a′ = Dr . ¥

¨

§

¥

¦

0 a

l F

D 6

The commuting square to the right renders the equality Fa = Dl. As I
argued in Subsection1.2, there may be \junk" in F and D, i.e. parts of F and
D that do not contribute to the reaction. For example, in a category of CCS
contexts, the outside squarein Figure 7 commutes. So, by the naive de¯nition of labelled
transitions given above,

¹x.a
−|x.b|y

a | b | y (3)

But the y in the label is super°uous. Is there a generalcondition on Figure 6 that prevents
this labelled transition, but still allows the following:

¹x.a
−|x.b

a | b ?

¨

§

¥

¦

0 x̄.a

x̄.a|x.b −|x.b|y

−|y

−|x.b

−
−|y

7

Informally , the condition would state that there is
no lesserupper bound in Figure 6 for a, l than F,D.
In Figure 7 there clearly is a lesserupper bound, as
illustrated by the triple of arrows inside the square.
In the following subsectionsI render this condition in
terms of categorical constructions and incorporate it
in a new de¯nition of labelled transitions. I then show that strong bisimulation is a
congruencewith respect to this labelled transition relation. A variety of preorders and
other operational equivalencesare discussedin the next section.

2.2 Categorical basis for contextual labels

The goal of this subsectionis to ¯nd a tractable de¯nition of a labelled transition relation,
onewhich readily leadsto congruential equivalencesand preordersand moreover facilitates
proofs concerning these relations. Intuitiv ely, the labels represent just the information
exchangedbetweenan agent and its environment in order to make a reaction.
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Figure 9: Non-existenceof pushouts
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Following the intuitions of the previous subsections concerning
Figure 6, the natural question is as follows. How can F,D be forced to
contain no \junk"? A possiblesolution is to require that F and D are
a \least upper bound" for a and l. The typical way to formulate this is
to state that the squarein Figure 8 is a pushout, i.e. has the property:
Fa = Dl, and for every F ′ and D′ satisfying F ′a = D′l there exists a unique G such that
GF = F ′ and GD = D′, as shown here.

Unfortunately, pushouts rarely exist in the categoriesthat interest us. Consider, for
example, a category of term contexts over a signature §; its objects consist of 0 and 1;
its arrows 0 1 are terms over §; its arrows 1 1 are one-holecontexts over §; there
are no arrows 1 0 and exactly one arrow id0 : 0 0. Now, if § contains only constant
symbols, say § = {α, α′}, then there is no pushout completing Figure 9(1) becausethere
are no contexts other than the identit y. If we intro duce a 2-placefunction symbol β into
§, we can construct an upper bound for α and α′ but still no pushout (Figure 9(2)).

A more re¯ned approach is to assert that F and D are a \minimal upper bound" |
informally, an upper bound for which there are no lesserupper bounds. Before de¯ning
this notion in terms of idem pushouts (IPOs), I give a more basic construction, namely
that of relative pushouts(RPOs). The latter, unlike pushouts, exist in many categoriesof
agent contexts.

The plan for the rest of this subsectionis to develop a sequenceof propositions that
will serve as a basis for the proofs of congruenceby categorical reasoning given in this
paper.

BecauseRPOs and IPOs are categoricalconstructions independent of reactive systems,
I shall work in this subsectionwith an arbitrary category C whosearrows and objects I
denoteby f, g, h, k, x, y, z and m,n; in pictures I omit labelson the objects when possible.

De¯nition 2.4 (RPO) In any category C, considera commuting square(Figure 10(1))
consisting of g0f0 = g1f1. An RPO is a triple h0, h1, h satisfying two properties:

commutation: h0f0 = h1f1 and hhi = gi for i = 0,1 (Figure 10(2));
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f0

f1 g0

g1

10(1)

m

f0

f1 g0

g1

h0

h1 h

10(2)

m

f0

f1 g0

g1

h0

h1
h

h′

h′

0

h′

1

kk

10(3)

Figure 10: Construction of an RPO

universality: for any h′0, h
′
1, h

′ satisfying h′0f0 = h′1f1 and h′h′i = gi for i = 0,1, there exists
a unique mediating arrow k such that h′k = h and khi = h′i (Figure 10(3)). ¥

A triple, such as h′0, h
′
1, h

′ given above, that satis¯es the commutation property, i.e.
h′0f0 = h′1f1 and h′h′i = gi for i = 0,1, is often called a candidate. Thus an RPO triple is
a candidate for which there is a unique mediating arrow from it to any other candidate.

An RPO for Figure 10(1) is just a pushout in the slice category of C over m. Thus an
RPO is a standard combination of categoricalconstructions | though it is not commonly
usedin category theory and its application to reactive systemsis novel.

In Part 2, I illustrate the existenceof RPOs for categoriesof graphs. For concreteness,
though, it is worth examining now the exampleof an RPO and another candidate shown
in Figure 11. The arrows are in a category of term algebra contexts over the signature
{α, β, γ, δ}, whereα is a constant and β, γ, δ are 1-placefunction symbols. The RPO triple
−, β〈−〉, δ〈γ〈−〉〉 adds just the minimal extra bit of context β〈−〉 to α in order to get an
upper bound for β〈α〉 and α; the arrow δ〈γ〈−〉〉 then provides the extra junk necessary
to recover the upper bound provided by the surrounding square. The reader may enjoy
checking that the candidate triple γ〈−〉, γ〈β〈−〉〉, δ〈−〉 is the only other non-trivial one
possibleand that the mediating dotted arrow γ〈−〉 is unique.

A squareis called an IPO if it has an RPO of a special kind:

De¯nition 2.5 (IPO) The commuting square in Figure 10(1) is an IPO if the triple
g0, g1, idm is an RPO. ¥

The di®erencebetween a pushout and an IPO is clearest in a partial order category:
a pushout is a least upper bound (i.e. less than any other upper bound) and an IPO is
a minimal upper bound (i.e. not greater than any other upper bound). IPOs form the
basisof our abstract de¯nition of labelled transition and their existencefollows from that
of RPOs as shown by the following lemma:
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β〈α〉

α δ〈γ〈−〉〉

−

δ〈γ〈β〈−〉〉〉

β〈−〉

δ〈γ〈−〉〉

δ〈−〉

γ〈−〉

γ〈β〈−〉〉

γ〈−〉

Figure 11: An exampleof an RPO and another candidate

¨

§

¥

¦

n

m

f0

f1 g0

g1

h0

h1 h

12 n

f0

f1 h0

h1 13

Prop osition 2.6 (IPOs from RPOs) If Figure 12
is an RPO diagram then the square in Figure 13 is an
IPO.

Pro of Arrow chasing. SeeProposition 2.7 in [Lei01].
¥

The next result provides a partial converseto the previous proposition. It servesas a
key part of the proof of IPO pasting which comesafterwards:

¨

§

¥

¦
m

f0

f1 h0

h1 14

f0

f1 hh0

hh1 15

m

f0

f1 hh0

hh1

h0

h1
h

16

Prop osition 2.7 (RPOs from IPOs)
If Figure 14 is an IPO and Figure 15 has
an RPO then Figure 16 is an RPO.

Pro of Arrow chasing. See Proposi-
tion 2.8 in [Lei01]. ¥

IPOs can be pastedtogether asshown by the following proposition, which is analogous
to the standard pasting result for pushouts.

¨

§

¥

¦
n m

f0

x y

g0

z

f1 g1 17 n m

f0

x
g0

f1

z

g1 18

Prop osition 2.8 (IPO pasting) Supposethat both
squares in Figure 17 commute and that Figure 18
has an RPO. Then the following properties hold of
Figure 17:

1. If the two squaresare IPOs then so is the big rectangle.

2. If the big rectangle and the left squareare IPOs then so is the right square.

Pro of Proposition 2.7 and arrow chasing. SeeProposition 2.9 in [Lei01]. ¥
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Finally, I concludethis collection of categorical results with two concerningIPOs; they
are not immediately relevant to this section, but play an important role, respectively, in
Proposition 3.15 and in Proposition 3.6 of Part 2.

The ¯rst shows how IPOs can arise from epis.

¨

§

¥

¦

f0

f1 id

g1 19

Prop osition 2.9 (IPOs from epis) Supposef1 is an epi. Then the outer
squarein Figure 19 is an IPO.

Pro of Arrow chasing. SeeProposition 2.11 in [Lei01]. ¥

The secondassertsthat only a subcategory of C plays any role in characterising that
a particular squareis an IPO.

