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ABSTRACT 

We p r e s e n t  an  ex t ens ive  se t  of m a t h e m a t i c a l  p r o p o s i t i o n s  
a n d  p r o o f s  in o r d e r  to  d e m o n s t r a t e  t h e  power  of e x p r e s s i o n  of 
t h e  t h e o r y  of c o n s t r u c t i o n s .  

I n t r o d u c t i o n  
The t h e o r y  of c o n s t r u c t i o n s  is a h i g h e r  o r d e r  ca lcu lus  insp i red  f r o m  the  

work of De Brui jn  l l , l z ,  Gi ra rd  23,2z and  Mart in-L6f 39. It is i n t r o d u c e d  and  
m o t i v a t e d  in C o q u a n d - H u e t  17 and  i ts  c o n s i s t e n c y  is p r o v e d  in Coquand  16. A 
p r o t o t y p e  i m p l e m e n t a t i o n  in ML has  b e e n  deve loped  a t  INRIA for  e x p e r i m e n -  
t a t i o n  with t he  power  of e x p r e s s i o n  of the  ca lcu lus .  

We p r e s e n t  h e r e  an  a n n o t a t e d  t r a n s c r i p t  of e x a m p l e s  d e v e l o p e d  on th i s  
sys t em.  ML is a f u n c t i o n a l  p r o g r a m m i n g  l a n g u a g e  deve loped  or ig ina l ly  as t he  
m e t a - l a n g u a g e  of the  LCF proof  a s s i s t a n t  24. Actua l ly  no p rev ious  knowledge  
of ML is r e q u i r e d  he re ,  s ince  only  a few v e r y  specif ic  f u n c t i o n s  a re  u sed  in t he  
example s .  

1. An overv iew of  t h e  l a n g u a g e  of c o n s t r u c t i o n s .  

1.1. C o n s t r u c t i o n s :  c o n t e x t s  a n d  o b j e c t s  
C o n s t r u c t i o n s  a r e  we l l - typed  e x p r e s s i o n s  of a t y p e d  l a m b d a - c a l c u t u s ,  

w h e r e  t h e  t y p e s  a r e  l a m b d a - e x p r e s s i o n s  of the  same  n a t u r e .  Thus  o u r  bas ic  
l a n g u a g e  is bas i ca l ly  N e d e r p e l t ' s  h 4t, 42, IS 

[x:M]N 

(M N) 

X 

T h e r e  a re  f o u r  ru l e s  of f o rma t ion :  

Universe  

A b s t r a c t i o n  

Appl ica t ion  

Var iable  

In the formation rule for abstraction, we prefer the Automath notation 
[x:M]N to the more traditional notation lxld-N for two reasons. Firstly, the 
type M associated to the bound variable x may be quite complex, and thus 
the subscript notation would be too messy, with subscripting at any level. 
Secondly, this binding operation is used for representing products VzeM.N 
as well as functions ~x eM.N. The name x is of course completely irrelevant, 
and belongs only to the concrete syntax of the term. Abstractly, the 
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abstraction operator is binary, and admits two components, M and N. 
Occurrences of variable x in the concrete syntax of term N will be replaced 
by its de Bruijn's index, i.e. an integer denoting the reference depth of the 
occurrence. Thus the string 

Ix :A ](b y)x) 
r e p r e s e n t s  c o n c r e t e l y  t he  a b s t r a c t  t e r m  

[A]([B](2 i ) i )  
T h a t  is, i n t e g e r  n d e n o t e s  the  v a r i a b l e  b o u n d  a t  t h e  n t h  b i n d e r  u p w a r d  in t h e  
t e r m .  As usua l  in c o m b i n a t o r y  logic we wri te  (M N) fo r  t he  a p p l i c a t i o n  of t e r m  
N to  t e r m  M. 

Our  t e r m  a l g e b r a  is c o m p l e t e d  b y  a c o n s t a n t  *, which  p l ays  t h e  ro le  of 
t h e  u n i v e r s e  of all t ypes .  In A u t o m a t h  l a n g u a g e s ,  * is n o t e d  T, prop or  type. 

