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Synthese de transitions étiquetées et de congruences
opérationnelles pour les systemes réactifs, premiere partie

R&sum® : La tradition veut que lI'on d& nisse la dynamique des calculs de processus
tels que CCS g l'aide d'un systame de transitions §tiquet§es(LTS). Rfcemmen, il est

deveru courant d'utiliser plut®dt desrpglesde r§action (c'est-g-dire desrpglesde transitions

non §tiquet®es)assaifesp une congruencestructurelle. Cette pr§senation, que j'appelle

sysiame r@actif, est trgs expressie, mais sou®red'une limitation importante : les LTS

permettent de d® nir de manigre plus naturelle des®quivalenceset pr§ordresop@rationnels.
Cet article montre commen synthitiser desLTS pour de largesclassegsie systemesr§actifs.

On prend comme §tiquette d'un agert (processus)a' n'importe quel contexte "F' qui,

intuitiv emert, esttout juste assedarge pour quel'agent “Fa' ("a’' sousle cortexte "F') puisse
e®ectuerune §tape de r@action. Ma principale cortribution est une d§ nition précisede
\juste assedarge" pl'aide dela notion catgoriquede sommeamalganferelative (\relativ e
pushout”, RPO). Je prouve ensuite que plusieurs §quivalenceset pr§ordresop$rationnels
(bisimulation forte, bisimulation faible, pr@ordre destraces, pr§ordre des@dcecs)sort des
congruencedorsqu'il existe assezde RPO.

Mots-cl §s : transition $tiquet®e, congruencestructurelle, bisimulation, action calculi,
sommeamalgantfe
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2 J.J. Leifer

1 Introduction

1.1 Overview

This paper is concernedwith processcalculi, which are mathematical models of computa-
tion. Processcalculi comein many forms, but share several common features. Much as
the A-calculusisolated the canonicalfeaturesof sequetial computation, processcalculi do
the samefor concurrent phenomena,suc as non-determinism, syndironisation, and com-
munication. By concerirating on a few core syntactic primitiv es,processcalculi provide a
setting in which to reasonabout these phenomenawithout the added baggageassaiated
with a full programming language.

There are three critical ingredients beyond syntax that a processcalculus may possess.
I summarisethese now and discussead in greater detail later.

The rst consistsof unlakelled transitions, or reactions as | call them in this paper,
which characterise only the internal state changesof an agent (a process). Reactions do
not require interaction with the surrounding environment.

The secondconsistsof lakelled transitions, which characterise the state changesthat
an agert may undergoin concertwith the ervironment. Each transition is assaiated with
a label, which recordsthe interaction with the ervironment (for example an output on a
channel) that enablesthe transition. A label is thus an observation about the behaviour
of an agert. Normally, the reactions of an agert are special labelled transitions for which
the interaction with the ervironment is vacuous(so-called r-transitions).

The third consistsof operational preorders and equivalenas which characterise when
one computation is respectively behaviourally replaceableby, and behaviourally equal to,
another. An equivalenceis most useful when it is a congruene, i.e. is presened by the
syntactic constructions of the calculus; in this case,proving the equivalenceof two large
agerts can be reducedto proving the equivalenceof componerts. Thus congruenceis one
of the most desirable properties an equivalencemay possess.Theseremarks apply aswell
to operational preorders.

As | will describe later, much researt has concerirated on nding generalde nitions
of operational preordersand equivalencesin terms of labelled transitions. For any speci ¢
processcalculus,it is then a challengeto prove that the preorder or equivalencein question
is a congruence.But what happenswhenthere are no labelled transitions, only reactions?
The latter situation hasbecomecommon sincereactions provide a cleanway of specifying
allowable state changeswithout commitment to particular obsenables. Reactions are
highly expressive but limited in an important way: they do not lead as naturally as
labelled transitions do to congruertial operational equivalencesand preorders.

The certral problem addressedby this paper is as follows: From a processcalculus
with only a reaction relation |called a reactive systen] can we synthesisea tractable
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Synthesising Lakelled Transitions and Operational Congruencesin Reactive Systems, Part 1 3

labelled transition relation? By tractable, | meantwo things: the labels comefrom some
small set; and, the labelled transitions readily yield operational preordersand equivalences
that are congruences.

My approadc is to take a label to be a context (an agert with a hole in it). For
any agert a, a label is any context F' which intuitiv ely is just large enough so that the
agert F'a (\a in context F™) is able to perform a reaction. The key contribution of this
work is to make precisethe de nition of \just large enough” in terms of the categorical
notion of relative pushout (RPO) and to show that seweral operational equivalencesand
preorders, namely strong bisimulation, weak bisimulation, the traces preorder, and the
failures preorder, are congruenceswhen suxcient RPOs exist.

By shawing that the RPO property is a suzxcient condition for congruence this paper
brings together two of the main themes of concurrency semariics: the failures preorders
of Hoare and Roscae (developed originally for CSP) and the bisimulation equivalencesof
Milner and Park (developed originally for CCS). The former are model-theoretic, com-
paring programs as points in a complete partial order; the latter are operationally-based,
comparing programscoinductively. It is striking, therefore,that the sameRPO hypothesis
senesfor my congruenceproofs of both.

This paper is the rst part of a seriesof two. The companion paper [Lei02], referred to
asPart 2 throughout, provesthat a generalclassof functors doesindeed satisfy the axioms
of a functorial reactive system (an elaboration of the notion of reactive systemreferred to
above). Moreover, it shows that a signi cant example of such, namely a simpli ed version
of Milner's action calculi, has suzcient RPOs, as required by all the congruenceproofs.

In the rest of this section, | discusssome of the history of operational congruences
and o®er some badckground as to why reactions have becomeprominent. | then sketch
the solution strategy preseried in this paper. | relate my approac to work by other
researders and to material | have jointly published. | concludewith an overview of the
structure of the sections.

1.2 Historical background and motivation

It may seemstrange at rst to investigate the \deriv ation of operational congruences"
since congruenceis usually a postulated notion in mathematics: to de ne a model, one
chaoseswhich elemerts are equivalent. But choosinghasbecomeditcult for many models
of computation, creating a gap betweenthe properties such as reaction that are easyto
postulate and those such as equivalencethat are usefulto have.

Toillustrate how this gap opened,let uslook at somestrands in the history of process
calculi. Starting with the seminal work by E.F. Moore [Moo5€ which examined\ nite
automata from the experimental point of view", theoretical computer sciertists have pur-
suedthe notion that the observablebehaviour of a computation is more fundamertal than
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4 J.J. Leifer

the form in which the computation is written; in this view, two programs are equivalent
when they are indistinguishable by an outside obsener. In the caseof automata, an ob-
senation consistsof a labelled transition of the form a £+ ’: automaton a can input the
label x and becomed’. (This is a slight simpli cation of Moore's original notion, which
distinguished input from output labels.)

One automaton re nes another if the former has a subsetof the labelled transitions of
the latter, whether or not the two have di®eren syntactic forms. For example,a 2 x.(y+ z)
and b 2 z.y + z.z both can input the same strings of labels, (), (x), (zy), (zz), so are
equal (re ne ead other) despite their syntactic di®erences. This notion of comparing
computations basedon their labelled transitions is now known asthe traces preorder; the
interpretation of computations in terms of their tracesis the traces model (see[R0s99).

The traces preorder is attractiv e for its simplicity, but is limited. Someof its inade-
quacieswith respect to particular applications were overcomein the late 1970sby Hoare
and Milner in ways that | describe below. The primary weaknessof the traces preorder
is its inability to handle the subtleties of non-determinism. This is evidert if we consider
the pair a,b de ned earlier. After inputting z, a is in a state that can input either y or
z; but b takesa \silent" choice (an internal choice not controllable by external in°uence)
wheninputting x and enters one of two states: either a state in which only y can be input
or a state in which only z can be input. Even though « and b have identical traces, their
non-deterministic behaviour is di®eren.

The problem of handling non-determinism together with causality (the dependenceof
one transition upon an earlier one) was rst addressedby Petri nets (see,for example,
[Rei85). Researters on Petri nets did not originally consider equivalencesor preorders
for them. However, event structures which are similar to traces but account for the
causality and non-determinism of everts, are a setting for modelling Petri nets and other
causal systemsand yield notions of equivalence[WN95]. BecausePetri nets do not have
a compositional syntax, it is dizcult to understand what it meansfor an equivalenceto
be a congruence.For this reason,| do not discussthem further and con ne my attention
to processcalculi with compositional syntax.

Di®erert applications for processcalculi have di®erert informal requiremerts for when
the patterns of labelled transitions for two agerts are the same (in the caseof equiva-
lences)or re ne one another (in the caseof preorders). No one de nition can be faithful
to all possiblerequiremerts. Given that, we can consider schemas parameterised by a
labelled transition relation for de ning di®erert equivalencesand preorders| and thus
take labelled transitions to be the postulated part of a processcalculus from which equiv-
alencesand preorders are derived. This di®erencelends labelled transitions their power:
a labelled transition relation captures the important interactions betweena computation
and its environment without making a commitment to a speci ¢ equivalenceor preorder.
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Synthesising Lakelled Transitions and Operational Congruencesin Reactive Systems, Part 1 5

As | will discusslater, many new processcalculi for modelling distributed computation do
not include axioms for labelled transitions but instead rest on an even simpler base.

Hoare'swork on Communicating Sequetial ProcessegCSP) [Hoa78 Hoa84 and Mil-
ner's on Communicating Concurrent Systems(CCS) [Mil80, Mil88] addressedhe problem
of comparing computations in a way that is sensitive to hon-determinism, and hencedis-
tinguishes a from b (the examplesl gave earlier).

Hoare's approac in CSP was to presen every agert as an explicit set-theoretic con-
struction including, amongst other data, failures; the latter are traces, eat of which is
enriched with a set of refusalsindicating which labels may be refusedby the agen after
inputting the trace. For example, after inputing z, b can refusey and can refuse z but
a cannot refuseeither. Each constructor in CSP (pre xing, parallel composition, choice,
etc.) is de ned in terms of the manipulation of failures (as a contin uous function on the
complete partial order of agerts). The explicit set-theoretic represeration of agens in
CSP supports the designof model cheders [Ros94 Ros9§ which are, for example, e®ec-
tive in detecting bugsin protocols [Low96]. | concerrate in this paper on the strand of
researd originating with CCS, but return to the failures preorder in Subsection3.7 when
proving that it is a congruence.

In Milner's CCS, agerts have a free syntax and the labelled transition relation is
generated by inference rules in the style of Plotkin's structured operational semartics
[Plo81], e.g.

. a-2>a

Tr.a—>a S —
a+ b-%>d
Remark: Throughout this paper a,b, ¢, ... are usedto denote agerts even when this con-
tradicts historical convertions. The labels (ranged over by «....) compriseinput channels
x,y, z,... and output channels%, %, %, ... and a special distinguished elemen 7. This ter-
minology is somewhat misleading becauseno data is actually input or output; they are
just complemenary °avours. In the w-calculus, which | describe later, the di®erencesare
signi cant.

The key idea in CCS is that of syndironisation. If one agent can output = and the
other can input z then their parallel composition can syncironise on z. The result is a
7-transition which records the syndronisation but leaves the name on which it occurs
anonymous:

a-Zead bEpY

a|lbT>d |V

Milner consideredse\eral equivalencesfor CCS; the main oneswere strong and weak bisim-
ulation. Both kinds employ a coinductive form of de nition which givesa powerful proof
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6 J.J. Leifer

technique for comparing agens (an idea that originates with Park [Par81]) and provide
a generalway of de ning an equivalence parameterisedby a labelled transition system.
Strong bisimulation relies on no assumptionsabout the underlying structure of the labels;
weak bisimulation requires a distinguished r-transition. | will discussboth in detail later
(Subsection2.3 and Subsection3.5) but summarisethe two now.

Both strong and weak bisimulation are sensitive to non-determinism and are able to
distinguish the pair a, b described earlier in the discussionof the traces preorder. A strong
bisimulation S is a relation on agerts satisfying the following coinductive property: for
all (a,b) € S and all labelled transitions a -+ a’, there exists b’ suc that b -+ v/ and
(d/,v) € S (and vice versa). Informally, \if a and b are S-related then whatever a can do,
b can do too, and they both end up in S-related states; likewisefor whatever b can do".
The largest strong bisimulation relation (which is the union of all strong bisimulations) is
denotedby ~. The largestweakbisimulation, denotedby =, is coarserbecausat is °exible
in allowing 7-transitions to be collapsedand expandedwhen comparing two agens. For
example,a agert that inputs z and then immediately outputs y would be related by weak
bisimulation to onethat inputs z, then has seweral 7-steps (internal computations), and
“nally outputs .

Milner provedthat both kinds of bisimulation are congruencegthough not with respect
to sum for weak bisimulation | seeSubsection3.5 for further discussion). Sud proofs
require carein CCSand aremoredizcult in later calculi. This is the price of avoiding CSP-
style explicit represerations of agerts and agern constructors. It is a certral theme of this
paper to provide mathematical tools for easingthe burden of proving that operationally
de ned equivalences(such as bisimulation) are congruences.