¨

§

¥

¦

m

m′

f0

f1 g0

g1 20

Prop osition 2.10 (IPOs in a full sub category) Let m,m′ be objects
of C and let C ′ be a full subcategory of C satisfying the following property:

objC ′ ⊇ {n ∈ objC / ∃h ∈ C(m,n) & ∃h′ ∈ C(n,m′)} .

Supposethe squarein Figure 20 commutes, wherefi, gi ∈ C ′ for i = 0,1. Then the square
is an IPO in C i® it is an IPO in C ′.

Pro of The only arrows relevant to the squarebeingan IPO in C arecontained in C ′. ¥

2.3 Labelled transitions and congruence for strong bisimulation

The category theory developed in the previous subsectionprovides the machinery needed
in this subsection to accomplish two aims. The ¯rst is to improve the unsatisfactory
de¯nition of labelled transition given earlier (De¯nition 2.3). The secondis to prove that
strong bisimulation over the new labelled transitions is a congruence. I return to the
notations of Subsection2.1, using C for a reactive system, with a, b ∈ C ranging over
arrows with domain 0 (agents) and C,D,F ∈ C ranging over arbitrary arrows (contexts).

¨

§

¥

¦

0 a

l F

D 21

The new version of labelled transitions is a modi¯cation of the approxi-
mation given by De¯nition 2.3, where the condition Fa = Dl is strengthened
to require that the squarein Figure 21 is an IPO:

De¯nition 2.11 (lab elled transition) a F a′ i® there exists (l, r) ∈ Reactsand
D ∈ D such that Figure 21 is an IPO and a′ = Dr. ¥

This de¯nition assuresthat F,D provides a minimal upper bound on a and l, as
required in Subsection2.1. For supposethere is another upper bound F ′, D′, i.e. F ′a =
D′l, and also F = RF ′ and D = RD′ for someR. Then the IPO property for Figure 21
ensuresthat for someR′ (with RR′ = id) we have F ′ = R′F and D′ = R′D | so F,D

provides a \lesser" upper bound than F ′, D′ after all.

Prop osition 2.12 For all contexts F we have that a F a′ implies Fa a′. ¥
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The conversefails in general(which is good, giventhe remarksmadeafter De¯nition 2.3
about the ¯rst approximation for labelled transitions). I return to the converseproperty
later in Subsection3.4 in the special casethat F is an iso. Strong bisimulation over ·

follows its usual scheme[Par81]:

De¯nition 2.13 (strong bisim ulation over · ) Let S ⊆
⋃

m∈objC C(0,m)2 be a
relation that contains pairs of agents with common codomain. S is a simulation over ·

i® S satis¯es the following property for all (a, b) ∈ S: if a F a′ then there exists b′

such that b F b′ and (a′, b′) ∈ S. S is a strong bisimulation i® S and S−1 are strong
simulations. Let ∼ be the largeststrong bisimulation over · . ¥

I now state and prove the congruenceresult for strong bisimulation, oneof the central
results of this paper: if C hasa su±ciently rich collection of RPOs then ∼ is a congruence.

De¯nition 2.14 (C has all redex-RPOs) Say that C has all redex-RPOs if for all
(l, r) ∈ Reactsand arrows a, F,D such that D ∈ D and Fa = Dl, the squarein Figure 21
has an RPO. ¥

Theorem 2.15 (congruence for ∼) Let C be a reactive system which has all redex-
RPOs. Then ∼ is a congruence,i.e. a ∼ b implies Ca ∼ Cb for all C ∈ C with required
domain.

Pro of By symmetry, it is su±cient to show that the following relation is a strong sim-
ulation:

S =̂ {(Ca,Cb) / a ∼ b and C ∈ C} .

The proof falls into three parts, each of which is an implication as illustrated in
Figure 22(1). Dashed lines connect pairs of points contained within the relation anno-
tating the line. Each arrow \ ⇓ " is tagged by the part of the proof below that justi¯es
the implication. Supposethat a ∼ b and C ∈ C, and thus (Ca,Cb) ∈ S.

(i): If Ca F a′ then, by de¯nition, there exists (l, r) ∈ Reactsand D ∈ D such that the
big rectanglein Figure 22(2) is an IPO and a′ = Dr. BecauseC hasall redex-RPOs,
there exists F ′, D′, C ′ forming an RPO as in Figure 22(2); moreover, D′, C ′ ∈ D
sinceC ′D′ = D ∈ D . By Proposition 2.6, Figure 22(3) is an IPO. BecauseC hasall
redex-RPOs,Proposition 2.8 implies that Figure 22(4) is an IPO too. By de¯nition,
a F ′

D′r and a′ = C ′D′r.

(ii): Since a ∼ b, there exists b′′ such that b F ′

b′′ and D′r ∼ b′′. By de¯nition there
exists (l′, r′) ∈ Reactsand E ′ ∈ D such that Figure 22(5) is an IPO and b′′ = E′r′.

(iii): Because C has all redex-RPOs, Proposition 2.8 implies that we can paste
Figure 22(5) with Figure 22(4) (both IPOs) alongF ′ and concludethat Figure 22(6)
is an IPO. HenceCb F C ′E′r′ and (C ′D′r, C ′E′r′) ∈ S becauseD′r ∼ E′r′, as
desired. ¥
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Ca a′=C′D′r
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0 b

l′ F ′

E′

22(5)

0 b

l′

C

F

E′ C′
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Figure 22: Congruenceproof for strong bisimulation

The crux of the above proof is that Figure 22(4), which mediates between an F ′-
labelled transition of a and an F -labelled transition of Ca, is \p ortable", i.e. can be
pasted onto a new diagram, serving the samefunction for b and Cb. This essential idea
appears to be robust under variation both of the de¯nition of labelled transition and of
the congruencebeing established. Many examplesare shown in Section 3.

We can isolate precisely in two lemmas how such portable IPO squaresare cut and
then pasted. These lemmas are just pieces of the congruenceproof above, but their
factorisation from the main proof greatly simpli¯es the latter and lays the ground for
tractable presentations of more di±cult congruencesresults in the next section.

The ¯rst lemma shows that portable IPO squaresarise when a composite agent has a
labelled transition:

Lemma 2.16 (p ortable IPO cutting) If C has all redex-RPOs then the following
inferencerule holds:

Ca F a′

∃ a′′ and an IPO
C

F ′ F

C′

. a F ′

a′′ a′ = C ′a′′ C ′ ∈ D

.

¥

The secondshows how to \paste" a portable squareto gain a labelled transition of a
composite agent:
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Lemma 2.17 (p ortable IPO pasting) If C has all redex-RPOs then the following
inferencerule holds:

C

F ′ F

C′

is an IPO a F ′

a′′ C ′ ∈ D

Ca F C ′a′′
.

¥

We can now replay the proof of Theorem 2.15 in a more conciseform by employing
theselemmas: ¨

§

¥

¦

C

F ′ F

C′ 23
(i): If Ca F a′ then by Lemma 2.16, there exists a′′ and an IPO square

shown in Figure 23 such that

a F ′

a′′ a′ = C ′a′′ C ′ ∈ D .

(ii): Sincea ∼ b, there exists b′′ such that b F ′

b′′ and a′′ ∼ b′′.

(iii): SinceFigure 23 is an IPO and C ′ ∈ D , Lemma 2.17 implies that Cb F C ′b′′. Also,
a′′ ∼ b′′ implies (C ′a′′, C ′b′′) ∈ S, as desired.

Let us return to Lemma 2.16 in order to exposean odd property. The Lemma contra-
dicts the situation in many processcalculi: normally, Ca F does not necessarily imply
that a has any labelled transitions. In CCS, for example, 0 | x x (using the tradi-
tional CCS non-contextual labels) but 0 has no transitions. As a result, in typical proofs
of congruencefor strong bisimulation, two casesare distinguished when considering the
transition Ca F (using the notation of this section):

� C and F together conspire to create the transition without referenceto a. In this
caseCb F holds without using the assumptionthat a ∼ b. (For example,see\Case
2" on p. 98 of [Mil88].)

� Or, a, C, and F together conspire to create the transition, as in part (i) above.

Recasting the CCS example in terms of contextual labels, we have that 0 | x
−|x̄

. But
then there is a contextual transition for 0, namely 0

−|x|x̄
, though not a satisfactory one:

the label provides the entire redex, without any contribution from 0. This is attributable
to a defect in the de¯nition of contextual labelled transitions: if a F , the IPO property
requiresthat F contain parts of the relevant redexand no extra junk, but doesnot prevent
F from containing all of the redex.