We shal l  n o t  exp l a i n  f u r t h e r  t he  a b s t r a c t  s y n t a x  u s e d  in the  f o r m a l  m a n i -  
p u l a t i o n  of t h e  c o n s t r u c t i o n s .  We shal l  only  d e s c r i b e  h e r e  t h e  c o n c r e t e  syn-  
t ax ,  which  r e f l e c t s  a r i c h e r  s t r u c t u r e  of a b b r e v i a t i o n s .  

F i r s t  we e s t a b l i s h  a s t r o n g  d i s t i n c t i o n  b e t w e e n  e x p r e s s i o n s  of t h e  f o r m  

[ X l : M 1 ] [ x 2 : M 2 ]  " " " [z,~:M,~]* 
which  we shal l  cal l  contexts, f r o m  all o t h e r  e x p r e s s i o n s ,  which  we shal l  call  
objects. In tu i t ive ly ,  t h e  c o n t e x t s  a r e  d e c l a r a t i o n s  u s e d  f o r  l inguis t ic  
def in i t ions .  An o b j e c t  of  t y p e  t h e  c o n t e x t  a b o v e  is a p r o p o s i t i o n  wi th  f r e e  
v a r i a b l e s  of t y p e s  Ml,"  "" ,Mn. Fo r  i n s t a n c e ,  t h e  c o n t e x t  [x :nat ] * is t h e  t y p e  
of u n a r y  p r e d i c a t e s  o v e r  t y p e  nat. In o r d e r  to  s t r e s s  t he  d i s t i n c t i o n  b e t w e e n  
c o n t e x t s  and  ob j ec t s ,  we shal l  in t h e  following a d o p t  t h e  a l t e r n a t i v e  s y n t a x  
Ix ]M]N fo r  a b s t r a c t i o n  o v e r  a c o n t e x t  t y p e  M. Fo r  i n s t a n c e ,  we shal l  d e c l a r e  
a u n a r y  p r e d i c a t e  P o v e r  nat in a n  e x p r e s s i o n  N b y  the  c o n s t r u c t i o n  
IPI[x:A]*IN. 

1.2. Types: propositions and proofs 
We shal l  n o t  in th is  p a p e r  e n t e r  t h e  t e c h n i c a l  de ta i l s  of t y p e - c h e c k i n g  in 

t h e  t h e o r y  of c o n s t r u c t i o n s .  The i n t e r e s t e d  r e a d e r  will find a full  t e c h n i c a l  
a c c o u n t  of t h e  t h e o r y  in C o q u a n d ' s  t h e s i s  16. We a s s u m e  k n o w n  t h e  n o t i o n  of 
f l - r educ t i on ,  which  c o r r e s p o n d s  to  c o m p u t a t i o n  in t h e  c a l c u l u s  of c o n s t r u c -  
t ions .  This r e l a t i o n  is c o n f l u e n t  (i.e. h a s  t he  C h u r c h - R o s s e r  p r o p e r t y ) ,  n o e t h -  
e r i a n  (i.e. s t r o n g  n o r m a l i z a t i o n  holds) ,  a n d  p r e s e r v e s  t h e  t y p e s  of e x p r e s -  
s ions.  I t s  e q u i v a l e n c e  c l o s u r e  is ca l led  conversion. All is n e e d e d  h e r e  con -  
c e r n i n g  t y p e - c h e c k i n g  is t he  u n d e r s t a n d i n g  t h a t  a n  a p p l i c a t i o n  (21t N) is well 
t y p e d  on ly  w h e n  t h e  e x p r e s s i o n  M h a s  a f u n c t i o n a l  t y p e  [x :A]B  c o m p a t i b l e  
with t he  t y p e  A' of e x p r e s s i o n  N. C o m p a t i b l e  m e a n s  u sua l l y  t h a t  A a n d  A' a r e  
e q u i v a l e n t  m o d u l o  conve r s ion .  The r e s u l t i n g  t ype  of t he  a p p l i c a t i o n  is B, 
w h e r e  o c c u r r e n c e s  of x a re  r e p l a c e d  by  N. This e x p l a n a t i o n  is n o t  qu i t e  
suf f ic ien t ,  s ince  we also  allow for  i n s t a n c e  ~A I *l M to  be  app l i ed  to  P of t y p e  
I x : n a t ] * .  The r a t i o n a l e  of th is  t y p e  c o e r c i o n  is to  allow t h e  p r e d i c a t e  P to  
s t a n d  fo r  t h e  p r o p o s i t i o n  V x e  n a t - P ( x )  a s  well a s  fo r  a p r o p o s i t i o n  s c h e m a  
with a s u b t e r m  x of t y p e  n a t .  This d e p a r t u r e  f r o m  the  A u t o m a t h  f o r m a l i s m s  
is of c o u r s e  e s s e n t i a l  fo r  t he  e x p r e s s i v e n e s s  of the  ca lcu lus ,  as  t h e  e x a m p l e s  
be low will d e m o n s t r a t e .  