The idea of using a 7-like transition to record a primitiv e computational step plays a
certral role in later calculi. Thesetransitions are variously called reaction rules, reduction
rules, ring rules, etc.; | shall usereaction rules throughout. In CCS, the 7 transition
relation requiresthe ertire collection of labelled transition rulesto generateit. A dramatic
simpli cation was proposedin the Chemical Abstract Machine (CHAM) of Berry and
Boudol [BB90, BB92] and usedin work [Mil92] on the w-calculus of Milner, Parrow, and
Walker [MPW89, MPW92]. Thesecalculi werethe rst to employ a lightweight quotient
of the agen terms, called a structural congruence,in order to make their reaction rules
easyto de ne. | shall con ne the discussionto the 7-calculus. (CHAM treats the quotient
more explicitly with \heating and cooling" rules, though the idea is similar.)

Structural congruenceis an equivalencerelation = on agerts that allows the parts of
an agert to rearrangethemseles, e.g.

alb=b|a al(|c)=(a|b)]|c

The reaction relation —, which characterisesthe primitiv e computational step (namely
communication of a name over a channel), is simple to de ne; it is the smallest relation
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Synthesising Lakelled Transitions and Operational Congruencesin Reactive Systems, Part 1 7

satisfying the rule

¥y)a|z(z)b—>al{y/z}b

that respects structural congruence

a=da o —b UV =b

a—=>b

and is closedunder all non-guarding contexts C' (e.g. ¢ | —; seeSubsection2.1 for further
discussion)

a—>b
Cla] —» C[b]

Thus the agent *¥(y) | (¢ | z(z).b) has a reaction even though the parts neededto enable
the reaction| namely ¥(y) and z(z).b | are not adjacert:

Ey) [ (clz(2).0) = (Ey)lz(2)0)[c — {y/z}b]c.

The easewith which reaction rules are de ned in this style facilitated an outpouring of
new processcalculi for modelling encrypted communication [AG97], secureencapsulation
[SV99], agernt migration [CG98, Sew98 FGL *96] and soon. Each isolatesa computational
phenomenonand preseris it via a reaction rule together with a structural congruenceover
somesyntax. Here are two examplesof reaction rules:

e In Cardelli and Gordon's ambient calculus, one ambient may move inside another
(lik e a packet through a rewall):

ylin z.a | b] | z[c] —> z[yla | b] | ] .

e In Sewvell and Vitek's Box-m calculus, a messagemay move from inside to outside a
wrapper and is decoratedwith the wrapper's name while doing so:

ylxTv | 5] —> 2% | y[0] -

In the m-calculus the communication of namesalong channels preseried subtleties in
the designof a labelled transitions system and of equivalences(of which seweral are now
studied [SWO01]); the proofs of congruencefor theseequivalencesrequire care. For many of
the newer calculi, sucdh asthoselisted above, the problem of choosing appropriate labelled
transitions and proving that bisimulation is a congruenceis dixcult, and, in many cases,
not attempted. In all these cases,experimentation is costly: a slight modi cation of the
syntax or reaction rules often causesthe labelled transition relation to changeand breaks
congruenceproofs, forcing them to be reconstructed.

RR n° 4394



8 J.J. Leifer

So the gap rst described at the beginning of this subsection has widened as the
data de ning a typical processcalculus have changed. Labelled transitions are no longer
postulated primitiv esof a calculus but instead are teasedout from the four fundamental
componerts:

e syntax (agerts and agert cortexts);
e structural congruence;
e set of reactive (non-guarding) contexts;

e reaction rules.

| call a processcalculus corntaining these componerts a reactive system

In this way, a reactive system closely resenbles instances of the A-calculus [Bar84].
The latter consist of a simple syntax, a structural congruencebasedon «-conversion, a
set of reactive contexts (known as\evaluation contexts" [FF86]) chosento force strategies
suc as call-by-name or call-by-value, and a reaction rule basedon g-reduction.

There is however an important di®erencewhich rendersthe problem of nding useful
equivalencesfor processcalculi more dixcult; their reaction relations are usually neither
con°uent nor normalising. As a result, equivalencesfor A-calculi, such asthose basedon
normal forms or on termination properties [Bar84, L8v78, do not provide viable routes
to follow. Therefore we needto consider equivalencesbased on bisimulation or other
techniques that make no assumptionsabout con°uence or normalisation properties. Yet
bisimulation requireslabelled transitions, which are not provided in a reactive system,and
proofs of congruence,which can be dizcult and fragile, as already discussed. The next
subsectionoutlines the strategy for synthesisinglabelled transitions which is the basisfor
the work in this paper.

1.3 Contexts as labels

We wish to answer two questionsabout an arbitrary reactive system consisting of agerts
(whosesyntax may be quotiented by a structural congruence)and a reaction relation —>
(generated by reaction rules):

1. Can we synthesisea labelled transition relation -+ where A\ comesfrom a small set
of labels that intuitiv ely re°ect how an agen interacts with its environment?

2. Under what general conditions is strong bisimulation (and, more generally, other
preordersand equivalences)over 2 a congruence?

We can beginto addressquestion 1 by consideringCCS. Let a, b rangeover agens, C, D, F
range over contexts (agerts with a hole), and x range over names. The usual labelled
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Synthesising Lakelled Transitions and Operational Congruencesin Reactive Systems, Part 1 9

transitions 24 for A ;1= % | x \ T re°ect an agen's capability to engagein somebehaviour,
e.g. ¥.a | b hasthe labelled transition -*+ becausek.a | b can perform an output on =.
Howevwer, if we shift our emphasisfrom characterising the capabilities of an agen to the
contexts that enablethe agert to react, then we gain an approximate answer to question 1
by choosingthe cortexts themselesas labels; namely we de ne

a Lt d i® Fa—>d Q)

for all contexts F. (We denote cortext composition and application by juxtap osition
throughout. Weregard a context with atrivial hole asan agen, soapplication is a special
caseof composition.) Instead of observingthat *.a | b \can do an " we might instead see
that it \in teracts with an environment that o®ersto input on z, i.e. reacts when placed
in the context — | z". Thus, *.a | b LA | b.

The de nition of labelled transition in (1) is attractiv e when applied to an arbitrary
reactive system becauseit in no way dependsupon the presenceor absenceof structural
congruence. Furthermore, it is generatedertirely from the reaction relation —> (ques-
tion 1); and, strong bisimulation over the synthesisedlabelled transition relation —> is a
congruence,(question 2). The proof of the latter is straightforward: let C' be an arbitrary
context and supposea ~ b; we show that Ca ~ Cb. Suppose Ca £~ o; by de nition,
FCa—+d', hencea £%- /. Sincea ~ b, there exists ¥ such that b £ ' and o’ ~ b'.
HenceCb L ¥, as desired. The other direction follows by symmetry.

Nonethelessthe de nition in (1) is unsatisfactory: the label ' comesfrom the set of all
contexts | not the \small set" asked for in question1| thusmaking strong bisimulation
proofsintolerably heavy. Also, the de nition fails to capture its intended meaning, namely
that a £~ o’ holds when a requires the context F' in order that a reaction is enabledin
Fa: there is nothing about the reaction Fa — o’ that forcesall of | or indeedany of
F| to beused. In particular, if a —> a’ then for all contexts F' that presene reaction,
Fa — Fd', hencea £~ Fd'; thus a has many labelled transitions that re°ect nothing
about the interactions of « itself.

Let us unpadk (1) to understand in detail whereit goeswrong. Consider an arbitrary
reactive system equipped with a set Reactsof reaction rules; the reaction relation —
contains Reactsand is presened by all cortexts, asformalised by the following axiom and
inferencerule:

] a—>a
l—>r if (I,r) € Reacts _—
Ca—>Cd
Expanding (1) accordingto this de nition of —> we have:

a Lt d i® Fa—>d
i®  3(,r) € ReactsD. Fa= Dl&a = Dr . (2)
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10 J.J. Leifer

The requirement F'a = DI in (2) is rendered by a commuting square @ —a.
(as shown in Figure 1) in some category whose arrows are the agerts and ZJ lF
contexts of the reactive system. This requiremert revealsthe °aw described o 1
earlier: nothing in (2) forces F and D to be a\small upper bound" on a and [. The next
subsectionexploresthe challengesinvolved in making precisewhat \small upper bound"
means.

1.4 Relative pushouts

For sewral years| tried to make precisewhat \small" means. | was mired in detailed
argumerts about speci ¢ examplesof contexts for which | would seard for a \dissection
lemma", having roughly the following form: given Fa = DI, there exists a \maxim um"
C, sud that for some F’ and D' we have F’a = D'l, F = CF’ and D = CD’. In other
words, dissectionpeelso®as much as possiblefrom the outside of £ and D, decomposing
Fa = Dl asCF'a = CD'l. If the dissectionof Fla = DI peelso® nothing, i.e. produces
the decomposition id F'a = id DI, where id is the identity context, then F' and D are \a
small upper bound”. But the problem then remains: whenis C the \maxim um" possible
context that can be peeledo®?

In this subsectionl look at someexamplesof dissectionin order to illustrate just how
subtle the problem is. These examples motivate a solution that | introduce here and
preser in detail later in this paper.

For someparticular classesof cortexts, it is easyto understand what to do. Consider
this example of two compositions F'a = DI in a free term algebra:

(ada’(B=) o v = (ada(-0) o (B0) = al@ (B

(For the sake of clarity, | useo for composition in this example.) The maximum context
C that can be peeledo®is a(a’(—)). Nothing more can be peeledo® becauseC = D.
The only other possibilities are — and «(—), neither of which is asbig asC. SoC'it is! Of
coursel am arguing informally here, but it is straightforward to make this line of thinking
precise.

Free term algebras are the simplest setting in which to consider dissection exactly
becausethey are free. When passingto a syntax quotiented by a non-trivial struc-
tural congruence,the question becomesditcult, especially when compounded with nam-
ing structure such as in the w-calculus. Consider a typical w-calculus agert suc as
a 2 (vu)(®(u) | z(2).4(z)). Notice that a corntains a parallel constructor |, which is
assaiative and commutative and has identity 0; also, v and z are bound, so are sub-
ject to a-cornversion. Furthermore, the name z is used twice (which requires attention
when substituting another namefor it) and is discardedafter the reaction a« — a’, where

a' 2 (vu)(h{u)).

INRIA



Synthesising Lakelled Transitions and Operational Congruencesin Reactive Systems, Part 1 11

out

x—|

nu

Figure 2: A graphical represenation of a m-calculus reaction (vu)(¥(u) | x(2).4(z)) —>

(vu)(H(u))

This structure demands careful treatment and makes dissection for the w-calculus
dixcult: for term algebra, one can incremertally peel o® a top-level function symbol,
but for the w-calculus, there is no notion of a \top-lev el" constructor. The structural
congruenceof the w-calculus equatesso many di®erent syntactic represenations of the
sameagen that it isditcult to understandwhereto begin. Without any naming structure,
parallel composition becomeseasierto handle, as shovn by Sewell [Sew. As | explain in
Subsectionl.5, it is the treatment of namesthat distinguishes the dissection results in
this paper from his.

A possibleapproad is to abandontree-like syntax and to think in terms of graph-like
syntax that automatically quotients out many ignorable di®erences.Even if a dissection
result could be proved for somegraph-theoretic represetation of the w-calculus, it would
not necessarilygeneralisesmoothly to other calculi. As a result, | studied dissection for
Milner's action calculi [Mil96], which are a family of reactive systems. The syntax of action
calculi is suxciently rich to embrace processcalculi such as-calculus, the A-calculus, and
the ambient calculus. Action calculi are introduced in Subsection4.2 in Part 2; here |
con ne my attention to a few saliert features of their graphical form.

Considerthe exampleshown in Figure 2; it illustrates a pair of action graphs|agen ts
in an action calculus| that represen the w-calculus reaction a« —> o’ given earlier. An
action graph consistsof nodes (rectangleswith two blunt corners) and arcs:

e Nodesare labelled with controls from a control signature of primitiv es. Each action
calculus may have a di®erert control signature, such as {nu, in, out} for a simple 7-
calculus without replication or choice, or {ap,lam} (application and \-abstraction)
for the A-calculus.
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Figure 3: A surprising dissectioninvolving re°exion
— DK<

0; 00— (0;2)

Figure 4: A surprising dissectioninvolving forking

e Arcs represert names. They connect source ports to target ports. The sourceports
are arrayed on the left interface of an action graph (such asis shown for the action
graph nestedinside in) and on the right side of nodes(e.g. nu); they alsoinclude free
names(e.g. y). The target ports are arrayed on the right interface of action graphs
and the left side of nodes. Arcs may be forked from a sourceport (such asthe arcs
from z in the LHS) and may be discarded (such asthe arc from z in the RHS).

How canwe perform dissectionon action graphs? It is the wiring structure (the arcs) of
an action graph that makesdissectionsoditcult. Considerthe example of a composition
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Figure 5: A relative pushout

Fa = DI shownn in Figure 3. (This exampleis basedon one rst suggestedby Philippa
Gardner.) The contexts F' and D are just action graphs with a hole (shown as a shaded
rectangle). The composition F'a is formed by placing a inside the hole of F' and joining up
the corresponding arcs. By reasoningabout the cortrols it is possibleto seewhich ones
can be peeledo®: F has N, M and D has N, L, so C might have N (the intersection of
the controls in F and D). Indeed, the C shonn doeshave just one cortrol. But what arcs
should C have? Doesthe loop shavn in C' make C' \maximal” in somesense?Should C
have other forked and discardedarcs? How can we choose?