It is by enriching the categorical structure to express multi-hole contexts (see
Subsection3.8) that we eliminate this defect of transitions. When we do, exactly the
samecaseanalysis (shown above) is carried out when proving congruence.
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3 Further congruence results

3.1 Introduction

This section generalisesthe de¯nition of labelled transition given in the previous section
and provides congruenceproofs for additional equivalencesand preorders. These include
weak bisimulation, the traces preorder, and the failures preorder. I will describe them in
turn as each congruenceproof is presented.

The more important step, though, is the generalisation of reactive systems and la-
belled transitions. In the previous section, the central hypothesis required in the proof
of congruencefor strong bisimulation is that the reactive system C has all redex-RPOs.
This section addressesthe problem of what to do if C does not possesssu±cient RPOs.
Such a situation ariseswhen considering, for example, a category of graph contexts (see
Subsection4.3 in Part 2). Roughly, the lack of RPOs is attributable to the absenceof
enoughintensional information about the occurrenceof nodes: it is ambiguouswhich node
in a context corresponds to a node in the composition of the context with another. Thus
if C0B0 = C1B1, it is ambiguous which nodes are common to both C0 and C1 and thus
impossibleto choosethe context to be factored o®when constructing an RPO.

What can be done when there are not enoughRPOs in a reactive system? In general,
it is not a good solution simply to enrich the reactive system to force it to have enough
RPOs. The enrichment could yield a category with too much intensional information. For
example, the enrichment consideredfor graph contexts (Subsection4.6 in Part 2) forces
arrows with the samedomain and codomain to have the samenumber of nodes. Sincethe
de¯nition of strong bisimulation requires that a ∼ b implies that a, b : 0 m for some
object m, the strong bisimulation relation could only comparearrows of the samenumber
of nodes. Such a restriction is unacceptablebecausestrong bisimulation should include
pairs of agents with widely di®ering static structure.

The solution presented in this section is to accommodate two categories Ĉ and C
related by a functor:

Ĉ

C

F

.

The idea is that C is a reactive system,whosearrows correspond to the agents and agent
contexts; C doesnot necessarilyhave enoughRPOs. Sitting \ab ove" C is Ĉ , a category
with su±cient RPOs. The de¯nition of the labelled transition relates arrows in C, just
as in the previous section: i.e. a F a′ is de¯ned for a, a′ agents in C and F an agent
context of C. But, by contrast with the previous section, the de¯nition is given in terms
of the existenceof an IPO \upstairs" in Ĉ . (If Ĉ = C and F is the identit y functor, then
the new de¯nition of this section collapsesinto the old one given in the previous.)
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Thus we get the best of both worlds: the agents whoselabelled transition behaviour
we considerneednot contain any super°uous intensional data; as long aswe can construct
a more intensional category above containing su±cient RPOs and a suitable functor, then
we can get congruence results downstairs.

¨

§

¥

¦

C

F
′ F

C
′ 24

C0

F
′

0 F0

C
′

0 25

These congruenceresults require the functor F : Ĉ C to
satisfy certain properties. Most are trivial but one is interesting,
namely that F allows IPO sliding. Recall from the previous sec-
tion that the crux of the congruenceproof for strong bisimulation was the portabilit y of
the IPO square that related F ′-transitions of an agent to F -transitions of C applied to
the agent. This squarewas cut o® when passingfrom Ca F to a F ′

and then pasted
back on when passingfrom b F ′

to Cb F . In the new de¯nition of labelled transition
consideredin this section, the pasting operation is more complex. The portable square,
e.g. Figure 24, now livesin Ĉ (the upstairs category) and its left leg is F

′, somearrow for
which F(F′) = F ′. (Teletype font is usedfor arrows in Ĉ .) However, the transition b F ′

is justi¯ed by an IPO squareupstairs whoseright-leg is F
′
0, an arrow in the preimageof F ′

not necessarilyequal to F
′. Thus Figure 24 cannot be pasted without ¯rst sliding it to a

new IPO square,e.g. Figure 25, whoseleft-leg is F
′
0 and whoseF-image is kept invariant.

The present section assumesthat F allows IPO sliding; Section 3 in Part 2 proves that
this is the casewhen F is of a certain general form.

The outline of this section is as follows. In the next subsection,I de¯ne the notion of
a functorial reactive system,giving preciserequirements for F . Then I de¯ne the reaction
and labelled transition relations. In the following subsection,I prove someresults about
portable IPO squaresthat are direct analogiesto those (Lemma 2.16 and Lemma 2.17)
at the end of the previous section. The main subsectionsare concernedwith a seriesof
congruenceproofs for strong bisimulation, weak bisimulation, the tracespreorder, and the
failures preorder. The ¯nal subsectiontreats a richer notion of functorial reactive system
with arrows corresponding to multi-hole contexts and shows that strong bisimulation is
indeed a congruencehere as well.

3.2 Functorial reactive systems

The ¯rst part of the setup is to de¯ne precisely the notion of functorial reactive system,
which was intro duced informally above. Its de¯nition rests on that of a reactive system,
given in the previous section, which we recall here ¯rst for easeof reference:

De¯nition (reactiv e system recalled | see De¯nition 2.1) A reactive system
consistsof a category C with added structure. We let m,n range over objects. C has the
following extra components:

� a distinguished object 0 (not necessarilyinitial);
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� a set of reaction rules called Reacts⊆
⋃

m∈objC C(0,m)2, a relation containing pairs
of agents with common codomain;

� a subcategory D of C, whose arrows are the reactive contexts, with the property
that D1D0 ∈ D implies D1, D0 ∈ D . ¥

De¯nition 3.1 (functorial reactiv e system) Let C be a reactive system. A functorial
reactive systemover C consistsof a functor F : Ĉ C which mapsa distinguished object
" ∈ obj Ĉ to 0 (the distinguished object of C) and which satis¯es the following properties.

F lifts agents: for any a : 0 m there exists a : " m such that F(a) = a.

F creates isos: if F(C) is an iso then C is an iso.

F creates comp ositions: if F(C) = C1C0, there exist C0, C1 ∈ Ĉ such that C = C1C0 and
F(Ci) = Ci for i = 0,1.

¨

§

¥

¦

C

F
′ F

C
′ 26

C0

F
′

0 F0

C
′

0 27

F allo ws IPO sliding: for any IPO squareas in Figure 26 and
any arrow F

′
0 with F(F′0) = F(F′) there exist C0, C′0, F0 form-

ing an IPO squareas in Figure 27 with

F(C0) = F(C) F(C′0) = F(C′) F(F0) = F(F) . ¥

Throughout this section, I use uppercaseteletype characters to denote arrows in Ĉ
and lowercaseteletype characters (a, l, . . .) to denote arrows with domain " in Ĉ .

The F imagesof theseare agents in C. The special domain requirement of a, l, . . . is
left tacit throughout this section: thus (∃l ∈ Ĉ . . . .) means(∃l ∈ Ĉ . Doml = " & . . .).

The de¯nition of the reaction relation is identical to the one given earlier:

De¯nition (reaction relation ( ) recalled; cf. De¯nition 2.2) Given a functorial
reactive systemF : Ĉ C, the reaction relation ⊆

⋃

m∈objC C(0,m)2 contains pairs
of agents with common codomain and is de¯ned by lifting the reaction rules through all
reactive contexts: a a′ i® there existsD ∈ D and (l, r) ∈ Reactssuch that a = Dl and
a′ = Dr. ¥

This de¯nition has an alternativ e characterisation given by the following result:

Prop osition 3.2 (characterisation of ) a a′ i® there exist a, l, D ∈ Ĉ and
r ∈ C such that a = Dl and

a′ = F(D)r F(D) ∈ D (F(l), r) ∈ Reacts

F(a) = a .

Pro of Follows immediately becauseF lifts agents and createscompositions. ¥
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We now turn to the de¯nition of labelled transition. As stated earlier, · is a ternary
relation whosearguments are all arrows in C. The original requirement that a particular
squarebe an IPO in C (seeDe¯nition 2.11) is replacedhere by requiring that there exist
a preimageof this squarethat is an IPO in Ĉ :

¨

§

¥

¦

a

l F

D
28

De¯nition 3.3 (lab elled transition ( · ); cf. De¯nition 2.11) a F a′

i® there exist a, l, F, D ∈ Ĉ and r ∈ C such that Figure 28 is an IPO in Ĉ and

a′ = F(D)r F(D) ∈ D (F(l), r) ∈ Reacts

F(a) = a F(F) = F . ¥

Notice that a′, the RHS of the transition, is required to beF(D)r, and not F(Dr) for some
r with F(r) = r. This is important since it allows the reaction rules Reactsto contain
pairs (l, r) for which F-preimagesof l and r might not have common codomains.