We shal l  call  proposition an  o b j e c t  of t y p e  a c o n t e x t ,  a n d  p r o o f  a n  o b j e c t  
of t y p e  a p r o p o s i t i o n .  We shal l  no t  c o n s i d e r  f u r t h e r  ob j ec t s ,  a n d  t h e r e f o r e  
r e s t r i c t  a b s t r a c t i o n  to c o n t e x t s  a n d  p r o p o s i t i o n s .  For  i n s t a n c e ,  t h e r e  a r e  no  
f u n c t i o n a l s  m a p p i n g  p r o o f s  in to  p roof s .  This  r e s t r i c t i o n  of t he  full c a l c u l u s  
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presented in Coquand-Huet I? is in agreement with the theory developed and 
proved consistent in Coquand's thesis 16. All examples below belong to this 
simpler three-level system. 

1.3. Abbrev ia t ions  

We use in our concrete syntax two abbreviations. First, we allow to abbre- 
viate Ix I *IN as !x.N. This abbreviation may be iterated, like in !x,y,z.N. The 
symbol ! must be understood as universally quantifying over all propositions. 
The rationale of this notation lies in the subtype discipline explained above: 
variable x of type * may be bound by an expression of type an arbitrary con- 
text, considered as a quantification prefix. This gives the constant * the role 
of a free variable standing for an arbitrary proposition. 

The second abbreviation is to allow expression A 45' in place of [a:A]B, 
whenever x does not occur in B. The expression A-,H, seen as a type, is the 
type of ordinary functions from A to B. A dependent type [x:A](P x) is the 
type of generalized functional objects of domain A, mapping value X in A to 
some value in (19 X). Such dependant types appear for instance in Martin- 
L6f's intuitionistic theory of types 39. They should not be altogether unfami- 
liar to computer scientists, though, if one thinks of an Algol procedure with 
an integer parameter n and returning an array of dimension n. 

If one sees A-~/3 as a proposition rather than as a type, the arrow --> 
may be understood as an (intuitionistic) implication. One can then see the 
abbreviations ! and --> as pointing out as important subcases of construc- 
tions the two type constructors of Girard's second order types 23, 22 

A few other less important abbreviation mechanisms have been defined. 
For instance, the let construction of ISWIM and ML is allowed. This permits to 
simplify complex constructions with nested multiple occurrences of some 
e x p r e s s i o n  X to  be  a b b r e v i a t e d  let x = X ir~ Mx r a t h e r  t h a n  e i t h e r  t h e  
e x p a n d e d  f o r m  Mx, or  the  h a r d - t o - r e a d  r e d e x  ([x:A]Mz X) which  f u r t h e r  
r e q u i r e s  a r e d u n d a n t  t ype  A i n s t e a d  of n a t u r a l l y  de fau l t i ng  it  to t h e  t y p e  of 
X. 

The usua l  n o t a t i o n  of c o m b i n a t o r y  logic fo r  mul t ip le  a p p l i c a t i o n s  is used,  
allowing (A B C) instead of ((A B) C). Also, --> associates to the right; thus 
A -*.B-~ C a b b r e v i a t e s  [,2 :A ] [v :B] C. 