The examplein Figure 4 is even more curious: F and D have no nodesat all | they
are pure wiring contexts. Since ' = D and a = [, one might expect that the \maximal"
common part that can be peeledo®of Fa = Dl is F = D itself. This is not true! The
triple F’, D', C provides a better dissectionin a way that | will make precisebelow.

The point of theseexamplesis to demonstratethat informal reasoningabout dissection
is dizcult whendealingwith contexts containing wiring: There is almost no way to decide
just by looking at the arcsthemselves whether one dissectionis better than another.

Out of this murkiness nally emergeda clearerway. | cameupon an abstract charac-
terisation, called a relative pushout of which dissectionsare \b est". By abstract, | mean
that the characterisation makesno use of any speci ¢ properties of contexts except their
composability, thus can be instantly cast asa category theoretic property.

Consider the outside commuting squarein Figure 5 which showvs F'a = DI. A relative
pushout (RPO) for this squareis a triple F’,D’,C satisfying two properties: rst, the
triple is a candidate, i.e. F'a = D'l and CF’ = F and CD’ = D; second,for any other
candidate £, 1, €, there exists a unique mediating .J making all the triangles commute
(as shawn).

RPOs are the key contribution of this paper. It is by working with them, rather than
trying to comeup with ad hoc ways of dissecting contexts in speci ¢ examples,that we
gain two important advantages:
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e RPOs are abstract: as| said before they do not rely on any speci ¢ properties of
corntexts exceptcomposability. By de ning labelled transitions in terms of RPO con-
structions, it is possiblecarry out proofs of congruence(seeSection 2 and Section 3)
for seweral operational equivalencesand preorders(strong bisimulation, weak bisim-
ulation, the traces preorder, and the failures preorder), for which the proofs do not
depend on any speci ¢ properties of contexts exept the existene of RPOs. Thus
theseresults are applicable to any reactive systemwhich possessesutcient RPOs.

e RPOs provide a unifying discipline for analysing cortexts in speci ¢ examples. The
fuzzinessabout which dissectionis \b est" in the examplesof action graphs shovn
earlier disappears: we want the candidate triple F’, D’,C’ from which there is a
unique mediator to any other candidate. By this requiremert, the candidatesshavn
in Figure 3 and Figure 4 are \b est". (There may be many best candidates, but
all of them are isomorphic to ead other by standard categorical reasoning.) The
problem of nding RPOs for graphs is non-trivial, as shown by the lengthy proofs
in Chapter 6 of [LeiO1], but oneis sustained by the unambiguity of the task: there
is no vaguenessabout the properties required of an RPO.

Thus, the notion of an RPO doesnot solve the problem of nding adissection,but it makes
the problem well-de ned and provides a reward for the e®ortby virtue of the congruence
proofs that rely on the existenceof suzxcient RPOs.

1.5 Other work

This subsection brings together some of the important related work. There is a large
collection of literature about processcalculi, someof which | referred to in previous sub-
sections. | will concerirate on those piecesof researt that most closely impinge on the
speci ¢ problemsthat | addressin this paper.

The idea of nding conditions under which a labelled transition relation yields an
operational congruencehas been thoroughly studied in work on structural operational
semantics (SOS) [GV92, TP97]. The principle is to postulate rule formats, conditions
on an inductive preseriation of a labelled transition relation that ensurethat operational
equivalences(e.g. weak bisimulation [Blo93]) are congruences. There is a fundamental
di®erencebetweenthis problem and the onel am looking at. The work on SOS presumes
that alabelledtransition relation is already given: the problemis to show that if it satis es
a particular format then the congruencedollow. My work takesreaction rules asprimitiv e,
not labelled transitions: | aim to synthesisea labelled transition relation from the reaction
rules for which operational equivalences(and preorders) are congruences.In my case,the
synthesisedlabelled transition relation is not inductiv ely preseried. It is an open question
whether it can be inductively preseried and, further, whether this presenation satis es
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some well-known rule format from SOS theory: this possibility is discussedin greater
detail in Section5 of Part 2, which covers future work.

The problem of deriving operational congruencesfor processcalculi from a reaction
relation and not from a labelled transition relation is studied in the work on barbed bisimu-
lation [MS92], insensitivity observation[HY95], and testing equivalene [DH84]. The rst
two construct equivalencesby augmerting bisimulation over the reaction relation with
obsenations about related states. For example,in the former, the obsenations are barbs
which detect the ability of an agen to perform an output on a channel. The last (testing)
comparestwo ageris by their ability to satisfy the same\may” and \must" tests.

Thus all three depend on primitiv e obsenations (not just reactions) though thesecan
be simpler than labelled transitions. The main obstacleto their useis the fact that they
do not yield congruencedut instead needto be \closed up” by all corntexts. For example,
it is straightforward to prove barbed equivalencein particular casesbut ditcult to shawv
barbed congruencebecauseof the heavy quanti cation over all contexts. Work by Fournet
[Fou9g and by Fournet and Gonthier [FG98] easethis burden with techniquesthat allow
a proof of barbed congruenceto be broken into pieces,eadt of which may be carried out
using other congruencerelations.

Je®reyand Rathke [JR99] used contexts as the basisfor the labels of an LTS in the
caseof the v-calculus (a variant of the A-calculus with fresh name creation). They did
not synthesiseuniformly theselabelsfrom a reaction relation but they were guided by the
intuition that the labels are small cortexts that enablea reaction. Theselabels give them
the right obsenational power to obtain useful congruencesbasedon bisimulation.

Sewvell's work [Sew] is the closestto mine of all the material | have cited here. He studied
the problem of deriving contextual labels for a family of reactive systems(parameterised
by arbitrary reaction rules) whosesyntax consistsof free terms quotiented by a structural
congruencefor parallel composition. He de ned labelled transitions by explicitly reasoning
about how a label overlapswith a redex. From this de nition, he proved that bisimulation
is a congruenceby appealing to his speci ¢ dissectionresults (not motivated by RPOSs).
There are three important di®erencesn approad:

e He dealt with multi-hole redexeswhich capture the full uniformity of metavariables,
thus leading to lighter labelled transitions than | can synthesise with my presen
RPO technology. | discusspossibleremediesfor this in Section5 in Part 2.

e He invented explicitly his de nition of labelled transition and his statemert of dis-
section, both of which are complex, without employing RPOs (which | worked with
later). As asresult, his proof of congruenceis not easily generalisableto other syn-
tactic families and other operational equivalences.It seemsdlikely, however, that his
dissectionresults imply the existenceof RPOs for the classof reactive systemshe
considered,and it would be worth trying to recastthem soasto make this precise.
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e He con ned his attention to freeterm algebraswith parallel composition and did not
handle wiring structure such asis shown in Figure 4. | discusswiring in Section 4
in Part 2| and show detailed proofs involving it in Chapter 6 of [Lei01] where
the discipline of seekingRPOs guidesthe dissectioninvolved. Given the complexity
of Sevell's de nition of labelled transition and of his statemert of dissection, it is
dixcult to seehow thesecould be generalisedto embrace wiring without the bene t
of the notion of RPOs or other universal constructions.

The idea of RPOs rst appearsin [LMO0O], published jointly with Milner. It cortains
congruenceresults for strong bisimulation and weak bisimulation for reactive system(th us
partly overlapping with Section 2 in the preser paper) not the functorial reactive system
consideredherein Section 3.

The presenation of action calculi contexts in Section 4 of Part 2 intersectswith that of
[CLMOO], though the latter work doesnot cortain any use of functorial reactive systems,
a substartial innovation of the presert paper and Part 2.

Milner's recert study of bigraphical reactive systems[Mil01] attacks someof the open
problems brought out in the present paper and in Part 2. | have inserted pointers to
his work in the discussionabout the role of precategoriesin functorial reactive systems
(Subsection3.7 in Part 2) and in the description of future work related to nestedgraphs,
multi-hole contexts and metavariables in reactions, free namesand binding, and summa-
tion (all in Section5 in Part 2).

In this paper, | have made no use of the double pushout techniquesdewveloped in graph
rewriting [Ehr79]. Theseare a way to describe the occurrenceof a subgraph |esp ecially
aredex| in agraph. To avoid confusion,| should emphasisethat relative pushouts play
quite a di®erert role. In my work, subgraph occurrencesare handled by embeddings
and contexts; the nature of the graphs (with forked wiring) seemsto require a speci ¢
approac. But it would be usefulto examinein the future how the embeddingsrelate to
the double pushout construction, and how graph-theoretic represettations of the syntax of
the m-calculus and other calculi formed by quotienting out structural congruencecompare
to similar work in graph rewriting [CM91, KAn99.

The proofs contained in this paper and in Part 2 are sometimesomitted for the sake
of brevity. In all casesl refer to the full proof in my Ph.D. [LeiO1].

1.6 Outline
The subsequen sectionsof this paper are organisedin the following way:

Section 2: | make precisethe notion of a reactive systemand give a de nition of labelled
transition in terms of idem pushouts (IPO), a sister notion of RPOs. | then presen
a seriesof results using simple categorical reasoningthat shawvs how to manipulate
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IPOs and RPOs. The main theorem then follows by direct use of the categorical
results from the section: if suxcient RPOs exist then strong bisimulation is a con-
gruence. | conclude by reproving the sametheorem in a cleanerway by isolating
two lemmaswhich give derived inferencerules for labelled transitions.

Section 3: | generalisethe de nition of reactive systemby enriching it soasto comprise
two categorieswith a functor F betweenthem. The idea is that the downstairs
category is the one in which one wishesto consider agens and contexts, but for
which enoughRPOs might not exist. The upstairs category doeshave RPOs but at
the cost of extra intensional information in the arrows and objects. By re ning the
de nition of labelled transition sothat it relates arrows downstairs in terms of IPO
properties of their preimagesupstairs, | obtain congruenceresults for strong bisim-
ulation, weak bisimulation, the traces preorder, and the failures preorder. Finally, |
proposeaddedstructure neededin a functorial reactive systemto cater explicitly for
RPOs that yield multi-hole contexts. | concludeby proving that strong bisimulation
is a congruencehere as well.

Section 4: This section reviews someof the accomplishmerts of this paper.

Part 2 cortinuesthis thread of work. It shows that a generalclassof functors satis es
the axioms of functorial reactive systems,from which | argue that a subclassof Milner's
action calculi with suzcient RPOs is indeed an instance. Part 2 concludeswith a list
of open questions, whose solutions are critical to the application of this work to a wide
variety of processcalculi.
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2 Operational congruences for reactive systems

2.1 Formalisation of reactive systems

In this subsection| investigate how to give reactive systems, which were introduced in-

formally in Subsection1.2, a precisecategory-theoretic de nition. The goal is to include
appropriate categorical structure so that it is possibleto synthesise labelled transitions

and prove that seeral operational equivalencesand preorders are congruences. To that

end, | ‘rst study relative pushouts(RPOs) and idem pushouts(IPOs), which are universal
constructions related to pushouts. | then showv how to synthesiselabelled transitions from

a set of reaction rules, with IPOs playing the certral role. Finally | prove by categorical
reasoningthat if suxciently many RPOs exist then strong bisimulation is a congruence.
The next section considersricher notions of equivalencesand reactive systems, proving

that the former are congruences.

This paper employs only basic category theory, such as simple universal constructions,
slices (and coslices),monoidal structures, and functors. Full explanations appear in the
classicwork by Mac Lane [Mac71], or in [BWO01], which is online.

Throughout this section, | use lowercaseroman letters a, b, ... for agents (processes)
and uppercaseroman letters C, D, ... for agent contexts (processcortexts). Both are
arrows in a category of contexts (as explained below). Juxtap osition is usedfor categorical
composition. Other notation is explained asit comesup.

How do we get at the essenceof reactive systems,i.e. how do we nd mathematical
structure that is simple enoughto get generalresults about congruencesand rich enough
to encompasssigni cant examples? The key ingredierts of a reactive system were showvn
in Subsection1.2 and are recalled here:

e syntax (agerts and agen corntexts);
e structural congruence;
e set of reactive (non-guarding) conexts;

e reaction rules.

For ead, | outline the mathematical designspaceand explain the decisionsl have taken.

syntax: Since contexts are composable,| take them to be the arrows of some category
C. This preseris an immediate question. Are the objects of C ageris or sorts?

Following the former route leadsto a problem: If we think of a context C as an
embedding of an agert « into an agent o/, i.e.\ C:a—d ", then there is no easy
way to apply C to a di®erert agert. For example, we cannot state the congruence
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property of an equivalence~: if a ~ b for agerts a and b then C' \applied to" a and C
\applied to" b are ~-equivalert for all contexts C. (In Chapter 6 of [Lei01] | discuss
embeddings, which are critical in proving the existence of universal constructions
for categoriesof graphs.) Alternativ ely, if the objects are the sorts (or \t ypes" or
\arities") of the cortexts, then agerts are a special subclassof contexts. In particular,

agerts are cortexts with anull hole, i.e. contexts whosedomain is somedistinguished
object 0. Now the congruenceproperty of ~ is neatly rendered: if a ~ b for all arrows
a,b:0—m, then Ca ~ Cb for all arrows C' with domain m.