By analogy with De¯nition 2.14, we can de¯ne when a functorial reactive systemF

has all redex-RPOs;the primary di®erenceis that here the RPOs exist upstairs in Ĉ , not
downstairs in C:

¨

§

¥

¦

a

l F

D
29

De¯nition 3.4 (F has all redex-RPOs; cf. De¯nition 2.14) A functorial
reactive system F : Ĉ C has all redex-RPOs if any square, such as in
Figure 29, has an RPO, provided that F(D) ∈ D and that there exists r ∈ C
such that (F(l), r) ∈ Reacts. ¥

Note that we do not demand that all RPOs exist, just onesfor which the left-leg of the
enclosingsquareis a preimageof a redexand the bottom leg is a preimageof an arrow in D .
(This narrowing of the de¯nition is exactly analogousto what happensin De¯nition 2.14.)

3.3 Cutting and pasting portable IPO squares

This subsectionreplays the results at the end of the previous section which show how to
cut and pasteportable IPO squares.The main di®erencelies in the proof of pasting: here
we make explicit useof the assumption that F allows IPO sliding.

The ¯rst result shows how the transitions of composite agents yield IPO squares:

Lemma 3.5 (p ortable IPO cutting; cf. Lemma 2.16) SupposeF : Ĉ C is a
functorial reactive system and has all redex-RPOs. The following inferencerule holds:

Ca F a′

∃ a′′ ∈ C and an IPO square
C

F
′ F

C
′

.

(

a
F(F′)

a′′ a′ = F(C′)a′′ F(C′) ∈ D
F(C) = C F(F) = F

)

.
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a

l

C

F
′

F

D

D
′

C
′

30

Pro of By the de¯nition of F and the hypothesisthat F createscom-
positions, there exists a, C, l, F, D ∈ Ĉ and r ∈ C such that the big
rectangle in Figure 30 is an IPO and

a′ = F(D)r F(D) ∈ D (F(l), r) ∈ Reacts

F(a) = a F(C) = C F(F) = F .

BecauseF hasall redex-RPOs,there exist F′, D′, C′ forming an RPO in Ĉ , as in Figure 30.
Then F(C′) ∈ D sinceF(C′)F(D′) = F(D) ∈ D . By Proposition 2.6, the small left-hand
squareof Figure 30 is an IPO. BecauseF hasall redex-RPOs,Proposition 2.8 implies that
the small right-hand square is an IPO too. By de¯nition, a

F(F′)
a′′ and a′ = F(C′)a′′

where a′′ =̂ F(D′)r. ¥

The next result showshow the reactionsof compositeagents canbedecomposed.There
is no analogueof this result the previous section since it is not neededin the congruence
proof for strong bisimulation.

Lemma 3.6 (p ortable IPO cutting for reactions) SupposeF : Ĉ C is a functorial
reactive system and has all redex-RPOs. The following inferencerule holds:

Ca a′

∃ a′′ ∈ C and C
′, F′ ∈ Ĉ .

(

a
F(F′)

a′′ a′ = F(C′)a′′ F(C′) ∈ D
F(C′F′) = C

)

.

Moreover, if F′ is an iso in the conclusionthen it is equal to id.

Pro of SeeLemma 3.6 in [Lei01]. ¥

The ¯nal result shows how to pastea portable IPO squarein order to gain a transition
for a composite agent. As stated above, this is where IPO sliding is used:

Lemma 3.7 (p ortable IPO pasting; cf. Lemma 2.17) SupposeF : Ĉ C is a
functorial reactive system and has all redex-RPOs. The following inferencerule holds:

C

F
′ F

C
′

is an IPO a
F(F′)

a′ F(C′) ∈ D

F(C)a
F(F)

F(C′)a′
.

Pro of SeeLemma 3.7 in [Lei01]. ¥

That concludesthe setup for functorial reactive systems. The rest of the section is
devoted to a sequenceof congruenceproofs.
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Ca a′=F(C′)a′′

⇓(i)

a a′′

⇓(ii)

b b′′

⇓(iii)

Cb F(C′)b′′

F

S S

F

F(F′)

∼

F(F′)

∼

Figure 31: Schema of the congruenceproof for ∼

3.4 Strong bisimulation

This subsectionproves that strong bisimulation is a congruencefor a functorial reactive
system. The de¯nition is straightforward:

De¯nition 3.8 (strong bisim ulation over · ; cf. De¯nition 2.13) Let ∼ be the
largest strong bisimulation over · . ¥

The proof of congruenceis almost identical to the one presented at the end of the
previous section: the only di®erenceis that the updated IPO cutting and pasting results
for functorial reactive systemsare substituted for the old ones.

Theorem 3.9 (congruence for ∼) Let F : Ĉ C be a functorial reactive system
which has all redex-RPOs. Then ∼ is a congruence,i.e. a ∼ b implies Ca ∼ Cb for all
C ∈ C of the required domain.

Pro of By symmetry, it is su±cient to show that the following relation is a strong sim-
ulation:

S =̂ {(Ca,Cb) / a ∼ b and C ∈ C} .

The proof falls into three parts, each of which is an implication as illustrated in Figure 31.
Dashed lines connect pairs of points contained within the relation annotating the line.
Each arrow \ ⇓" is tagged by the part of the proof below that justi¯es the implication.
Supposethat a ∼ b and C ∈ C, and thus (Ca,Cb) ∈ S.
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§

¥

¦

C

F
′ F

C
′ 32

(i): If Ca F a′ then by Lemma 3.5, there exist a′′ ∈ C and an IPO square
shown in Figure 32 such that a

F(F′)
a′′ and

a′ = F(C′)a′′ F(C′) ∈ D

F(C) = C F(F) = F .

(ii): Sincea ∼ b, there exists b′′ such that b
F(F′)

b′′ and a′′ ∼ b′′.

(iii): SinceFigure 32 is an IPO and F(C′) ∈ D , Lemma 3.7 implies that Cb F F(C′)b′′.
Also, a′′ ∼ b′′ implies (F(C′)a′′,F(C′)b′′) ∈ S, as desired. ¥

In most processcalculi the reaction relation and the τ -labelled transition relation
coincide. See, for example Proposition 5.2 in [Mil92] and Theorem 2 in [Sew00]. A τ

transition is a \silent move": a transition that takes place without interacting with the
external environment. Intuitiv ely, a τ -labelled transition corresponds to an id-labelled
transition when using contexts as labels, i.e. a id a′ i® the environment needonly supply
a vacuous identit y context in order to enable a to react. However, if we look carefully
at the de¯nition of labelled transition given in De¯nition 3.3 and the characterisation of
reaction in Proposition 3.2, we seethat id and are not necessarilyidentical. There
is an implication in one direction, namely id ⊆ , since every IPO square is also a
commuting square,but not necessarilythe converse. Indeed, Figure 3 contains a non-IPO
commuting squarewhoseoutermost legson the right are both identit y arrows.

In the special situation when all preimagesof redexesare epis, id and do coincide,
thanks to Proposition 2.9. This situation is explored at the end of this subsection in
Proposition 3.15.

Before taking the epi hypothesis on board let us a consider an alternate de¯nition of
labelled transition for which we do recover the reaction relation:

De¯nition 3.10 (lab elled transition by cases ( ·
c ))

a F
c a′ i®

{

Fa a′ if F is an iso

a F a′ if F is not an iso .

¥

It follows immediately from the de¯nition that a id
c a′ i® a a′. Furthermore, the

induced strong bisimulation (de¯ned next) is a congruence,as shown below. It is worth
considering whether there are other de¯nitions that recover the reaction relation but do
not involve caseanalysis. This point is taken up in Appendix B in [Lei01] where I present
a de¯nition of labelled transition involving retractions that satis¯es this requirement; I
show furthermore that this de¯nition induces a congruencewhich includes ∼c. Let us
return to the main °ow of the argument now and consider∼c in detail.
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De¯nition 3.11 (strong bisim ulation over ·
c ) Let ∼c be the largest strong bisim-

ulation over ·
c . ¥

Theorem 3.12 (congruence for ∼c) Let F : Ĉ C be a functorial reactive system
which has all redex-RPOs. Then ∼c is a congruence,i.e. a ∼c b implies Ca ∼c Cb for all
C ∈ C of the required domain.