So m e  c o n s t r u c t i o n s  a r e  h a r d  to  d e c i p h e r ,  w h e n  too  m u c h  p o l y m o r p h i s m  
is involved.  The p o l y m o r p h i c  i n s t a n e i a t i o n s  n e e d e d  to g e t  t h e  t y p e  r i g h t  i n t e r -  
f e r e  with t h e  r ea l  a r g u m e n t s  to  f u n c t i o n a l  objec ts .  S ince  v e r y  o f t e n  
p o l y m o r p h i c  a r g u m e n t s  o c c u r  b e f o r e  r ea l  a r g u m e n t s ,  it is a l lowed to g ro u p  
t h e m  init ial ly,  by  a b b r e v i a t i n g  fo r  i n s t a n c e  (FA1 A2 x)  in to  <A1,A2>F(x). 
Note  t h a t  s ince  t he  p a r s e r  does  no t  c a r e  a b o u t  the  t y p e s  of th ings ,  th is  
abbreviation may be used for all arguments, allowing the Automath notation 
<N>M in place of the combinatory logic notation (M N). 

In the implementation, the concrete syntax of constructions is defined 
by a Yacc grammar, whose semantic actions generate ML values under the 
form of trees of abstract syntax. In the examples below, an expression 
b e t w e e n  doub le  q u o t e s  "..." is p a r s e d  by th is  spec ia l i zed  p a r s e r ,  a n d  t h u s  
d e n o t e s  an  ML value  of t ype  context or  object for  p r o p o s i t i o n s  and  proofs .  
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1.4. C o n s t a n t s  

The bas ic  l a n g u a g e  of c o n s t r u c t i o n s  is e n r i c h e d  by  c o n s t a n t s ,  d e n o t e d  by 
i d e n t i f e r s .  Every  wel l - typed  c o n s t r u c t i o n  m a y  be n a m e d ,  and  l a t e r  on 
r e f e r r e d  to  by t h a t  name .  The i n t e r a c t i o n  loop of ou r  s y s t e m  is ML's top  level, 
in an  e n v i r o n m e n t  where  a pa r se r ,  a p r e t t y - p r i n t e r  and  a t y p e - c h e c k e r  for  
c o n s t r u c t i o n s  a re  available.  Three  c o n c r e t e  t y p e s  a re  known:  context, object, 
a n d  t h e i r  s u m  constr=eontext+ohject.  A few c o m m a n d s  a re  p rov ided  fo r  
dec l a r i ng  c o n s t a n t s .  S u c h  c o m m a n d s  m a y  be g r o u p e d  t o g e t h e r  in an  ML 
module ,  p rovid ing  the  u s e r  with a r u d i m e n t a r y  t h e o r y  sys tem.  Here a re  the  
p r e d e f i n e d  c o m m a n d s :  

PROP: s t r ing  -> ob jec t  -> void 
LET: s t r ing  -> ob j ec t  -> o b j e c t  -> void 
LET_SYNTAX: s t r ing  -> s t r ing  list -> void 

The c o m m a n d  PROP 'p' obj d e c l a r e s  a p r o p o s i t i o n  c o n s t a n t  p 
c o r r e s p o n d i n g  to ob j ec t  obj. The c o n s t r u c t i o n  obj is t y p e - c h e c k e d ,  and  it is 
ver i f ied  t h a t  i ts t ype  is a con t ex t .  Similarly, LET "foo" proo f  prop t y p e - c h e c k s  
p r o o f ,  verif ies  t h a t  i ts type  is equal  (i.e. X-conver t ible)  to prop ,  a n d  e n t e r s  it 
in t he  c u r r e n t  t h e o r y  u n d e r  n a m e  f0o .  Note t h a t  LET m e a n s  "prove"  here ,  in 
t he  p r o p o s i t i o n s - a s - t y p e s  i somorph i sm:  we have  verif ied t h a t  prop h a d  a 
p roof ,  n a m e l y  p r o o f .  Our s y s t e m  m ay  t h u s  be  seen  as a t y p e - c h e c k e r  f o r  con -  
s t r u c t i v e  m a t h e m a t i c s  e x p r e s s e d  by c o n s t r u c t i o n s :  t he  PROP c o m m a n d  
verif ies  t h a t  a p r o p o s i t i o n  is s y n t a c t i c a l l y  m e a n i n g f u l  in the  c u r r e n t  logical  
l anguage ,  a n d  the  LET c o m m a n d  verif ies t h a t  a p r o p o s i t i o n  is t rue ,  in the  
in tu i t ion i s t i e  sense  of having a proof .  Note t h a t  we a s s u m e  no a pr ior i  logical 
connec t i ve s ,  ax ioms  o r  i n f e r e n c e  rules.  Our s y s t e m  is t h u s  f u n d a m e n t a l l y  
d i f fe ren t  in spi r i t  f r o m  i n f e r e n c e  s y s t e m s  s u c h  as LCF's PPX 25 or  Mart in-LSf 's  
in tu i t ion i s t i c  t h e o r y  of t ypes  ag, a l t h o u g h  it b e a r s  a close r e l a t i onsh ip  with 
Mart in-LSf 's  ea r l i e r  t h e o r y  of t ypes  35. 