For concretenessgconsideras an example a category of contexts for someAlgol-lik e
programming language. The objects of the category could comprisethe usual types:
bool, int ,cmd. Then we have the following examplesof arrows:

Co 2 if —then z:= 0 else skip : bool — cmd
4 A 14< — :int — bool
CoCy = if 14< —then z:= Oelseskip :int —cmd.

Another exampleis of a category of linear multi-hole term algebracontexts over some
signature 8. Theseare consideredin more detail in Subsection3.8. The objects are
natural numbers. The arrows m — n are n-tuples of terms over 8 U{—1,..., —.},
where each symbol —; is usedexactly once. For example,if § = {«,a/, 3,7}, where
a and o/ are constarts, 3 is a 1-placefunction symbol, and v is a 2-place function

symbol, then:
Co # <7<_270‘/>7avﬁ<_1>> :2—3
4 2 {a,f{d)) :0—2
CoC1 = <7<ﬁ<0/>7 O/>a a, ﬁ<a>> :0—3.

structural congruence: The main decisionhereis whether to make structural congru-
enceexplicit or implicit. The simplest solution (which is the onetakenin this paper)
is leaveit implicit in the de nition of arrow equality | thusthe arrows are structural
equivalence classesof contexts. Consequetly, certain categories(such as those of
graph contexts, seeSection4 in Part 2) do not have enoughuniversal constructions
to give the desired congruenceresults. In these cases,we are forced to look for the
universal constructions in lessquotiented categoriesand then exhibit functors with
special properties back to the fully quotiented categories(see Subsection3.2).

set of reactiv e contexts: This is modelled by asetD of arrows. Sincereactive contexts
are composableand identit y contexts are reactive, | take D to be a subcategoryof C.
Furthermore, decomposing reactive corntexts yields reactive contexts, so D1 Dy € D
implies Dy, Dy € D.
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For example, in the call-by-value A-calculus [Plo75], the reactive contexts consist of
all compositions of the following contexts:

- ap(Ua _) ap(—,a)

where v is any value (closed abstraction) and a is any term. In the w-calculus
consideredin [Mil92], the reactive contexts consist of all compositions of following
contexts (closedunder structural congruence):

- (=) —Ja

wherex is any nameand a is any process.Reactive contexts correspond to evaluation
contexts of Felleisenand Friedman [FF86].

reaction rules: Theseare given by a set Reactsof redex-cortractum pairs of agents (I, r)
with common codomain, i.e. (I,7) € Reactsimplies that there is an object m of
C sudc that I,r: 0 — m. For simplicity, | considerredexesand contractums that
are pure agerts, not agerns with meta-variables (i.e. contexts). Thus, to de ne the
reactions of CCS, we let

Reacts? {(¥.a|z.b, a|b) / wxisanameand a,b areagers}
rather than:
Reacts? {(¥.—1 |z.—2, —1 | —2) / zisaname} .

| use / throughout this paper for set comprehensions.The latter approac main-
tains the maximum uniformity presen in rules and is consideredin detail by Sewell
in [Sew; however, that approad is complex and would require future work to adapt
it to the categorical setting of this paper (seeSection5 in Part 2).

Distilling the structures described in the past paragraphsyields the following de nition
of a reactive systemand a reaction relation:

De nition 2.1 (reactiv e system) A reactive system consists of a category C with
added structure. We let m,n range over objects. C hasthe following extra componerts:

e a distinguished object 0 (not necessarilyinitial);

e a setof reaction rules called ReactsC |, ,cqp; ¢ C(0,m)?, arelation containing pairs
of agerts with common codomain;

e a subcategory D of C, whose arrows are the reactive contexts, with the property
that D1 Dy € D implies Dy, Dy € D. [ |
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De nition 2.2 (reaction relation) Given a reactive system C, the reaction relation
—> C Usneobjc C(0,m)? cortains pairs of agerts with common codomain and is de ned
by lifting the reaction rules through all reactive contexts:

a—>a i®  3J(l,r) eReactsD €D. a= Dl & ada' = Dr. [ |

We now have enoughde nitions to make precisethe rst approximation for labelled
transitions given in (1). The only changeis that we think of composing arrows rather
than \applying contexts" and we are careful about which contexts are reactive (by writing
D € D below):

De nition 2.3 (lab elled transition | rst appro ximation)
ated i® Fa—>d
i® J(l,r) € ReactsD € D. Fa= DI & d = Dr. |
The commuting squareto the right rendersthe equality Fa = DI. As| | ga.
arguedin Subsectionl.2, there may be\junk" in F and D, i.e. parts of F' and ZITIFG

D that do not cortribute to the reaction. For example,in a category of CCS
contexts, the outside squarein Figure 7 commutes. So, by the naive de nition of labelled
transitions given above,

i:.aﬂba]bh; 3)

But the y in the label is super°uous. Is there a generalcondition on Figure 6 that prevents

this labelled transition, but still allows the following:

b g |b ?

Informally, the condition would state that there is 0 Z.a

no lesserupper bound in Figure 6 for a,l than F, D. -
In Figure 7 there clearly is a lesserupper bound, as  z.qjz.b —|z.bly
illustrated by the triple of arrows inside the square. / v
In the following subsectionsl! render this condition in - 7
terms of categorical constructions and incorporate it
in a new de nition of labelled transitions. | then show that strong bisimulation is a
congruencewith respect to this labelled transition relation. A variety of preorders and
other operational equivalencesare discussedin the next section.

2.2 Categorical basis for contextual labels

The goal of this subsectionis to nd atractable de nition of a labelled transition relation,
onewhich readily leadsto congruertial equivalencesand preordersand moreover facilitates
proofs concerning these relations. Intuitiv ely, the labels represent just the information
exdhangedbetweenan agert and its ervironment in order to make a reaction.
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0 = 1
ﬁ(a/7_>
o 1¥ . 6<77a/>
o, "
o 39 B{—,) 39 h
1 ﬂ.i 1 Blans) =1
9(1) 9(2)

Figure 9: Non-existenceof pushouts

Following the intuitions of the previous subsections concerning
Figure 6, the natural questionis asfollows. How can F, D be forcedto
contain no \junk"? A possiblesolution is to require that F' and D are
a\least upper bound" for a and [. The typical way to formulate this is
to state that the squarein Figure 8 is a pushout i.e. hasthe property:
Fa = DI, and for every F’ and D’ satisfying F'a = D'l there exists a unique G such that
GF = F'and GD = D', asshown here.

Unfortunately, pushouts rarely exist in the categoriesthat interest us. Consider, for
example, a category of term contexts over a signature §; its objects consist of 0 and 1;
its arrows 0 — 1 are terms over §; its arrows 1 — 1 are one-holecontexts over §; there
are no arrows 1 — 0 and exactly one arrow idy : 0— 0. Now, if § contains only constart
symbols, sa&y § = {a, o'}, then there is no pushout completing Figure 9(1) becausethere
are no contexts other than the identity. If we introduce a 2-place function symbol 3 into
§, we can construct an upper bound for « and o’ but still no pushout (Figure 9(2)).

A more re ned approad is to assertthat F' and D are a \minimal upper bound" |
informally, an upper bound for which there are no lesserupper bounds. Before de ning
this notion in terms of idem pushouts (IPOs), | give a more basic construction, namely
that of relative pushouts (RPOs). The latter, unlike pushouts, exist in many categoriesof
agen conexts.

The plan for the rest of this subsectionis to dewelop a sequenceof propositions that
will serwe as a basis for the proofs of congruenceby categorical reasoninggiven in this
paper.

BecauseRPOs and IPOs are categoricalconstructionsindependert of reactive systems,
| shall work in this subsectionwith an arbitrary category C whosearrows and objects |
denoteby f,g,h, k,z,y, z and m, n; in pictures | omit labelson the objects when possible.

De nition 2.4 (RPO) In any category C, considera commuting square(Figure 10(1))
consisting of gofo = g1/1. An RPO is atriple hg, h1, h satisfying two properties:

commutation: hgfy = hyf1 and hh; = g; for i = 0,1 (Figure 10(2));
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Figure 10: Construction of an RPO

universality: for any hy, hY, b’ satisfying hy, fo = b} fi1 and b’k = g, for i = O, 1, there exists
a unique mediating arrow & such that h’'k = h and kh; = k] (Figure 10(3)). [

A triple, sudc as h{, k|, h' given above, that satis es the commutation property, i.e.
Lfo= ki fi and 'R, = g, for i = 0,1, is often called a candidate. Thus an RPO triple is
a candidate for which there is a unique mediating arrow from it to any other candidate.

An RPO for Figure 10(1) is just a pushout in the slice category of C over m. Thus an
RPO is a standard combination of categorical constructions| though it is not commonly
usedin category theory and its application to reactive systemsis novel.

In Part 2, | illustrate the existenceof RPOs for categoriesof graphs. For concreteness,
though, it is worth examining now the example of an RPO and another candidate shown
in Figure 11. The arrows are in a category of term algebra contexts over the signature
{a, B,7,0}, wherea is a constart and (3, v, 0 are 1-placefunction symbols. The RPO triple
—,B(=),0(y(—)) addsjust the minimal extra bit of context 5(—) to « in order to get an
upper bound for f{a) and «; the arrow §(v(—)) then provides the extra junk necessary
to recover the upper bound provided by the surrounding square. The reader may enjoy
chedking that the candidate triple ~(—),~v(8(—)),0(—) is the only other non-trivial one
possibleand that the mediating dotted arrow ~(—) is unique.

A squareis called an IPO if it hasan RPO of a special kind:

De nition 2.5 (IPO)  The commuting squarein Figure 10(1) is an IPO if the triple
90, 91,1d,, is an RPO. =

The di®erencebetweena pushout and an IPO is clearestin a partial order category:
a pushout is a least upper bound (i.e. lessthan any other upper bound) and an IPO is
a minimal upper bound (i.e. not greater than any other upper bound). IPOs form the
basisof our abstract de nition of labelled transition and their existencefollows from that
of RPOs as shown by the following lemma:
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Figure 11: An example of an RPO and another candidate

Prop osition 2.6 (IPOs from RPOs) If Figure 12 fo

is an RPO diagram then the squarein Figure 13 is an fy _fo

IPO. f h/"& g0 fl‘ [ho

Pro of Arrow chasing. SeeProposition 2.7 in [Lei01]. g—m 12 hoto13
|

The next result provides a partial converseto the previous proposition. It seresasa
key part of the proof of IPO pasting which comesafterwards:

Prop osition 2.7 (RPOs from IPOs) fo
If Figure 14is an IPO and Figure 15 has %
0
an RPO then Figure 16 is an RPO. e R A, rho
_ ) f1 lho flJ( lhho ha \
Pro of Arrow chasing. See Proposi- ™ 14 why 15 —mm 16
tion 2.8in [Lei01]. [

IPOs can be pastedtogether as shavn by the following proposition, which is analogous
to the standard pasting result for pushouts.

Prop osition 2.8 (IPO pasting) Supposethat both fo
squares in Figure 17 commute and that Figure 18 — _fo. 9 |0
has an RPO. Then the following properties hold of * v |2
Figure 17 e Tt 18

1. If the two squaresare IPOs then sois the big rectangle.
2. If the big rectangle and the left squareare IPOs then sois the right square.

Pro of Proposition 2.7 and arrow chasing. SeeProposition 2.9 in [Lei01]. [ |
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Finally, | concludethis collection of categoricalresults with two concerninglPOs; they
are not immediately relevant to this section, but play an important role, respectively, in
Proposition 3.15and in Proposition 3.6 of Part 2.

The rst shows how IPOs can arise from epis.

Prop osition 2.9 (IPOs from epis) Suppose f; is an epi. Then the outer fo
squarein Figure 19is an IPO. fll lid

19
Pro of Arrow chasing. SeeProposition 2.11in [LeiO1]. [ o

The secondassertsthat only a subcategory of C plays any role in characterising that
a particular squareis an IPO.

Prop osition 2.10 (IPOs in a full subcategory) Let m,m’ be objects fo
of C and let C’ be a full subcategory of C satisfying the following property: fll a0
—m’ 20

objC’ O {n € objC / 3h € C(m,n) & 30’ € C(n,m’)}.

Supposethe squarein Figure 20 commutes, where f;, g; € C’ for i = 0,1. Then the square
isan IPO in C i®it isan IPO in C'.

Pro of The only arrowsrelevant to the squarebeingan IPO in C arecontainedin C’. W

2.3 Labelled transitions and congruence for strong bisimulation

The category theory developed in the previous subsectionprovides the machinery needed
in this subsectionto accomplishtwo aims. The rst is to improve the unsatisfactory
de nition of labelled transition given earlier (De nition 2.3). The secondis to prove that
strong bisimulation over the new labelled transitions is a congruence. | return to the
notations of Subsection2.1, using C for a reactive system, with «,b € C ranging over
arrows with domain 0 (agerts) and C, D, F' € C ranging over arbitrary arrows (contexts).