Pro of SeeTheorem 3.12 in [Lei01]. ¥

Because · and ·
c are socloselyrelated, it is not surprising that the induced congru-

encesare also related. Indeed the following result shows that ∼c is a coarserequivalence
than ∼. It is an open question whether there exists a functorial reactive systemfor which
the inequality is strict.

Prop osition 3.13 (∼ ⊆ ∼c) Let F : Ĉ C be a functorial reactive system which has
all redex-RPOs. Then ∼ ⊆ ∼c.

Pro of SeeProposition 3.13 in [Lei01]. ¥

I now return to the epi hypothesisdiscussedearlier and show that if it is satis¯ed then
· = . A corollary is that · = ·

c and thus ∼ = ∼c. (In Chapter 7 of [Lei01], I
show exact conditions on redexesof a functorial reactive system of graph contexts which
hold i® the epi hypothesis is satis¯ed.)

De¯nition 3.14 (redexes have epi preimages) Let F : Ĉ C be a functorial
reactive system. Say that redexeshaveepi preimagesi® for all l ∈ Ĉ , if there exists r ∈ C
such that (F(l), r) ∈ Reacts, then l is an epi. (Recall that lowercaseteletype letters stand
for arrows in Ĉ with domain " .) ¥

¨

§

¥

¦

a

l id

D
33

Prop osition 3.15 Let F : Ĉ C be a functorial reactive system. Suppose
that redexeshave epi preimages.Then id = .

Pro of Follows from Proposition 2.9. SeeProposition 3.15 in [Lei01]. ¥

Corollary 3.16 Let F : Ĉ C be a functorial reactive system which has all redex-
RPOs. Supposethe epi hypothesis of Proposition 3.15 is satis¯ed, namely, the preimage
of every redex is an epi. Then · = ·

c and thus∼ = ∼c.

Pro of SeeCorollary 3.16 in [Lei01]. ¥

3.5 Weak bisimulation

Weak bisimulation [Mil88] is a coarser equivalence than strong bisimulation and is less
sensitive to the number of silent stepsmade by the agents it compares. A single labelled
transition by one agent may be matched by a weak labelled transition of another, namely
a sequenceof reactions, followed by a like transition, followed by further reactions.
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De¯nition 3.17 (w eak lab elled transition ( · )) The weak labelled transition relation
is de¯ned as follows:

a F a′ i® a
∗ F ∗

a′ . ¥

The de¯nition of weak bisimulation follows exactly the form set out by Milner:

De¯nition 3.18 (w eak bisim ulation over · ; cf. De¯nition 5 on p. 108 in
[Mil88 ]) Let S ⊆

⋃

m∈objC C(0,m)2 be a relation that contains pairs of agents with
commoncodomain. S is a weak simulation over · i® it satis¯es the following properties
for all (a, b) ∈ S:

1. If a a′, then there exists b′ such that b
∗
b′ and (a′, b′) ∈ S.

2. If a F a′ where F is not an iso, then there exists b′ such that b F b′ and
(a′, b′) ∈ S.

S is a weak bisimulation i® S and S−1 are weak simulations. Let ≈ be the largest weak
bisimulation over · . ¥

In the secondclauseof the de¯nition of weak simulation, the label F is required to
be not an iso. Without this requirement, the de¯nition would force a F to be matched
by b F , for F an iso. By the de¯nition of IPOs, iso-labelled transitions are essentially
like id labelled transitions. As argued in the previous subsection id ⊆ , and moreover
the converseholds in certain cases.So allowing F to be an iso in clause2 would override
clause 1. But clause 1 embodies a basic principle, namely that a silent transitions is
matched by zero or more silent transitions and not by one or more.

The congruenceproperty of weak bisimulation is more limited than that of strong
bisimulation: ≈ is a congruencewith respect to arrows only in D , a subcategory of C.
Recall that D consists of the \reactiv e contexts", i.e. the contexts that allow reaction
under them: a a′ implies Da Da′ for D ∈ D . (SeeDe¯nition 2.) This limitation
is not surprising. In CCS, for example,weakbisimulation is not a congruencewith respect
to summation contexts, which are not reactive, i.e. we do not have that a a′ implies
a + b a′ + b. (I am using a, b for agents and not for names in order to maintain
consistencywith the notation of the rest of this paper.) Use of the hypothesis C ∈ D
occurs twice in the proof.

In CCS, weakbisimulation is a congruencewith respect to somenon-reactive contexts,
namely the pre¯xing contexts x.− and ¹x.−. We would require richer structure than is
contained in Part 2 in order to have a category of CCS contexts, namely the nesting of
graphs to represent pre¯xing, some added data (not yet well understood) to represent
summation, and the inclusion of free names to represent the naming structure of CCS.
(SeeSection 5 in Part 2 for a discussionof these open problems.) If we could construct
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such a category then it is likely that proving explicitly that weak bisimulation is preserved
by pre¯xing would be easy since the only initial labelled transition of a pre¯xed agent
is basedon the pre¯x itself. Nonetheless,it is worth considering whether we could get
a better general congruenceresult for weak bisimulation by dividing the set of reactive
contexts in two, with one set containing pre¯xing-lik e contexts and another containing
sum-like contexts. I am not sure how this would work, but something similar is done
in work on rule formats for structural operational semantics by Bloom in [Blo93] who
distinguishes \tame" from \wild" contexts.

Theorem 3.19 (congruence for ≈ w.r.t. D) Let F : Ĉ C be a functorial reactive
systemwhich has all redex-RPOs. Then ≈ is a congruencewith respect to all contexts in
D , i.e. a ≈ b implies Ca ≈ Cb for all C ∈ D of the required domain.

Pro of SeeTheorem 3.19 in [Lei01]. ¥

How can we get a congruencewith respect to C, not just D ? One possibility is to
replacethe F of clause2 in De¯nition 3.18with F ∗

. The largest symmetric relation
satisfying this new de¯nition is a congruencewith respect to all of C. A secondpossibility
is to make this change for the ¯rst step only of the weak bisimulation relation and then
revert to the normal de¯nition in De¯nition 3.18:

De¯nition 3.20 (greedy weak bisim ulation (≈gr)) Let ≈gr ⊆
⋃

m∈objC C(0,m)2 be
the largest symmetric relation that contains pairs of agents with common codomain and
which satis¯es the following properties:

1. If a a′, then there exists b′ such that b
∗
b′ and a′ ≈ b′.

2. If a F a′ where F is not an iso, then there exists b′ such that b F ∗
b′ and

a′ ≈ b′.

We call ≈gr greedy weak bisimulation. ¥

Notice that this de¯nition requiresthat a′ ≈ b′, not the strongercondition that a′ ≈gr b
′.

The relation ≈gr is also a congruencewith respect to C. The proof is almost identical to
that of Theorem 3.19:

Theorem 3.21 (congruence for ≈gr w.r.t. C) Let F : Ĉ C be a functorial reactive
system which has all redex-RPOs. Then ≈gr is a congruencewith respect to all contexts
in C, i.e. a ≈ b implies Ca ≈ Cb for all C ∈ C of the required domain. ¥

The idea of having a special requirement for the ¯rst step of a weak bisimulation
followed by the use of standard weak bisimulation to compare the continuations is well-
established. See,for example, the de¯nition of observationalcongruence (De¯nition 2 on
p. 153 in [Mil88]), also known as rooted weak bisimulation in the literature. Experience
with CCS suggeststhat a congruencein ensuredby changing clause 1 (to require b
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∗
b′) and not clause 2 in De¯nition 3.18 | exactly the opposite of what is done in

De¯nition 3.20. This anomaly requiresfurther research, both to ¯nd categorical theory to
model di®erent kinds of non-reactive contexts and to show that RPOs exist for categories
of graph-like contexts that contain summation.

3.6 Traces preorder

This subsection addressesthe traces preorder, a simple preorder that comparesagents
based on their ¯nite traces. A trace (see p. 41 in [Hoa85]) is a sequenceof labelled
transitions.

The tracespreorder is insensitive to non-determinism and deadlock sois of limited use.
Nonetheless,tracesare good for specifying security properties sinceit is easyto formulate
that an agent doesnot possesscertain \bad" traces (see,for example, [Pau98, SV00]).

The main motivation for this subsectionis to provide a warmup for the next one,which
looks at the failures preorder. As a result, the traces consideredhere are all strong (not
interspersedwith reaction steps) since the way to handle the weak caseis subsumedby
the results presented in the next subsection.