Finally, a c o m m a n d  such  as LET_SYNTAX 'eond' [ ' i f ' ; ' then'; 'else '; ' f i '  ] 
allows the  c o n s t a n t  cond to  be p r e t t y - p r i n t e d  with a mixfix s y n t a x  w h e n e v e r  
it is app l ied  to e n o u g h  a r g u m e n t s  (3 in the  cond example) .  

This c o m p l e t e s  the  de sc r i p t i on  of ou r  p r o t o t y p e  i m p l e m e n t a t i o n .  Actu-  
ally, we m u s t  admi t  a l i t t le c h e a t i n g  on t he  p a r s e r ' s  pa r t :  t h e  p a r s e r  knows  
b e f o r e h a n d  a b o u t  the  mixfix s y n t a x  of a few c o n s t a n t s .  This is b e c a u s e  we do 
n o t  know how to modi fy  dynamica l l y  the  t ab les  of t he  p a r s e r  g e n e r a t e d  by 
Yaec.  This is an  u n i m p o r t a n t  t e c h n i c a l  deta i l  t he  r e a d e r  n e e d  no t  be con-  
c e r n e d  abou t ,  s ince  o u r  p a r s e r  is c o n s i s t e n t  with all the  LET_SYNTAX com-  
mands .  

2. Logical  c o n s t r u c t i o n s  

Here we s t a r t  M a t h e m a t i c s  f rom s c r a t c h .  The p u r p o s e  of this  s ec t ion  is to 
define the  in tu i t ion i s t i c  connec t ives .  Note: f rom now on ou r  t e x t  is a com-  
m e n t e d  t r a n s c r i p t  of a c o m p u t e r  session.  All the  examples  given have  b e e n  
m a c h i n e - c h e c k e d .  

2.1 .  Arrow 

]nternal iz ing the -> abbreviation: intui t ionis t ic  implication. 
trl le t  ARROW = .A,B.[x A]B ;; 

PROP ' -> '  ARROW;; 
LET SYNTAX '->" [ ' ( ' ; ' -> ' ; ' ) ' ] ; ;  We urr/te A-~B. 

Sel f:-> is reflexive. 
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f r l  ,r le t  SELF = .A.A->A ;; 
PROP 'self '  SELF;; 

identi ty,  the single e lement  in se~f. 
le t  ID = "!A.[u:A]u";; 
LET ' Id '  ID "self";; I.e., Id proves proposition self. 
LET SYNTAX 'Id '  [ '< ' ; '> Id ' ] ; ;  
tn order to note IdA as <A >Id. 

Modus Ponens = "!A,B.(A->B/ >A->H'. 
le t  MP = "!A,B.(self (A->B))";; 

Apply = .'A,B.[f .A- > B] [ x.A ] (f x /  . ~'' 
LET "apply'  "!A,B.<A->B>Id" MP;; 
Application is j u s t  func t ional  identi ty .  It proves modus ponens. 

Skip. 
le t  SKIP = .A,B.A->B->A ,, 
LET 'K' "!A,B.[x:A](B->x)" SKIP;; 
The K constant  combinator. 

Schonfinket "s general ized composition. 
le t  SCHON = "!A,B,C.(A->B->C)->(A->B)->A->C";; 
LET 'SC' "!A,B,C.[f:A->B->C][g:A->B][x:A](f x (g x))" SCHON;; 

Note t h a t  K, SC and  app ly  give c o m b i n a t o r y  logic, t he  c a l c u l u s  of p roo f s  of 
imp l i ca t iona l  i n tu i t i on i s t i c  logic, whose  ax ioms  in Hilbert  f o r m  are  SKIP and  
SCHON, with MP the  sole ru le  of i n fe rence .  