The new version of labelled transitions is a modi cation of the approxi- | ¢-2-
mation given by De nition 2.3, wherethe condition Fa = DI is strengthened liﬂiFm
to require that the squarein Figure 21is an IPO:

Denition 2.11 (lab elled transition) a £+ o’ i® there exists (/,r) € Reactsand
D € D sudh that Figure 21is an IPO and a’ = Dr. [

This de nition assuresthat F, D provides a minimal upper bound on a and [, as
required in Subsection2.1. For supposethere is another upper bound F’, D', i.e. F'a =
D'l, and also F = RF’ and D = RD’ for someR. Then the IPO property for Figure 21
ensuresthat for some R’ (with RR’ = id) we have F/ = R'F and D' = R'D | soF,D
provides a \lesser" upper bound than F’, D’ after all.

Prop osition 2.12 For all contexts F we have that a £+ o/ implies Fa —» a'. [
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The conversefails in general(which is good, giventhe remarks madeafter De nition 2.3
about the rst approximation for labelled transitions). | return to the corverseproperty
later in Subsection3.4 in the special casethat F' is an iso. Strong bisimulation over ——>
follows its usual scheme [Par81]:

De nition  2.13 (strong bisim ulation over —) Let & C U,,cojc C(0,m)* be a
relation that contains pairs of agerts with common codomain. S is a simulation over —>
i® S satis es the following property for all (a,b) € S: if a £ o then there exists ¥/
such that b £ o and (¢/,) € S. S is a strong bisimulation i® S and S~ are strong
simulations. Let ~ be the largeststrong bisimulation over —. [ |

| now state and prove the congruenceresult for strong bisimulation, one of the certral
results of this paper: if C hasa suzciently rich collection of RPOs then ~ is a congruence.

De nition 2.14 (C has all redex-RPOs) Sa that C has all redex-RPOs if for all
(I,7) € Reactsand arrows a, F, D such that D € D and Fa = DI, the squarein Figure 21
has an RPO. |

Theorem 2.15 (congruence for ~) Let C be a reactive systemwhich has all redex-
RPOs. Then ~ is a congruence,i.e. a ~ b implies Ca ~ Cb for all C € C with required
domain.

Pro of By symmetry, it is suzcient to shav that the following relation is a strong sim-
ulation:

S2 {(Ca,Cb) | a~band C e C}.

The proof falls into three parts, ead of which is an implication as illustrated in
Figure 22(1). Dashed lines connect pairs of points contained within the relation anno-
tating the line. Each arrow \ |} " is tagged by the part of the proof below that justi es
the implication. Supposethat a ~ b and C' € C, and thus (Ca,Cb) € S.

(): If Ca £ ' then, by denition, there exists (I,r) € Reactsand D € D sud that the
big rectanglein Figure 22(2) is an IPO and o’ = Dr. BecauseC hasall redex-RPOs,
there exists F/, D', C’ forming an RPO as in Figure 22(2); moreover, D', C’' € D
sinceC’'D’ = D € D. By Proposition 2.6, Figure 22(3) is an IPO. BecauseC hasall
redex-RPOs, Proposition 2.8 implies that Figure 22(4) is an IPO too. By de nition,
a £ D'rand a’ = C'D'r.

(i): Sincea ~ b, there exists b such that b £ " and D'r ~ V. By denition there

exists (I, ') € Reactsand E’ € D such that Figure 22(5) is an IPO and b = E'r’.

(iii): Because C has all redex-RPOs, Proposition 2.8 implies that we can paste
Figure 22(5) with Figure 22(4) (both IPOs) along F’ and concludethat Figure 22(6)
is an IPO. Hence Cb £+ C'E'+' and (C'D'r,C'E'r') € S becauseD'r ~ E'v/, as
desired. |
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0 a C
Ca E > a'=C'D'r I
‘ ‘ DI Cl
‘ l}(l) ‘ /D\
| |
! 7 ! 22(2)
| a ————> D'r |
! | | ! 0 & c
| | | |
S ~ (i) ~ S l F F’ F
| ! ! |
| | o | | D’ c’
; b 22(3) 22(4)
| |
b b c
‘ J(iii) ‘ 0 0
| | | e l/‘ .
F
Ch > C'b'=C'E'r’ 2 E' o
221 22(5) 22(6)

Figure 22: Congruenceproof for strong bisimulation

The crux of the above proof is that Figure 22(4), which mediates between an F”-
labelled transition of a and an F-labelled transition of Ca, is \p ortable", i.e. can be
pasted onto a new diagram, serving the samefunction for b and Cb. This essetial idea
appearsto be robust under variation both of the de nition of labelled transition and of
the congruencebeing established. Many examplesare shavn in Section 3.

We can isolate precisely in two lemmas how such portable IPO squaresare cut and
then pasted. These lemmas are just piecesof the congruenceproof above, but their
factorisation from the main proof greatly simpli es the latter and lays the ground for
tractable presenations of more ditcult congruencesesults in the next section.

The rst lemma shaws that portable IPO squaresarise when a composite agert hasa
labelled transition:

Lemma 2.16 (portable IPO cutting) If C has all redex-RPOs then the following
inferencerule holds:

Ca Lo d
C
- /
3 ¢"andanlPO | |r. aLfsd”  d=Cd  C'eD
<

The secondshaws how to \paste" a portable squareto gain a labelled transition of a
composite agert:
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Lemma 2.17 (portable IPO pasting) |If C has all redex-RPOs then the following
inferencerule holds:
c

F| |risanlPO o £oa”  C'€D
el

Ca 4 C'a”

We can now replay the proof of Theorem 2.15 in a more conciseform by employing
theselemmas:

(): If Ca £+ o then by Lemma 2.16 there exists ¢” and an IPO square F’lQlF
shown in Figure 23 such that o7 23
a £ d a = C'd" C'eD.

(i): Sincea ~ b, there exists b such that b 5" and o’ ~ V.

(iii):  SinceFigure 23isan IPO and C’ € D, Lemma 2.17 implies that Cb £~ C'b". Also,
a” ~ v implies (C'a”,C'V") € S, as desired.

Let usreturn to Lemma 2.16in order to exposean odd property. The Lemma contra-
dicts the situation in many processcalculi: normally, Ca £5- does not necessarily imply
that « has any labelled transitions. In CCS, for example, 0 | x %3 (using the tradi-
tional CCS non-cortextual labels) but 0 has no transitions. As a result, in typical proofs
of congruencefor strong bisimulation, two casesare distinguished when considering the
transition C'a £ (using the notation of this section):

e C and F together conspireto create the transition without referenceto a. In this
caseCb £ holds without using the assumptionthat a ~ b. (For example,see\Case
2" on p. 98 of [Mil88].)

e Or, a, C, and F together conspireto create the transition, asin part (i) above.

Recastingthe CCS examplein terms of cortextual labels, we have that O | —I, But

then there is a contextual transition for 0, namely O ﬂb though not a satisfactory one:
the label provides the ertire redex, without any contribution from 0. This is attributable
to a defectin the de nition of corntextual labelled transitions: if a £+, the IPO property
requiresthat £’ contain parts of the relevant redexand no extra junk, but doesnot prevernt

F from containing all of the redex.

It is by enriching the categorical structure to express multi-hole contexts (see
Subsection3.8) that we eliminate this defect of transitions. When we do, exactly the
samecaseanalysis (shown above) is carried out when proving congruence.
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3 Further congruence results

3.1 Introduction

This section generalisesthe de nition of labelled transition given in the previous section
and provides congruenceproofs for additional equivalencesand preorders. Theseinclude
weak bisimulation, the traces preorder, and the failures preorder. | will describe them in
turn asead congruenceproof is presened.

The more important step, though, is the generalisation of reactive systemsand la-
belled transitions. In the previous section, the certral hypothesis required in the proof
of congruencefor strong bisimulation is that the reactive system C has all redex-RPOs.
This section addresseghe problem of what to do if C doesnot possessuzcient RPOs.
Sudh a situation ariseswhen considering, for example, a category of graph contexts (see
Subsection4.3 in Part 2). Roughly, the lack of RPOs is attributable to the absenceof
enoughintensional information about the occurrenceof nodes: it is ambiguouswhich node
in a context correspndsto a node in the composition of the context with another. Thus
if CoBy = C1By, it is ambiguous which nodesare commonto both Cy and C; and thus
impossibleto choosethe context to be factored o®when constructing an RPO.

What can be donewhen there are not enoughRPOs in a reactive system? In general,
it is not a good solution simply to enrich the reactive systemto force it to have enough
RPOs. The enrichment could yield a category with too much intensional information. For
example, the enrichment consideredfor graph cortexts (Subsection4.6 in Part 2) forces
arrows with the samedomain and codomain to have the samenumber of nodes. Sincethe
de nition of strong bisimulation requiresthat a ~ b implies that a,b: 0 — m for some
object m, the strong bisimulation relation could only comparearrows of the samenumber
of nodes. Sudh a restriction is unacceptable becausestrong bisimulation should include
pairs of agerts with widely di®ering static structure.

The solution preserted in this section is to accommalate two categories€ and C
related by a functor:
¢
]_‘
c

The ideais that C is a reactive system, whosearrows correspond to the agerts and agen
contexts; C doesnot necessarilyhave enough RPOs. Sitting \above" C is €, a category
with sutcient RPOs. The de nition of the labelled transition relates arrows in C, just
asin the previous section: i.e. a £ o/ is dened for a,a’ agerts in C and F an agert
context of C. But, by contrast with the previous section, the de nition is givenin terms
of the existenceof an IPO \upstairs" in €. (If € = C and F is the identit y functor, then

the new de nition of this section collapsesinto the old one given in the previous.)
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Thus we get the best of both worlds: the ageris whoselabelled transition behaviour
we considerneednot contain any super°uous intensional data; aslong aswe can construct
a more intensional category above containing suxcient RPOs and a suitable functor, then
we can get congruene results downstairs.

These congruenceresults require the functor F: € — C to c. Co_
satisfy certain properties. Most are trivial but one is interesting, F/lﬂlF24 FGIH,FO 25
namely that F allows IPO sliding. Recall from the previous sec- ¢ %
tion that the crux of the congruenceproof for strong bisimulation was the portabilit y of
the IPO squarethat related F’-transitions of an agert to F-transitions of C' applied to
the agernt. This squarewas cut o®when passingfrom Ca £ to a ' and then pasted
bad on when passingfrom b ' to Cb L. In the new denition of labelled transition
consideredin this section, the pasting operation is more complex. The portable square,
e.g. Figure 24, now livesin € (the upstairs category) and its left leg is F/, somearrow for
which F(F') = F'. (Teletype font is usedfor arrows in €.) However, the transition b F
is justi ed by an IPO squareupstairs whoseright-leg is Fj,, an arrow in the preimageof F’
not necessarilyequal to F’. Thus Figure 24 cannot be pasted without rst sliding it to a
new IPO square,e.qg. Figure 25, whoseleft-leg is F, and whose F-image is kept invariant.
The present section assumesthat F allows IPO sliding; Section3 in Part 2 proves that
this is the casewhen F is of a certain generalform.

The outline of this sectionis asfollows. In the next subsection,| de ne the notion of
a functorial reactive system, giving preciserequiremerts for 7. Then | de ne the reaction
and labelled transition relations. In the following subsection,| prove someresults about
portable IPO squaresthat are direct analogiesto those (Lemma 2.16 and Lemma 2.17)
at the end of the previous section. The main subsectionsare concernedwith a seriesof
congruenceproofs for strong bisimulation, weak bisimulation, the traces preorder, and the
failures preorder. The nal subsectiontreats a richer notion of functorial reactive system
with arrows correspnding to multi-hole contexts and shows that strong bisimulation is
indeed a congruencehere as well.

3.2 Functorial reactive systems

The rst part of the setup is to de ne precisely the notion of functorial reactive system,
which was introduced informally above. Its de nition restson that of a reactive system,
given in the previous section, which we recall here rst for easeof reference:

De nition  (reactiv e system recalled | see Denition 2.1) A reactive system
consistsof a category C with added structure. We let m,n range over objects. C hasthe
following extra componerts:

e a distinguished object 0 (not necessarilyinitial);
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e a setof reaction rules called ReactsC | J,,cqp; ¢ C(0,m)?, arelation containing pairs
of agerts with common codomain;

e a subcategory D of C, whose arrows are the reactive contexts with the property
that D1Dy € D implies Dy, Dy € D. [ |

De nition 3.1 (functorial reactiv e system) Let C beareactive system. A functorial
reactive systemover C consistsof a functor F : € — C which mapsa distinguished object
" ¢ obj€ to 0 (the distinguished object of C) and which satis es the following properties.

F lifts agents: for any a : 0 — m there existsa : " — m suc that F(a) = a.
F creates isos: if F(C) is anisothen C is an iso.

F creates comp ositions: if F(C) = C1Cy, there exist Cy,Cy € ¢ such that ¢ = C1Co and
f(CZ) =(C;fori= 0,1.

F allows IPO sliding: for any IPO squareasin Figure 26 and c, F'lLolFo

any arrow F(, with F(F) = F(F') there exist Cy, Cj, Fy form- F l?iF 26 ’ o 27

ing an IPO squareasin Figure 27 with

F(Co) = F(C)  F(Cp) = F(C)  F(Fo) = F(F). u

Throughout this section, | use uppercaseteletype characters to denote arrows in €
and lowercaseteletype characters (a, 1,...) to denote arrows with domain " in €.