De¯nition 3.22 (traces preorder (&tr ); cf. p. 45 in [Ros98 ]) A pair of agents b and
a with common codomain are related by the traces preorder, written a &tr b, i® all the
traces of a are traces of b: for every trace 〈F1, . . . , Fn〉,

a
F1 · · ·

Fn implies b
F1 · · ·

Fn . ¥

(In this subsectionand the next, n,m are natural numbers and not objects of a cate-
gory.)

The proof of congruence is more complicated that that of strong bisimulation
(Theorem 3.9) becausewe need to consider traces, not just individual labelled transi-
tions. The heart of the argument is an inductiv e construction of a trace of a from a trace
of Ca. Each inductiv e step cuts o®a portable IPO square(seeLemma 3.5) which is sub-
sequently pasted back on (Lemma 3.7) when constructing a trace of Cb from a trace of
b.

Theorem 3.23 (congruence for &tr ) Let F : Ĉ C be a functorial reactive system
which has all redex-RPOs. Then &tr is a congruence,i.e. a &tr b implies Ca &tr Cb for all
C ∈ C of the required domain.

Pro of Supposethat a &tr b. Let C be any context of appropriate domain. We wish to
prove that Ca &tr Cb. The proof is divided into three parts, which are shown schematically
in Figure 34.
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C0a0 ···
F1

Cn an
Fn

⇓(i)

a0 ···
F(F′1)

an

F(F′n )

⇓(ii)

b0 ···
F(F′1)

bn

F(F′n )

⇓(iii)

C0b0 ···
F1

Cn bn
Fn

& tr & tr

Figure 34: Schema of the congruenceproof for &tr

¨

§

¥

¦

Ci

F
′

i Fi

C
′

i 35

(i): Let ¹a0 =̂ Ca and consider any trace ¹a0
F1 · · ·

Fn ¹an, where n ≥ 0.
We construct (a0, C0) . . . (an, Cn) and the squareshown in Figure 35 for
1 < i ≤ n such that the following conditions hold for 0≤ i ≤ n:

¹ai = Ciai Tr-a

ai−1
F(F′i ) ai for i 6= 0 Tr-lab

Ci ∈ D for i 6= 0 Tr-D

F(Ci) = Ci−1 for i 6= 0 Tr-C

F(C′i) = Ci for i 6= 0 Tr-Cprime

F(Fi) = Fi for i 6= 0 Tr-F

Figure 35 is an IPO for i 6= 0 . Tr-IPO

base: Let a0 =̂ a and C0 =̂ C. Then Tr-a holds and the other conditions are
vacuous. ¨

§

¥

¦

Ci +1

F
′

i +1 Fi +1

C
′

i +1 36

step: We construct ai+1, Ci+1 and the square in Figure 36 from
ai, Ci as follows, assuming 0 ≤ i < n. By the inductiv e hy-
pothesis Tr-a holds for i, thus ¹ai = Ciai. Since ¹ai

Fi ¹ai+1,
Lemma 3.5 implies that there exist ai+1 ∈ C and an IPO square shown in
Figure 36 such that ai

F(F′i +1 )
ai+1 and

¹ai+1 = Ci+1ai+1 Ci+1 ∈ D F(Ci+1) = Ci F(Fi+1) = Fi+1 .

where we let Ci+1 =̂ F(C′i+1). Then all of the inductiv e properties are satis¯ed
for i + 1.
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Thus by Tr-lab a = a0
F(F′1) · · ·

F(F′n ) an.

(ii): Sincea &tr b there exist b0 . . . bn such that b = b0
F(F′1) · · ·

F(F′n ) bn.

(iii): We now claim that Cibi
Fi +1 Ci+1bi+1 for 0≤ i < n.

Since bi
F(F′i +1 )

bi+1 and Figure 36 is an IPO (by Tr-IPO ), with
F(C′i+1) = Tr-Cprime Ci+1 ∈ D by Tr-D , then Lemma 3.7 implies

Cibi = Tr-C F(Ci+1)bi
F(Fi +1 )

F(C′i+1)bi+1 = Tr-Cprime Ci+1bi+1 ,

and thus by Tr-F , Cibi
Fi +1 Ci+1bi+1. So

Cb = C0b0
F1 · · ·

Fn

as desired. ¥

3.7 Failures preorder

This subsectionlooks at the failures preorder, which is a fundamental part of the failures
and divergencesmodel of CSP [Hoa85]. I do not considerdivergenceshere,sothe de¯nition
I use only employs failures. The failures preorder is sensitive to non-determinism and
deadlock (see Subsection 3.3 in [Ros98]). The failures of an agent provide a domain-
theoretic interpretation, assigninga meaning to each agent independently of the others
(unlik e for bisimulation). This makes failures properties well-suited to model checking
[Ros94, Low96].

In order to de¯ne a failure of an agent, I ¯rst extend the notion of a weak labelled
transition to allow for sequencesof labels (not just single labels):

De¯nition 3.24 (w eak lab elled transition extended; cf. De¯nition 3.17)

a
〈 〉

a′ i® a
∗
a′

a
〈F 〉ˆt

a′ i® a F t a′ ,

wheret is a sequenceof arrows of appropriate domain and ^ is the concatenationoperator.
¥

A failure of a consistsof a sequenceof weak labelled transitions t and a set of labels
X such that a evolves by t to a stable state (one for which no reactions are possible)
which refusesX, i.e. cannot engagein a transition labelled by any of the arrows in X.
To prevent reactions from masqueradingas labelled transitions, every arrow in t and X is
not an iso (cf. the discussionimmediately following De¯nition 3.18).
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De¯nition 3.25 (failure; cf. p. 171 in [Ros98 ]) A failure of a is a pair (t,X) where
t is a ¯nite sequenceof arrows (each not an iso) and X is a set of arrows (each not an iso)
for which there exists a′ such that the following conditions hold:

a t a′ a has a weak trace t;

a′ / a′ is stable;

∀F ∈ X. a′ F/ a′ refusesX. ¥

De¯nition 3.26 (failures preorder ('f ); cf. p. 193 in [Ros98 ]) A pair of agents b

and a with common codomain are related by the failures preorder, written a 'f b, i® all
the failures of a are possessedby b. ¥

The relation 'f is only a congruencewith respect D , the subcategory of C consisting
of reactive contexts (cf. Theorem 3.19). The only useof the hypothesisC ∈ D occurs in
the basecaseof the induction.

The proof, which we omit, is similar to that of the traces preorder however there are
two aspects that require care: the cutting and pasting of portable IPO squaresfor weak
labelled transitions and the propagation of refusal sets.

Theorem 3.27 (congruence for 'f w.r.t. D) Let F : Ĉ C be a functorial reactive
system which has all redex-RPOs. Then 'f is a congruencewith respect to all contexts
in D , i.e. a 'f b implies Ca 'f Cb for all C ∈ D of the required domain.

Pro of SeeTheorem 3.26 in [Lei01]. ¥

3.8 Multi-hole contexts

As anticipated at the end of the previous section, this subsectionenrichesthe de¯nition of
functorial reactive systemsto model explicitly multi-hole contexts. At ¯rst glance, there
is no obstacle in accommodating multi-hole contexts directly within the existing theory
of reactive systems. (For simplicit y, let us ignore functorial reactive systemsuntil later.)
However this doesnot work well as I illustrate in the next few paragraphs.

If we considermulti-hole term algebra contexts (as used in term rewriting), say, then
we can choose the objects of C to be natural numbers and the arrows to be tuples of
contexts (that useeach hole exactly once) constructed from function symbols taken from
somesignature §. Concretely, if § = {α, α′, β, γ}, where α and α′ are constants, β is a
1-place function symbol, and γ is a 2-place function symbol, then, we have the following
examplesof arrows:

C0 =̂ 〈−1, β(α′)〉 : 1 2

C1 =̂ 〈γ(−2, α
′), α, β(−1)〉 : 2 3

C1C0 = 〈γ(β(α′), α′), α, β(−1)〉 : 1 3
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But what is an agent? A natural choice is to take agents to be
pure terms, i.e. arrows 0 1 (a 1-tuple containing a term context
with 0 holes). But this is not supported by the de¯nition of reactive
system, where agents consist of all arrows 0 m for m an arbitrary
object of C. This discrepancy is non trivial: if we try to con¯ne the
de¯nition of labelled transition and bisimulation to use only a limited set of agents, say
thosearrows 0 m for m ∈ A, whereA is somesubsetof the objects of C, then the proof
of congruencegoes wrong. The problem is that even if m,m′, n ∈ A in Figure 37, it is
not necessarilythe casethat an RPO F ′, D′, C yields an object u ∈ A. Thus even though
F ′, D′ forms an IPO with respect to a, l, it is not the casethat a F ′

sincethe codomain
of F ′ is not in A.