The f u n d a m e n t a l  commuta t iv i t y  of non-dependant  hypotheses. 
le t  PERMUTE = "!A,B,C.(A->B->C)->(B->A->C)";; 
LET ' p e r m u t e '  "!A,B,C.[f:A->B->C][y:B][x:A](f x y)" PERMUTE;; 

C u t : - >  is transit ive.  
let  CUT = "!A,B,C.(A->B)->(B->C)->A->C";; 

Cut is proved by func t ional  composition. 
let  PIPE = "}A,B,C.[f:A:>B][g:B->C][x:A](g (f x))";; 
LET "[' PIPE CUT;; 
LET_SYNTAX '[' [ '< ' ; ' , ' ; ' , ' ; '> ' ; '1 ' ;"] ; ;  
Note that  this is categorical composition, good for  folloudng arrows. Its name 
and syn tax  "~g" are d¢rived frov~ the Lb~ix pipe operation on streams. 

2.2. P r o d u c t s  

We fol low Prawi tz  in  the definition of product  50. 
le t  PROD = "!A,B,C.(A->B->C)->C";; 

This m a y  s e e m  like cod ing -up ,  and  in a way it is. The t h r e a d  of t h o u g h t  to fol- 
low in t h e s e  ve ry  f o u n d a t i o n a l  def in i t ions  is to look for  the  o p e r a t i o n a l  m e a n -  
ing of the  c o n c e p t  one  wan t s  to define. For  i n s t ance ,  how does  one  a c t u a l l y  
USE the  p r o d u c t  A&B? We can  use it to  p rove  any  p ropos i t i on  C, given a p roo f  
t h a t  A and  B implies  C, i.e. given an  e l e m e n t  of A->B->C. This is p rec i se ly  wha t  
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PROD says.  Here  p r o d u c t  and  c o n j u n c t i o n  a re  one  and  t h e  same c o n c e p t ,  
w h e n c e  the  & n o t a t i o n  below. 

PROP '&' PROD;; 
LET_SYNTAX '&' [ '( ' ; '&'; ') '];; 

le t  and  i n t ro  = .A,B.A->B->A&B ; 

Pairing " the proof  of  and__intro. Note how the s tandard  rules of in ference of  
na tura l  deduct ion map  into proposit ions which admi t  a proof. 
l e t  PAIR = "!A,B.[x:A][y:B]!C.[z:A->B->C](z x y) ' ; ;  

Writing out the desired type and_in tro  of  PAIR gives direct ly  i ts context  
.'A,B.[x:A][y:B].C[z:A->B->C] The body (z x y )  m a y  be syn thes i zed  easi ly  by 

a s imple PROLOG-like backtrack search. This gives hopes to ex tend the curren t  
proof-checker into a more ambit ious theorem-prover. 
LET '<>'  PAIR and  intro; ;  
LET__SYNTAX '<>' [ '<' ; ' , ' ; '>( ' ; ' , ' ; ' ) ' ] ; ;  

We m a y  of  course use all the power of  our meta- language  ML in  order to 
macro-generate abstract  s yn tax  trees of construct ions i ndependen t l y  f r o m  
parsing.  For instance,  us ing  the "apl" f u n c t i o n  which i terates  appl icat ion on 
its list argument ,  we m a y  define: 
le t  Pa i r  (obj l ,objZ)  = ap l [ r e f  '<>';-A1;A2;objl;obj2] where  

A l= Typ e  ob j l  and  A2=Type objZ;; 

l e t r e e  Tuple  lobj = Pa i r  (hd  lobj, let  ob. lobj '  = tl lobj in 
if null  lobj '  t h e n  ob else Tuple  (ob,lobj ')); ;  

Now for  the projections. 
, r  I ~ r ,  le t  a n d _ e l i m  lef t  = .A,B.(A&B)->A ,; 

le t  FST = "!A,B.[x:A&B](x A [y:A][z:B]y)";; 

1st proj. 
LET ' fs t '  FST and _e l im_ le f t ; ;  
LET_SYNTAX 'fs t '  [ '< ' ; ' , ' ; '>fst( ' ; ' ) ' ] ; ;  

le t  and  el im r i gh t  = .A,B.(A&B)->B ;, 

le t  SND = "!A,B.[x:A&B](x B [y:A][z:B]z)";; 