The F imagesof theseare agerts in C. The special domain requiremert of a,1, ... is
left tacit throughout this section: thus (31 € €. ...) means(31 € €. Dom1=" & ..)).

The de nition of the reaction relation is identical to the one given earlier:

De nition (reaction relation (—) recalled; cf. De nition 2.2) Given a functorial
reactive system F : € — C, the reaction relation —» C Umeobjc C(0,m)? cortains pairs
of agerts with common codomain and is de ned by lifting the reaction rules through all
reactive contexts: a —> a’ i® there exists D € D and (I,r) € Reactssuch that « = DI and
a = Dr. [ |

This de nition has an alternativ e characterisation given by the following result:

Prop osition 3.2 (characterisation of —») a — ' i® there exist a,1,D € € and
r € C suc that a = D1 and

a'= F()r  F()eD (F(1),r) € Reacts
F(a) = a.

Pro of Follows immediately becauseF lifts agerts and createscompositions. |
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We now turn to the de nition of labelled transition. As stated earlier, — is a ternary
relation whoseargumerts are all arrows in C. The original requiremert that a particular
squarebe an IPO in C (seeDe nition 2.11) is replacedhere by requiring that there exist
a preimage of this squarethat is an IPO in :

Denition 3.3 (lab elled transition (—); cf. Deniton  2.11) o L& o/ a

—

i® there exist a,1,F,D € € and r € C such that Figure 28is an IPO in € and 1l?lf’28

a = F(Dr  F(D) €D (F(1),r) € Reacts
Fla)=a FF)=F. n

Notice that «’, the RHS of the transition, is required to be F(D)r, and not F(Dr) for some
r with F(r) = r. This is important sinceit allows the reaction rules Reactsto cortain
pairs (I, r) for which F-preimagesof [ and » might not have common codomains.

By analogy with De nition 2.14, we can de ne when a functorial reactive system F
hasall redex-RPOs;the primary di®erenceis that here the RPOs exist upstairs in €, not
downstairs in C:

De nition 3.4 (F has all redex-RPOs; cf. De nition 2.14) A functorial a_
reactive system F: € — C has all redex-RPOs if any square, such as in 1lTlF29
Figure 29, has an RPO, provided that F(D) € D and that there existsr € C

such that (F(1),r) € Reacts [ |

Note that we do not demand that all RPOs exist, just onesfor which the left-leg of the
enclosingsquareis a preimageof a redexand the bottom legis a preimageof an arrow in D..
(This narrowing of the de nition is exactly analogousto what happensin De nition 2.14)

3.3 Cutting and pasting portable IPO squares

This subsectionreplays the results at the end of the previous section which shonv how to
cut and paste portable IPO squares. The main di®erencelies in the proof of pasting: here
we make explicit use of the assumptionthat F allows IPO sliding.

The rst result showvs how the transitions of composite agerts yield IPO squares:
Lemma 3.5 (portable IPO cutting; cf. Lemma 2.16) SupposeF:C —C is a
functorial reactive systemand has all redex-RPOs. The following inferencerule holds:

Ca L d

Lil’ (a mba” a' = F()ad" F(c) e D)

3 " € C and an IPO square F/|

—

C/

FE)y=0 F(F)=F
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Pro of By the denition of £ and the hypothesisthat F createscom- a_ _C_
positions, there exists a,C,1,F,D € ¢ and r € C sud that the big 1’ o lF'C, F
rectanglein Figure 30is an IPO and —5—' 30

a = F()r  F(D)eD (F(@),r) € Reacts
F(a) = a F)=C F(F)=F.

BecauseF hasall redex-RPOs, there exist F/, D', ¢’ forming an RPO in €, asin Figure 30.
Then F(¢’) € D since F(C')F(D') = F(D) € D. By Proposition 2.6, the small left-hand
squareof Figure 30is an IPO. BecauseF hasall redex-RPOs, Proposition 2.8implies that
the small right-hand squareis an IPO too. By de nition, « FE @ and o = F(Cha"
where a” 2 F(D')r. [ |

The next result showvs how the reactionsof composite agerts canbe decomposed. There
is no analogueof this result the previous section sinceit is hot neededin the congruence
proof for strong bisimulation.

Lemma 3.6 (portable IPO cutting for reactions) SupposeF : & — C is afunctorial
reactive systemand has all redex-RPOs. The following inferencerule holds:

Ca—ad
S a"eCandd F el a —DHF/) a”’ a = F(C)a" F(c)eD .
“ : ' F(CF)=C

Moreover, if F' is an isoin the conclusionthen it is equal to id.
Pro of SeeLemma 3.6in [LeiO1]. |

The nal result showvs how to paste a portable IPO squarein order to gain a transition
for a composite agert. As stated above, this is where IPO sliding is used:

Lemma 3.7 (portable IPO pasting; cf. Lemma 2.17) SupposeF: € — C is a
functorial reactive systemand has all redex-RPOs. The following inferencerule holds:

C

F’l:iF is an IPO a T8y o F(c)eD
Cl
F(©)a 2 F(ca!
Pro of SeeLemma 3.7 in [LeiO1]. [

That concludesthe setup for functorial reactive systems. The rest of the section is
dewvoted to a sequenceof congruenceproofs.
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Figure 31: Schema of the congruenceproof for ~

3.4 Strong bisimulation

This subsectionprovesthat strong bisimulation is a congruencefor a functorial reactive
system. The de nition is straightforward:

De nition 3.8 (strong bisim ulation over —; cf. De nition 2.13) Let ~ be the
largest strong bisimulation over —. |

The proof of congruenceis almost identical to the one preseried at the end of the
previous section: the only di®erenceis that the updated IPO cutting and pasting results
for functorial reactive systemsare substituted for the old ones.

Theorem 3.9 (congruence for ~) Let F: € — C be a functorial reactive system
which has all redex-RPOs. Then ~ is a congruence,i.e. a ~ b implies Ca ~ Cb for all
C € C of the required domain.

Pro of By symmetry, it is sutcient to shaw that the following relation is a strong sim-
ulation:

S2 {(Ca,Cb) /| a~bandC e C}.

The proof falls into three parts, eat of which is an implication asillustrated in Figure 31
Dashed lines connect pairs of points contained within the relation annotating the line.
Each arrow \|}" is tagged by the part of the proof below that justi es the implication.
Supposethat a ~ b and C' € C, and thus (Ca,Cb) € S.
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—Z

(): If Ca £ o' then by Lemma 3.5, there exist a”” € C and an IPO square v |F
F(F)

shown in Figure 32 such that o ") o’ and o 32
a = F()a" F(c)eD
FQ=C F@E)=F.
(ii): Sincea ~ b, there exists b” suc that b TE) y and o ~ b
(iii): SinceFigure 32is an IPO and F(¢') € D, Lemma 3.7 implies that Cb £+ F(¢)b".
Also, a” ~ V" implies (F(C")a”, F(C')v") € S, as desired. [ |

In most processcalculi the reaction relation and the r-labelled transition relation
coincide. See,for example Proposition 5.2 in [Mil92] and Theorem 2 in [Sew0(Q. A 7
transition is a \silent move™: a transition that takes place without interacting with the
external ervironment. Intuitiv ely, a 7-labelled transition corresponds to an id-labelled
transition when using cortexts aslabels, i.e. a -9 o’ i® the environment needonly supply
a vacuousidentity cortext in order to enable a to react. Howewer, if we look carefully
at the de nition of labelled transition given in De nition 3.3 and the characterisation of
reaction in Proposition 3.2, we seethat -9 and — are not necessarilyidentical. There
is an implication in one direction, namely 9+ C —, since every IPO squareis also a
commuting square,but not necessarilythe converse. Indeed, Figure 3 contains a non-IPO
commuting squarewhoseoutermost legson the right are both identity arrows.

In the special situation when all preimagesof redexesare epis, -4+ and —: do coincide,
thanks to Proposition 2.9. This situation is explored at the end of this subsectionin
Proposition 3.15

Before taking the epi hypothesison board let us a consideran alternate de nition of
labelled transition for which we do recover the reaction relation:

De nition  3.10 (lab elled transition by cases (—>))

. Fa—>d if Fisaniso
a—>a if Fis not aniso.

It follows immediately from the denition that a 9 o/ i® a — o/. Furthermore, the
induced strong bisimulation (de ned next) is a congruence,as showvn below. It is worth
considering whether there are other de nitions that recover the reaction relation but do
not involve caseanalysis. This point is taken up in Appendix B in [LeiO1] wherel presen
a de nition of labelled transition involving retractions that satis es this requiremert; |
show furthermore that this de nition induces a congruencewhich includes ~.. Let us
return to the main °ow of the argument now and consider~. in detalil.
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De nition  3.11 (strong bisim ulation over —>) Let ~, be the largest strong bisim-
ulation over —. [ |

Theorem 3.12 (congruence for ~.) Let F: € — C be a functorial reactive system
which has all redex-RPOs. Then ~ is a congruence,i.e. a ~. b implies Ca ~, Cb for all
C € C of the required domain.

Pro of SeeTheorem 3.12in [LeiO1]. |

Because—+- and —> are socloselyrelated, it is not surprising that the induced congru-
encesare also related. Indeed the following result shows that ~ is a coarserequivalence
than ~. It is an open question whether there exists a functorial reactive systemfor which
the inequality is strict.

Prop osition 3.13 (~ C ~,) Let F: € — C be a functorial reactive systemwhich has
all redex-RPOs. Then ~ C ~.

Pro of SeeProposition 3.13in [Lei01]. |

| now return to the epi hypothesisdiscussedearlier and show that if it is satis ed then
—~ = —p. A corollary is that —> = > and thus ~ = ~.. (In Chapter 7 of [Lei01], |
shawv exact conditions on redexesof a functorial reactive system of graph corntexts which
hold i® the epi hypothesisis satis ed.)

Denition 3.14 (redexes have epi preimages) Let F: € — C be a functorial
reactive system. Say that redexeshaveepi preimagesi® for all 1 € €, if there existsr € C
such that (F(1),r) € Reactsthen 1 is an epi. (Recall that lowercaseteletype letters stand
for arrows in € with domain ") |

Prop osition 3.15 Let F: € — C beafunctorial reactive system. Suppose | _a_

that redexeshave epi preimages. Then ‘45 = —, 1lTlid33

Pro of Follows from Proposition 2.9. SeeProposition 3.15in [Lei01]. |

Corollary 3.16 Let F:¢€ — C be a functorial reactive system which has all redex-
RPOs. Supposethe epi hypothesis of Proposition 3.15is satis ed, namely, the preimage
of every redexis an epi. Then —>= —3 and thus ~ = ~.

Pro of SeeCorollary 3.16in [LeiO1]. [

3.5 Weak bisimulation

Weak bisimulation [Mil88] is a coarserequivalence than strong bisimulation and is less
sensitive to the number of silent steps made by the agerts it compares. A single labelled
transition by one agent may be matched by a weak lakelled transition of another, namely
a sequenceof reactions, followed by a like transition, followed by further reactions.
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De nition 3.17 (weak labelled transition (==>)) The weak lakelled transition relation
is de ned asfollows:

. * *
aLsd i® a5 . [ |

The de nition of weak bisimulation follows exactly the form set out by Milner:

De nition  3.18 (weak bisim ulation over —; cf. Denition 5 on p. 108 in
[MilB8 ]) Let S C UmeobjCC(O, m)? be a relation that cortains pairs of agerts with
common codomain. S is a weak simulation over — i® it satis es the following properties
for all (a,b) € S:

1. If a — o/, then there exists b’ such that b —' and (d/, V) € S.

2.1f a £ o' where F is not an iso, then there exists ¥ such that b £+ ¥ and
(a,b) € S.

S is a weak bisimulation i® S and S~! are weak simulations. Let ~ be the largest weak
bisimulation over —. |

In the secondclause of the de nition of weak simulation, the label F' is required to
be not an iso. Without this requiremert, the de nition would force a £+ to be matched
by b £, for F an iso. By the de nition of IPOs, iso-labelled transitions are essetially
like id labelled transitions. As arguedin the previous subsection-¢» C —3, and moreover
the cornverseholds in certain cases.Soallowing F' to be an isoin clause2 would override
clause 1. But clause 1 embodies a basic principle, namely that a silent transitions is
matched by zero or more silent transitions and not by one or more.

The congruenceproperty of weak bisimulation is more limited than that of strong
bisimulation: = is a congruencewith respect to arrows only in D, a subcategory of C.
Recall that D consists of the \reactiv e contexts"”, i.e. the contexts that allow reaction
under them: a — o’ implies Da — Da’ for D € D. (SeeDe nition 2.) This limitation
is not surprising. In CCS, for example,weak bisimulation is not a congruencewith respect
to summation corntexts, which are not reactive, i.e. we do not have that a —> o’ implies
a+ b—>da + b (I am using a,b for agents and not for names in order to maintain
consistencywith the notation of the rest of this paper.) Use of the hypothesisC € D
occurs twice in the proof.