However, it is exactly the fact that RPOs sometimesdo not produce an object in A

that gives multi-hole contexts their power and that makes them worth considering. To
seewhy, supposethat we take C to be a category of exclusively 0- and 1-hole contexts.
Then RPOs exist, asa corollary of Sewell's dissectionresult for terms (Lemma 1 in [Sew]).
Consequently , bisimulation is a congruencefor term rewriting systems. The resulting
labels are unnecessarilyheavy, though. For consider the reaction rule (β(α), α′); we have
α

β(−)
α′ which corresponds to our intuition that α needsβ(−) to react. (When there

is no confusion I use− for −1.) Unfortunately, we also have a labelled transition where
the label contains a complete copy of the redex:

α′
γ(−,β(α))

γ(α′, α′) .

This was discussedat the end of the previous section. This heavy labelled transition is
absent when we look at multi-hole contexts, as illustrated with the help of the diagram
below. (Tuple brackets 〈 〉 are omitted from singletons.)

0 1

2

1 1

α′

β(α) γ(−,β(α))

γ(α′,−)

〈−,β(α)〉

〈α′,−〉 γ(−1 ,−2)

If we work in the categoryof 0- and 1-holecontexts then the outer squareis an IPO, which
givesrise to the transition

γ(−,β(a))
mentioned earlier. By admitting multi-hole contexts

we have given the outer-squarea simpler RPO.

It is now possible to make precise the motivation for the results developed in this
subsection. The goal is to reconciletwo things: (i) we want to restrict of the collection of
agents of C to arrows 0 m for m ∈ A, where A can be a proper subset of the objects
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of C (for exampleA = {1} in the caseof multi-hole term contexts); (ii) we want to admit
RPOs that yield objects which are not contained in A.

The key idea is to considerthe notion of a strict monoidal category (C ,⊗,0), a category
C equippedwith a functor ⊗ : C×C C and an object 0 such that ⊗ is strictly associative
and has unit 0. The role of the tensor ⊗ is to \tuple" arrows and objects, e.g. recalling
the term contexts C0, C1 from above, we have that:

C0 =̂ 〈−1, β(α′)〉 : 1 2

C1 =̂ 〈γ(−2, α
′), α, β(−1)〉 : 2 3

C0 ⊗ C1 = 〈−1, β(α′), γ(−3, α
′), α, β(−2)〉 : 3 5

C1 ⊗ C0 = 〈γ(−2, α
′), α, β(−1),−3, β(α′)〉 : 3 5

The following de¯nition extends that of a functorial reactive system by postulating
that both the upstairs and downstairs categoriesare monoidal and requiring that the
functor between them respects the monoidal structure. The same enrichment could be
performed on a reactive system. There is, however, no reasonnot to take more general
approach shown here.

De¯nition 3.28 (functorial monoidal reactiv e system; cf. De¯nition 3.1) A
functorial monoidal reactive system consistsof a functorial reactive system F : Ĉ C
with the following added structure:

� Both Ĉ and C are strict monoidal categorieswith unit objects " and 0, respectively,
and tensor⊗ (the samesymbol being usedfor both categories).

� F preservestensors, i.e. F(C1 ⊗ C0) = F(C1) ⊗F(C0).

� F preservesand createsunits, i.e. for all u ∈ obj Ĉ , F(u) = 0 i® u = " .

� There is a subsetA of C-objects and a subsetA of Ĉ-objects, whereA is the preimage
under F of A. We usem,m′, . . . to range over A and m, m′, . . . to range over A.

� Reacts⊆
⋃

m∈A C(0,m)2.

� Pairing with an agent yields a reactive context: a⊗ idm′ ∈ D for a : 0 m. ¥

The agentsare arrows 0 m wherem ∈ A and the agentcontexts are arrowsm m′,
for m,m′ ∈ A. Thus the reaction rules of Reactsare only between agents. We overload
the terminology for Ĉ in a straightforward way: arrows " m of Ĉ are also agents for
m ∈ A; arrows m m

′ of Ĉ are also agent contexts for m, m′ ∈ A.

The de¯nition of labelled transition con¯nes the arguments to be agents:

De¯nition 3.29 (lab elled transition for functorial monoidal reactiv e systems
( ·

m ); cf. De¯nition 3.3) a F
m a′ i® a F a′ and a, a′ are agents (thus forcing F to

be an agent context). ¥
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Two propertiesnow replacethe hypothesisthat F hasall redex-RPOs. The ¯rst asserts
that the RPO consistseither of agent contexts or of pairing operations that place disjoint
instancesof a and l into the composite Fa = Dl:

¨

§

¥

¦

" m

u

m
′ n

a

l F

D

F
′

D
′

C

38

De¯nition 3.30 (F has all monoidal-redex-RPOs; cf.
De¯nition 3.4) Suppose F : Ĉ C is a functorial monoidal re-
active systemand that a, l are agents, F, D are agent contexts, F(D) ∈ D ,
and there exists r ∈ C such that (F(l), r) ∈ Reacts. Then F has all
monoidal-redex-RPOs if any square, such as in Figure 38, has an RPO (as shown) such
that if u /∈ A then u = m⊗ m

′, F′ = idm ⊗ l, and D
′ = a⊗ idm′ . ¥

The secondproperty assertsthat pairing agent contexts yields an IPO:
¨

§

¥

¦

" m

m
′ m⊗m′

a

l idm⊗l

a⊗idm′ 39

De¯nition 3.31 (F has all monoidal-redex-IPOs) A functorial
monoidal reactive systemF : Ĉ C has all monoidal-redex-IPOs if
any square,such as in Figure 39, is an IPO, provided a, l are agents
and there exists r ∈ C such that (F(l), r) ∈ Reacts. ¥

Just before giving a proof of congruencefor strong bisimulation we need to consider a
corollary of Lemma 3.7 for functorial monoidal reactive systems:

Corollary 3.32 (p ortable IPO pasting for functorial monoidal reactiv e systems;
cf. Lemma 3.7) SupposeF : Ĉ C is a functorial monoidal reactive system and has
all monoidal-redex-RPOs. The following inferencerule holds:

C

F
′ F

C
′

is an IPO consisting of agent contexts a
F(F′)

m a′ F(C′) ∈ D

F(C)a
F(F)

m F(C′)a′
.

¥

Strong bisimulation comparespairs of agents:

De¯nition 3.33 (strong bisim ulation over ·
m ; cf. De¯nition 3.8) Let ∼m ⊆

⋃

m∈A C(0,m)2 be the largest strong bisimulation over ·
m such that ∼m contains only

pairs of agents with common codomain. ¥

Finally we prove congruence.As promisedat the end of the previous section, the argu-
ment mirrors closelycongruenceproofs in typical processcalculi. In particular, two cases
are distinguished when analysing the transition Ca F

m : (i) a, C, and F all contribute, in
which casea itself has a labelled transition; (ii) only C and F contribute, in which case
Cb F

m without needingto consider the behaviour of a and b.

Theorem 3.34 (congruence for ∼m w.r.t. agent contexts) Let F : Ĉ C be
a functorial monoidal reactive system which has all monoidal-redex-RPOs and has all
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monoidal-redex-IPOs. Then ∼m is a congruencewith respect to agent contexts, i.e. a ∼m b

implies Ca ∼m Cb for any agent context C ∈ C of the required domain.

Pro of By symmetry, it is su±cient to show that the following relation is a strong sim-
ulation:

S =̂ {(Ca,Cb) / a ∼m b and C ∈ C is an agent context} .

¨

§

¥

¦

" m n

u

m
′

a

l

C

F
′

F

D

D
′

C
′

40

Suppose that a ∼m b and C ∈ C, and thus (Ca,Cb) ∈ S, where
a, b : 0 m and C : m n. SupposeCa F

m a′. By the de¯nition
of F

m and the hypothesis that F createscompositions, there exist Ĉ -
arrows a : " m, C : m n, l : " m

′, F, D and a C-arrow r : 0 F(m′)
such that the big rectangle in Figure 40 is an IPO and

a′ = F(D)r F(D) ∈ D (F(l), r) ∈ Reacts

F(a) = a F(C) = C F(F) = F .

BecauseF has all monoidal-redex-RPOs, there exist F′, D′, C′ forming an RPO in Ĉ , as
in Figure 40. Note that F(C′) ∈ D sinceF(C′)F(D′) = F(D) ∈ D . By Proposition 2.6,
the small left-hand squareof Figure 40 is an IPO; Proposition 2.8 implies that the small
right-hand squareis an IPO too. SinceF hasall monoidal-redex-RPOs,wehaveadditional
information depending on whether u ∈ A. We considerboth cases.

Case u ∈ A: By de¯nition, a
F(F′)

m a′′ and a′ = F(C′)a′′, wherea′′ =̂ F(D′)r. Sincea ∼m b,
there exists b′′ such that b

F(F′)
m b′′ and a′′ ∼m b′′. Sincethe small right-hand square

in Figure 40 is an IPO and F(C′) ∈ D , Corollary 3.32 implies that Cb F
m F(C′)b′′.

Also, a′′ ∼m b′′ implies (F(C′)a′′,F(C′)b′′) ∈ S, as desired.
¨

§

¥

¦

" m0

m
′ m0⊗m′

b

l idm0⊗l

b⊗idm′

C0

F0

C
′

0 41

Case u /∈ A: We have that F
′ = idm ⊗ l and D

′ = a ⊗ idm′ .
SinceF lifts agents there exists b : " m0 such that
F(b) = b, and thus F(m0) = m = F(m). Since F
preserves tensors,F(F′) = idF(m) ⊗ F(l) = idF(m0) ⊗

F(l) = F(idm0 ⊗ l). SinceF allows IPO sliding, the small right-hand IPO squareof
Figure 40 can be slid to form the small right-hand IPO squarein Figure 41, where

F(C0) = F(C) F(F0) = F(F) F(C′0) = F(C′) .

SinceF has all monoidal-redex-IPOs, the small left-hand squareof Figure 41 is an
IPO. Since F has all monoidal-redex-RPOs, Proposition 2.8 implies that the big
rectangle in Figure 41 is an IPO. SinceF preserves tensors and since pairing with
an agent yields a reactive context, F(C′0(b⊗ idm′)) = F(C′)(b⊗ idF(m′)) ∈ D so:

Cb F
m F(C′0(b⊗ idm′))r = F(C′)(b⊗ r) = F(C′)( idm ⊗ r)b .
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The last equality is a standard property of strict monoidal categories.Furthermore,

a′ = F(D)r = F(C′)F(D′)r = F(C′)F(a⊗ idm′)r = F(C′)(a⊗ r) = F(C′)( idm ⊗ r)a .

Thus a ∼m b implies (F(C′)( idm ⊗ r)a,F(C′)( idm ⊗ r)b) ∈ S as desired. ¥

To round out this subsection,let us look again at the exampleof multi-hole term contexts
over a signature §.

De¯nition 3.35 (m ulti-hole term contexts (T ∗(§) )) Given a signature § of function
symbols then the category of multi-hole term contexts T ∗(§) over § is constructed as
follows: the objects are the natural numbers; an arrow j k is a k-tuple of terms over
the signature § ∪ {−1, . . . ,−j} containing exactly one use of each hole −i (1 ≤ i ≤ j).
(When j = 1, I often write −1 as−.) The identities are: idj =̂ 〈−1, . . . ,−j〉 : j j. For
C = 〈t1, . . . , tk〉 : j k and D : k m, their composition is the substitution

DC =̂ {t1/−1, · · · , tk/−k}D . ¥

In order to apply Theorem 3.34 to T ∗(§), we let C = Ĉ = T ∗(§) and F be the
identit y functor. If we let A = {1} then

� an agent of T ∗(§) is a term a : 0 1;

� agent context of T ∗(§) is a term context C : 1 1, i.e. a term containing a single
hole.

We may choose any subcategory of T ∗(§) to be the reactive contexts, subject to the
conditions in De¯nition 3.28. The labelled transitions of T ∗(§) depend, of course,on the
reaction rules. Once theseare speci¯ed, the labelled transition relation ·

m is determined
by De¯nition 3.29 and the induced strong bisimulation ∼m by De¯nition 3.33.

As a corollary of Sewell's dissection result for terms (Lemma 1 in [Sew]), F has all
monoidal-redex-RPOs and has all monoidal-redex-IPOs. Hence from Theorem 3.34 the
induced strong bisimulation ∼m is preserved by all term contexts. Let us now revisit the
reactive system whoseonly reaction rule is (β(α), α′). It contains exactly the following
labelled transitions:

D(β(α)) −
m D(α′) for all reactive term contexts D ∈ D

α
β(−)

m α′

Theseagreewith the transitions found by Sewell in the caseof ground-term rewriting.
I believe for any reaction rules speci¯ed by Reactsthe synthesisedlabelled transitions for
T ∗(§) coincide exactly with Sewell's.
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4 Conclusions

This ¯nal section summarisessome of the accomplishments of the paper. I delay the
discussionof future work to the conclusion of Part 2, since the relevant open problems
involve the combination of both parts.

My main motivation in this work is to provide mathematical tools that easethe con-
struction of new processcalculi. Every computational phenomenon(distributed hosts,
failures, cryptography, etc.) that gives rise to a new calculus carries with it rules for de-
scribing how it works, how a computation evolves. Theseare often reaction rules, which
capture the allowable state changes. The redexesare typically composites formed from
atoms, so the following questions naturally arise. When an agent has parts of a redex,
which atoms does the agent require to form a complete redex? Can we get a de¯nition
of labelled transition if we choosethe labels to be those small contexts that complement
an agent to complete a redex? These questionsare not original with me: they are often
usedby the processcalculus communit y as motivation and intuition for designingspeci¯c
labelled transition relations. I believe, though, that the original contribution of my work
is to give a generalway of transforming reaction rules into tractable labelled transitions.

By tractable, I meantwo things: (i) the labelsare small, i.e. contain only thoseparts of
a redex necessaryto completea whole redex in an agent; (ii) the labelled transitions yield
operational equivalencesand preorders that are congruences.The key ideas in trying to
achieve both desiderataare that of a relative pushout (RPO) and an idem pushout (IPO).
With respect to (ii) the results are good: I prove congruencefor strong bisimulation,
weak bisimulation, the traces preorder, and the failures preorder. For (i), the results are
encouraging: IPOs ensurethat the labels of transitions contain no junk, i.e. that no lesser
label would do. There is, however, more work required in making the labels even simpler
by exploiting the uniformit y present in reaction rules that contain metavariables. The
conclusion of Part 2 discussesthis problem in the paragraphs concernedwith multi-hole
redexes.

One of the most attractiv e qualities of the theory of RPOs is that it is abstract: it is
applicable to all categoriesof contexts and therefore provides a unifying discipline. Before
I understood RPOs, I spent several years thinking about dissection results for speci¯c
graph-like contexts: \If C0a0 = C1a1, then what part of ai is present in C1−i for i = 0,1?"
I could only get results about nodes(for example, which nodesof a1 are supplied by C0)
but not about arcs. Trying to work in an ad hoc way with graphs was unsatisfying until
the RPO theory arrived: it was only the discipline of a universal property in the category
theory sensethat sustainedme in carrying out the constructions contained in Chapter 6,
\RPOs for action graph contexts", in [Lei01]. Sewell's ad hoc reasoningabout dissection
for term algebraswith parallel composition [Sew] wassuccessfulwithout employing RPOs,
but his statement of dissectionwascomplicated. To be fair, his dissectionswere for multi-
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hole redexesthat RPOs do not neatly handle. He is now recasting someof his results in
terms of RPOs and other universal constructions.

RPOs thus support the goal of developing a shared theory that can produce labelled
transitions and operational congruencesfor many processcalculi. The task that we usually
face for each new processcalculus of de¯ning labelled transitions and proving that equiv-
alencesand preorders are congruencesis replaced by the task of choosing reactions and
proving that RPOs exist. This is attractiv e leveragefrom RPOs. This leveragegains us
a greater advantage if we can ¯nd families of functorial reactive systemswith rich graph-
like structure for which the existenceof RPOs is proved once, and for which practical
examplesof processcalculi are instances. Part 2 works towards this goal: it provides a
seriesof theoremsthat verify the functorial reactive system axioms (such as IPO sliding)
for a general classof functors, thus showing that that subclassof Milner's action calculi
contexts satisfy these axioms. It then states the RPO result (omitting the proof for the
sake of brevity). Finally, it concludesby detailing the future work required to enrich the
structure of thesegraphs to the point that they embrace practical processcalculi.
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