In CCS, weakbisimulation is a congruencewith respectto somenon-reactive conexts,
namely the pre xing contexts x.— and ¥.—. We would require richer structure than is
cortained in Part 2 in order to have a category of CCS contexts, namely the nesting of
graphs to represent pre xing, some added data (not yet well understood) to represent
summation, and the inclusion of free namesto represer the naming structure of CCS.
(SeeSection5 in Part 2 for a discussionof these open problems.) If we could construct
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suc a categorythen it is likely that proving explicitly that weak bisimulation is presened
by pre xing would be easy since the only initial labelled transition of a pre xed agert
is basedon the pre x itself. Nonetheless,it is worth considering whether we could get
a better general congruenceresult for weak bisimulation by dividing the set of reactive
contexts in two, with one set corntaining pre xing-lik e contexts and another cortaining
sum-like contexts. | am not sure how this would work, but something similar is done
in work on rule formats for structural operational semarics by Bloom in [Blo93] who
distinguishes\tame" from \wild" contexts.

Theorem 3.19 (congruence for ~ w.rt. D) Let F: € — C bea functorial reactive
systemwhich hasall redex-RPOs. Then = is a congruencewith respectto all contexts in
D, i.e.a=bimplies Ca ~ Cb for all C € D of the required domain.

Pro of SeeTheorem 3.19in [Lei01]. [ |

How can we get a congruencewith respect to C, not just D? One possibility is to
replacethe £+ of clause2 in De nition 3.18with £5-—%. The largest symmetric relation
satisfying this new de nition is a congruencewith respectto all of C. A secondpossibility
is to make this changefor the rst step only of the weak bisimulation relation and then
revert to the normal de nition in De nition 3.18

De nition  3.20 (greedy weak bisim ulation (=,)) Let =~ C Umeobj.CC(O,m)2 be
the largest symmetric relation that cortains pairs of agerts with common codomain and
which satis es the following properties:

1.1f a —» o/, then there exists ' such that b —=¢ and o’ ~ V.

2. If a £ o' where F is not an iso, then there exists ¥’ such that b £~ and

a ~ V.
We call ~, greedy weak bisimulation. [ ]

Notice that this de nition requiresthat a’ &~ ¥/, not the stronger condition that o’ ~, V'.
The relation =, is also a congruencewith respectto C. The proof is almost identical to
that of Theorem 3.19

Theorem 3.21 (congruence for ~, w.rt. C) Let F: € — C beafunctorial reactive
systemwhich has all redex-RPOs. Then ~,, is a congruencewith respect to all cortexts
in C, i.e. a = bimplies Ca =~ Cb for all C' € C of the required domain. |

The idea of having a special requiremert for the rst step of a weak bisimulation
followed by the use of standard weak bisimulation to comparethe cortinuations is well-
established. See,for example, the de nition of observational congruene (De nition 2 on
p. 153in [Mil88]), also known as rooted weak bisimulation in the literature. Experience
with CCS suggeststhat a congruencein ensuredby changing clausel (to require b —>
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—* 1Y) and not clause 2 in De nition 3.18| exactly the opposite of what is done in
De nition 3.20. This anomaly requiresfurther researt, both to nd categoricaltheory to
model di®erert kinds of non-reactive contexts and to show that RPOs exist for categories
of graph-like contexts that contain summation.

3.6 Traces preorder

This subsection addressesthe traces preorder, a simple preorder that comparesagerts
based on their nite traces. A trace (seep. 41 in [Hoa8Y) is a sequenceof labelled
transitions.

The tracespreorderis insensitive to hon-determinism and deadlock sois of limited use.
Nonetheless tracesare good for specifying security properties sinceit is easyto formulate
that an agert doesnot possessertain \bad" traces (see,for example, [Pau98 SV0Q).

The main motivation for this subsectionis to provide a warmup for the next one, which
looks at the failures preorder. As a result, the traces consideredhere are all strong (not
interspersedwith reaction steps) since the way to handle the weak caseis subsumedby
the results preseried in the next subsection.

De nition  3.22 (traces preorder (=,); cf. p. 45 in [Ros98]) A pair of agerts b and
a with common codomain are related by the traces preorder, written a =, b, i® all the

traces of a are traces of b: for every trace (F1,..., F,),
a By oy implies b ... [ |

(In this subsectionand the next, n, m are natural numbers and not objects of a cate-
gory.)

The proof of congruenceis more complicated that that of strong bisimulation
(Theorem 3.9) becausewe need to consider traces, not just individual labelled transi-
tions. The heart of the argumert is an inductiv e construction of a trace of « from a trace
of C'a. Each inductiv e step cuts o®a portable IPO square(seeLemma 3.5) which is sub-
sequetly pasted badk on (Lemma 3.7) when constructing a trace of Cb from a trace of
b.

Theorem 3.23 (congruence for >,) Let F: € — C be a functorial reactive system
which has all redex-RPOs. Then 2, is a congruence,i.e. a 2, b implies Ca =, Cb for all
C € C of the required domain.

Pro of Supposethat a =, b. Let C' be any context of appropriate domain. We wish to
provethat Ca 2, Cb. The proofis divided into three parts, which are shovn schematically

~

in Figure 34.
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Figure 34: Schema of the congruenceproof for 2,

(): Let &y 2 Ca and considerany trace &g g, by &y, Wheren > 0. L
We construct (ag, Cp) . . . (an, C,) and the squareshown in Figure 35 for

1 < i < n suc that the following conditions hold for 0 < i < n: ©
b = Cia; Tr-a

ai—1 %az foriZ 0 Tr-lab

C;eD fori# 0 Tr-D

F(C;) = Ci—q foriZ 0 Tr-C

F(C) = C; fori# 0 Tr-Cprime

F(F;) = F; fori# 0 Tr-F

Figure 35is an IPO foriZ 0. Tr-1IPO

base: Let ag 2 a and Cj

2 (C. Then Tr-a holds and the other conditions are

vacuous.
step: We construct a;,1,C;1+1 and the squarein Figure 36 from Ci+1
a;, C; as follows, assuming0 < i < n. By the inductive hy- Fin lalﬂ” 36
Cia

pothesis Tr-a holds for i, thus &; = Cja;. Sinced; i, Hit1,

Lemma 3.5 implies that ther)e exist a;;1 € C and an IPO square shown in
. F/,

Figure 36 suc that a; ———— a,,1 and

biy1 = Ciprain Cin €D F(Cip) = € F(Fip1) = Figr -

wherewe let C; ;1 2 F(C; ;). Then all of the inductiv e properties are satis ed
for i+ 1.

INRIA



Synthesising Lakelled Transitions and Operational Congruencesin Reactive Systems, Part 1 41

Thusby Tr-lab a = ag f(Fll)>-.- FEn), .

(), FE)

(i): Sincea >, b there exist by . . . b, such that b= by > b

(ii): We now claim that Cyb; 2% Cj1b;iq for 0<i < n.

Since b; FFl) biy1 and Figure 36 is an IPO (by Tr-IPO ), with
F(Ci, ) =TrCpime iy € D by Tr-D , then Lemma 3.7 implies

F(Fi+1

Cibi =T"C F(Ciy1)b; FEa), F(Chy)bipr =""CPIME Oy,

and thus by Tr-F , Cyb; "5 Cy1bi1. SO

Cb= Coby Lip-.. oy

as desired. [ |

3.7 Failures preorder

This subsectionlooks at the failures preorder, which is a fundamertal part of the failures
and divergencesnodel of CSP [Hoa85. | do not considerdivergenceshere,sothe de nition
I use only employs failures. The failures preorder is sensitive to non-determinism and
deadlock (see Subsection 3.3 in [Ros9g). The failures of an agert provide a domain-
theoretic interpretation, assigninga meaning to ead agert independertly of the others
(unlik e for bisimulation). This makes failures properties well-suited to model cheding
[Ros94 Low96).

In order to de ne a failure of an agen, | rst extend the notion of a weak labelled
transition to allow for sequence®f labels (not just single labels):

De nition 3.24 (weak labelled transition extended; cf. De nition 3.17)

. *
a e o i® a—>d
FY°t .
a:>(>al i® aép%pa/,

wheret is a sequenceof arrows of appropriate domain and » is the concatenationoperator.
|

A failure of a consistsof a sequenceof weak labelled transitions ¢ and a set of labels
X sud that « ewlvesby =+ to a stable state (one for which no reactions are possible)
which refuses X, i.e. cannot engagein a transition labelled by any of the arrows in X.
To prevert reactions from masqueradingas labelled transitions, every arrow in ¢ and X is
not an iso (cf. the discussionimmediately following De nition 3.18).
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De nition  3.25 (failure; cf. p. 171 in [Ros98]) A failure of a is a pair (¢, X) where
t is a nite sequenceof arrows (each not an iso) and X is a set of arrows (each not an iso)
for which there exists a’ suc that the following conditions hold:

a=-a a has a weak trace t;
a’ —4> a' is stable;
VF € X.d tn a' refusesX. ]

De nition  3.26 (failures preorder (Z;); cf. p. 193 in [R0os98]) A pair of agents b
and a with common codomain are related by the failures preorder, written a Z; b, i® all
the failures of a are possessedby b. [ |

The relation Z; is only a congruencewith respect D, the subcategory of C consisting
of reactive contexts (cf. Theorem 3.19. The only use of the hypothesisC € D occursin
the basecaseof the induction.

The proof, which we omit, is similar to that of the traces preorder however there are
two aspects that require care: the cutting and pasting of portable IPO squaresfor weak
labelled transitions and the propagation of refusal sets.

Theorem 3.27 (congruence for Z; w.rt. D) Let F: € — C beafunctorial reactive

system which has all redex-RPOs. Then Z; is a congruencewith respect to all contexts
in D, i.e. a ¢ b implies Ca g Cb for all C' € D of the required domain.

Pro of SeeTheorem 3.26in [LeiO1]. [

3.8 Multi-hole contexts

As anticipated at the end of the previous section, this subsectionenrichesthe de nition of
functorial reactive systemsto model explicitly multi-hole contexts. At rst glance,there
is no obstaclein accommalating multi-hole contexts directly within the existing theory
of reactive systems. (For simplicity, let us ignore functorial reactive systemsuntil later.)
However this doesnot work well as| illustrate in the next few paragraphs.

If we consider multi-hole term algebra contexts (as usedin term rewriting), s&, then
we can choose the objects of C to be natural numbers and the arrows to be tuples of
contexts (that useead hole exactly once) constructed from function symbols taken from
somesignature §. Concretely, if § = {«, ', 3,7}, where a and ' are constarts, 3 is a
1-place function symbol, and ~ is a 2-place function symbol, then, we have the following
examplesof arrows:

Co 2 (—1,8())) 112
Cl 2 <’Y(-2,0/),C¥,ﬁ(—1)> :2—3
C1Cy = (v(B(a)), &), B(—1)) : 1 —3
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But what is an agent? A natural choiceis to take ageris to be  (—a .
pure terms, i.e. arrows 0 — 1 (a 1-tuple containing a term corntext /F,
with 0 holes). But this is not supported by the de nition of reactive /“Y F
system, where agerts consist of all arrows 0 — m for m an arbitrary /D b 37
object of C. This discrepancyis non trivial: if we try to con ne the b
de nition of labelled transition and bisimulation to useonly a limited set of agens, say
thosearrows 0 — m for m € A, where A is somesubsetof the objects of C, then the proof
of congruencegoes wrong. The problem is that even if m,m’,n € A in Figure 37, it is
not necessarilythe casethat an RPO F’, D', C yields an object u € A. Thus even though

F', D’ forms an IPO with respectto a,l, it is not the casethat « ', sincethe codomain
of F’ is not in A.

l
m

Howewer, it is exactly the fact that RPOs sometimesdo not produce an object in A
that gives multi-hole contexts their power and that makes them worth considering. To
seewhy, supposethat we take C to be a category of exclusively 0- and 1-hole contexts.
Then RPOs exist, asa corollary of Sevell's dissectionresult for terms (Lemma 1 in [Sew]).
Consequetly, bisimulation is a congruencefor term rewriting systems. The resulting
labels are unnecessarilyheavy, though. For considerthe reaction rule (5(«), o'); we have
a 25 o which corresponds to our intuition that « needsf(—) to react. (When there
is no confusion| use — for —;.) Unfortunately, we also have a labelled transition where
the label contains a complete copy of the redex:

o ¥(=:B(e)) ,y(a/ O/)
This was discussedat the end of the previous section. This heavy labelled transition is
absert when we look at multi-hole contexts, as illustrated with the help of the diagram
below. (Tuple brackets ( ) are omitted from singletons.)

/

0 a 1

<754
s 72

2/ v(=:8())
N
(@,=)  (-1-2)

1/ \1

’Y(alv_)

If we work in the category of 0- and 1-hole contexts then the outer squareis an IPO, which
givesrise to the transition 2@, mertioned earlier. By admitting multi-hole contexts

we have given the outer-squarea simpler RPO.

It is now possibleto make precisethe motivation for the results developed in this
subsection. The goalis to reconciletwo things: (i) we want to restrict of the collection of
agerts of C to arrows 0 — m for m € A, where A can be a proper subsetof the objects
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of C (for example A = {1} in the caseof multi-hole term cortexts); (i) we want to admit
RPOs that yield objects which are not contained in A.

The keyideais to considerthe notion of a strict monoidal category (C, ®, 0), a category
C equippedwith afunctor ® : CxC — C and an object O such that ® is strictly assiative
and has unit 0. The role of the tensor ® is to \tuple" arrows and objects, e.g. recalling
the term contexts Cy, C; from above, we have that:

Co 2 (—1,6(c)) 112
1 2 (y(—2,0),a, B(—1)) 12—3
Co®Cy = (—1,8(a'),7(—3,0"),a, B(—2)) : 3—5
(V(=2,0),, 8(=1), =3, (') : 3—5
The following de nition extends that of a functorial reactive system by postulating
that both the upstairs and downstairs categoriesare monoidal and requiring that the
functor between them respects the monoidal structure. The sameenrichment could be

performed on a reactive system. There is, howewer, no reasonnot to take more general
approad shown here.

b3

De nition  3.28 (functorial monoidal reactiv e system; cf. De nition 3.1) A
functorial monoidal reactive system consistsof a functorial reactive system 7 : € — C
with the following added structure:

e Both € and C are strict monoidal categorieswith unit objects" and 0, respectively,
and tensor ® (the samesymbol being usedfor both categories).

e F presenestensors,i.e. 7(C; ® Cy) = F(C1) ® F(Cop).
e F presenesand createsunits, i.e. for all u € obj€, F(u) = 0i®u=".

e There is a subsetA of C-objects and a subseta of €-objects, where A is the preimage
under F of A. Weusem,m/,... to rangeover A and m,m’, ... to range over A.

e ReactsC J,,.4 C(0,m)?.
e Pairing with an agert yields a reactive context: a ® id,,, € D for a : 0 — m. |

The agentsare arrows 0 — m wherem € A and the agentcontexts are arrows m — m/,
for m,m’ € A. Thus the reaction rules of Reactsare only betweenagerts. We overload
the terminology for € in a straightforward way: arrows " — m of € are also agerts for
m € A; arrowsm —m’ of ¢ arealso agert contexts for m,m’ € A.

The de nition of labelled transition con nes the argumerts to be agerts:

De nition  3.29 (lab elled transition for functorial monoidal reactiv e systems
(—=>); cf. Denition 3.3) a L+ d i®a £ and a,d’ are agerts (thus forcing F to
be an agert cortext). [ |
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Two properties now replacethe hypothesisthat F hasall redex-RPOs. The rst asserts
that the RPO consistseither of agert contexts or of pairing operations that place disjoint
instancesof a and 1 into the composite Fa = D1:

De nition 3.30 (F has all monoidal-redex-RPOs; cf. " —2—n
Denition 3.4) Suppose F: € — C is a functorial monoidal re- 1 Ié'
active systemand that a,1 are agens, F,D are agen corntexts, (D) € D, 4D\
and there exists r € C sud that (F(1),r) € Reacts Then F has all

monoidal-redex-RPOs if any square, such asin Figure 38, has an RPO (as shown) such
that ifu¢ Athenu=n®n', FF=id,®1,and D' = a®idy. [ |

m/

The secondproperty assertsthat pairing agert contexts yields an IPO:

a

m

De nition 3.31 (F has all monoidal-redex-IPOs) A functorial
monoidal reactive system F : € — C hasall monoidal-redex-IPOs if 1’
any square,such asin Figure 39, is an IPO, provided a,1 are agerts ' —gig »®n 39
and there exists r € C sud that (F(1),r) € Reacts |

idn®1

Just before giving a proof of congruencefor strong bisimulation we needto consider a
corollary of Lemma 3.7 for functorial monoidal reactive systems:

Corollary 3.32 (portable IPO pasting for functorial monoidal reactiv e systems;
cf. Lemma 3.7) SupposeF : €& — C is a functorial monoidal reactive systemand has
all monoidal-redex-RPOs. The following inferencerule holds:

L’ /
r| | isan IPO consisting of agert cortexts ~ a 2 s o

<

F()eD

F(Q)a T3 F(C)a!

Strong bisimulation comparespairs of agens:

De nition  3.33 (strong bisim ulation over —; cf. De nition 3.8) Let ~,, C
UmeAC(O,m)2 be the largest strong bisimulation over —> suc that ~,, cortains only
pairs of agerts with common codomain. [

Finally we prove congruence.As promisedat the end of the previous section, the argu-
ment mirrors closely congruenceproofsin typical processcalculi. In particular, two cases
are distinguished when analysing the transition Ca £ (i) a, C, and F all cortribute, in
which caseq itself has a labelled transition; (ii) only C' and F' cortribute, in which case
Cb £ without needingto considerthe behaviour of a and b.

Theorem 3.34 (congruence for ~, w.rt. agent contexts) Let F:& — C be
a functorial monoidal reactive system which has all monoidal-redex-RPOs and has all
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monoidal-redex-IPOs. Then ~, is a congruencewith respectto agert contexts, i.e.a ~, b
implies Ca ~,, Cb for any agert context C € C of the required domain.

Pro of By symmetry, it is sutcient to shaw that the following relation is a strong sim-
ulation:

S 2 {(Ca,Cb) /| a~ybandC € C is an agert context} .

Supposethat a ~, b and C € C, and thus (Ca,Cb) € S, where | «_a , ¢C ,
a,b:0—m and C: m — n. SupposeCa L3 o’. By the denition 1J P
of £> and the hypothesisthat F createscompositions, there exist C- D 40

arrowsa:" —mC:m—n,1:" —m',F,Danda C-arrow r : 0— F(m')
such that the big rectanglein Figure 40is an IPO and

a' = F()r  F(D)eD (F(@1),r) € Reacts
F(a) = a F)=C F(F)=F.

BecauseF has all monoidal-redex-RPOs, there exist F/,D’, ¢’ forming an RPO in ¢, as
in Figure 40. Note that F(C’) € D since F(C')F(D') = F(D) € D. By Proposition 2.6,
the small left-hand square of Figure 40 is an IPO; Proposition 2.8 implies that the small
right-hand squareis an IPO too. SinceF hasall monoidal-redex-RPOs,we have additional
information depending on whether u € A. We considerboth cases.

Case u € A: By de nition, « % a” andd’ = F(C')a”, wherea” 2 F(D')r. Sincea ~, b,

there existsb” such that b % b" and a”’ ~,, b”. Sincethe small right-hand square
in Figure 40is an IPO and F(¢’) € D, Corollary 3.32implies that Cb L F(¢')b".

Also, a” ~,, " implies (F(C)a", F(C')b") € S, asdesired.

Case u¢ A: We havethat F/ = id, @1 and D' = a®idy. "—2——mo—
Since F lifts agens there existsb : " — m( such that 1‘ idmy ®1 Fo
b) = b, and thus = = . Since , /
F(b) F (mo) m F(m) Fooa b@idy; m0E™ Ch 41

presenes tensors, F(F') = idzm ® F(1) = idgg,) ®
F(1) = F(idy, ®1). SinceF allows IPO sliding, the small right-hand IPO squareof
Figure 40 can be slid to form the small right-hand IPO squarein Figure 41, where

F(Co) = F(C)  F(Fo) = F(F)  F(Cp) = F(C)) .

Since F has all monoidal-redex-IPOs, the small left-hand square of Figure 41 is an
IPO. Since F has all monoidal-redex-RPOs, Proposition 2.8 implies that the big
rectangle in Figure 41 is an IPO. Since F presenestensors and since pairing with
an agert yields a reactive context, 7 (Cy(b ® idy)) = F(C')(b® idf@) € D so:

Cb L F(Ch(b @ idy))r = F(C)b@ 1) = F(C)(idy @ )b .
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The last equality is a standard property of strict monoidal categories. Furthermore,
a = FD)r = F(CFO)r=F(C)F(a®idy)r = F(C)a®r) = F(C)id, @1r)a .
Thus a ~, b implies (F(C')(id,, ® r)a, F(C')(id,, ® r)b) € S asdesired. |

To round out this subsection,let uslook again at the example of multi-hole term contexts
over a signature 8.

De nition  3.35 (multi-hole term contexts (T *(8))) Givena signature § of function
symbols then the category of multi-hole term contexts T *(8) over § is constructed as
follows: the objects are the natural numbers; an arrow j — k is a k-tuple of terms over
the signature § U {—1,..., —;} containing exactly one use of ead hole —; (1 < i < j).
(When j = 1, | often write —; as —.) The identities are: id; 2 (—,...,—;) : j—j. For
C= (t1,...,tx) : j—k and D : k — m, their composition is the substitution

DCﬂ{tl/—l,---,tk/—k}D. [ |

In order to apply Theorem3.34to T*(§), welet C = € = T*®§) and F be the
identity functor. If welet A= {1} then

e anagert of T*(8) isaterm a:0—1;

e agen cortext of T*(8) is aterm conext C': 1— 1, i.e. aterm containing a single
hole.

We may choose any subcategory of T*(8) to be the reactive conexts, subject to the
conditions in De nition 3.28 The labelled transitions of T *(8) depend, of course,on the
reaction rules. Oncetheseare speci ed, the labelled transition relation —> is determined
by De nition 3.29 and the induced strong bisimulation ~,, by De nition 3.33

As a corollary of Sewell's dissection result for terms (Lemma 1 in [Sew]), F has all
monoidal-redex-RPOs and has all monoidal-redex-IPOs. Hence from Theorem 3.34 the
induced strong bisimulation ~, is presened by all term corntexts. Let us now revisit the
reactive system whoseonly reaction rule is (3(c),’). It contains exactly the following
labelled transitions:

D(B(a)) = D(d) for all reactive term contexts D € D

a 5(—m) o

Theseagreewith the transitions found by Sewell in the caseof ground-term rewriting.
| believe for any reaction rules speci ed by Reactsthe synthesisedlabelled transitions for
T*(8) coincide exactly with Sewell's.
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4 Conclusions

This nal section summarisessome of the accomplishmens of the paper. | delay the
discussionof future work to the conclusion of Part 2, since the relevant open problems
involve the conbination of both parts.

My main motivation in this work is to provide mathematical tools that easethe con-
struction of new processcalculi. Every computational phenomenon (distributed hosts,
failures, cryptography, etc.) that givesrise to a new calculus carries with it rules for de-
scribing how it works, how a computation ewlves. These are often reaction rules, which
capture the allowable state changes. The redexesare typically composites formed from
atoms, so the following questions naturally arise. When an agert has parts of a redex,
which atoms doesthe agert require to form a complete redex? Can we get a de nition
of labelled transition if we choosethe labelsto be those small contexts that complemen
an agert to complete a redex? These questionsare not original with me: they are often
usedby the processcalculus community as motivation and intuition for designingspeci ¢
labelled transition relations. | believe, though, that the original cortribution of my work
is to give a generalway of transforming reaction rules into tractable labelled transitions.

By tractable, | meantwo things: (i) the labelsare small, i.e. contain only those parts of
aredex necessaryto complete a whole redexin an agert; (ii) the labelled transitions yield
operational equivalencesand preordersthat are congruences.The key ideasin trying to
achieve both desiderataare that of a relative pushout (RPO) and an idem pushout (IPO).
With respect to (ii) the results are good: | prove congruencefor strong bisimulation,
weak bisimulation, the traces preorder, and the failures preorder. For (i), the results are
encouraging: IPOs ensurethat the labels of transitions contain no junk, i.e. that no lesser
label would do. There is, however, more work required in making the labels even simpler
by exploiting the uniformity presert in reaction rules that contain metavariables. The
conclusion of Part 2 discusseghis problem in the paragraphs concernedwith multi-hole
redexes.

One of the most attractiv e qualities of the theory of RPOs is that it is abstract: it is
applicable to all categoriesof contexts and therefore provides a unifying discipline. Before
I understood RPOs, | spernt seweral years thinking about dissection results for speci ¢
graph-like contexts: \If Cyag = Ciaq, then what part of a; is present in Cy_; for i = 0,1?"
I could only get results about nodes (for example, which nodesof a; are supplied by Cy)
but not about arcs. Trying to work in an ad hac way with graphs was unsatisfying until
the RPO theory arrived: it wasonly the discipline of a universal property in the category
theory sensethat sustainedme in carrying out the constructions contained in Chapter 6,
\RPOs for action graph contexts”, in [Lei01]. Sewell's ad hoc reasoningabout dissection
for term algebraswith parallel composition [Sew was successfulvithout employing RPOs,
but his statemert of dissectionwas complicated. To be fair, his dissectionswere for multi-
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hole redexesthat RPOs do not neatly handle. He is now recasting someof his results in
terms of RPOs and other universal constructions.

RPOs thus support the goal of dewveloping a sharedtheory that can produce labelled
transitions and operational congruencegor many processcalculi. The task that we usually
facefor eadh new processcalculus of de ning labelled transitions and proving that equiv-
alencesand preorders are congruencesis replaced by the task of choosing reactions and
proving that RPOs exist. This is attractiv e leveragefrom RPOs. This leveragegains us
a greater advantage if we can nd families of functorial reactive systemswith rich graph-
like structure for which the existenceof RPOs is proved once, and for which practical
examplesof processcalculi are instances. Part 2 works towards this goal: it provides a
seriesof theoremsthat verify the functorial reactive systemaxioms (such as PO sliding)
for a generalclassof functors, thus showing that that subclassof Milner's action calculi
cortexts satisfy these axioms. It then states the RPO result (omitting the proof for the
sake of brevity). Finally, it concludesby detailing the future work required to enrich the
structure of thesegraphsto the point that they embrace practical processcalculi.
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