2rid proj. 
LET "snd' SND a n d  _elim__right;; 
LET_SYNTAX "snd' [ '< ' ; ' , ' ; '>snd( ' ; ' ) ' ] ; ;  

l e t  DEDUCTIONLEFT = "!A,B,C.((A&B)->C)->A->B->C';; 

Currying. 
le t  CURRY = "!A,B,C.[x:(A&B)->C][y:A]iz:B](x <A,B>(y,z))";; 
LET ' c u r r y '  CURRY DEDUCTION_LEFT;; 

le t  DEDUCTION_RIGHT = "!A,B,C.(A->B->C)->(A&B)->C";; 
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Uneurrying. 
let UNCURRY = "!A,B,C.[x:A->B->C][y:A&B](x <A,B>fst(y) <A,B>snd(y))";; 
LET "uncurry '  UNCURRY DEDUCTtONRIGHT;; 

Equivalence as isomorphism. 
let EQUW = "!A,B.(A->B)&(B->A)';; 
PROP '<->' EQUIV;; 
LET._SYNTAX '<->" ['(';'<->';')'];; 

let  equiv__intro = "!A,B.[f:A->B] [g:B- >A] <A- >B,B->A>(f,g)";; 
LET 'iso' equiv intro "!A,B.(A->B)->(B->A)->(A<->B)";; 

It is easy to prove the folloudng isomorphisms: 
&-commutative: (A&B)<->(B&A) 
~assoeiati~e: (A&(B&C))<- > ((A&B)&C) 
<->-commutative: (A<- > B)<- > (B<- > A) 
<- >-associative: (A<- > (B<- > C))<- > ((A<- > B)<- > C) 

The deduction theorem. 
let DEDUCTION = "!A,B,C.((A&B)->C)<->(A->B->C)';; 

LET 'deduct ion '  
"!A,B,C.(iso ((A&B)->C) (A->B->C) (curry A B C) (uncurry  A B C))" 
DEDUCTION;; 

2.3. Sums 

let SUM = "!A,B,C.(A->C)->(B->C)->C";; 
The sum, or intui t ionis t  disjunction, of A and 13, is a way to prove any C f r o m  
a proof of C f rom A and a proof of C f rom B. 

PROP '+' SUM;; 
LET SYNTAX '+' ['('; '+';')'];; 

Left injection. 
let  sum in t ro_lef t  ="!A,B.A->(A+B)';; 
let  INL = "!A,B.[x:A]!C.[y:A->C][z:B->C](y x)';; 
LET 'inl' INL sum_intro_lef t ; ;  

R~ght injection. 
let sum in t ro_r ight  = "!A,B.B->(A+B)";; 
let INR = "!A,B.[x:B]!C.[y:A->C][z:B->C](z x)";; 
LET 'inr' INR surn intro right;; 

let surn_elim = "!A,B.(A+B)->!C.(A->C)->(B->C)->C';; 

Reasoning by cases. 
let CASE = ":A.B.[x:A+B]!C.[u:A->C][v:B->C](x C u v)";; 
LET 'case' CASE sum_elim;; 

From the  above we get easily: 
+-commutat ive:  (A+B) <->(B+A) 
+-associative: (A+(B+C)) <->((A+B) +C) 
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2.4. Quant i f ie rs  as  g e n e r a l  p r o d u c t  a n d  s u m  

Universa l  quant i f ica t io 'n ,  or g e n i a l  p r o d u c t .  
le t  PI = "!A.tPIA->*![x:A](P x)";; 
PROP "Pi" PI;; 
LET SYNTAX 'Pi' [ '<'; '>Pi( '; ') '];;  

Ins t  anc ia t i on .  
le t  Pi_ el im = "!A. IP[A- >*l [x:A] <A>Pi(P)-> (P x)";; 
le t  INST = "!A.tPIA->*][x:A][p:<A>Pi(P)](p x)";; 
LET ' inst '  INST Pi elim;; 

Universa l  Genera l i za t i on .  
le t  P i j n t r o  = "!A.IPIA->*I!B.([x:A]B->(P x))->B-><A>Pi(P)";; 
le t  GEN = "!A.[P]A->*]!B.[f:[x:A]B->(P x)][y:B][x:A](f x y)";; 
LET 'gen" GEN Pi._intro;; 

E x i s t e n t i a l  q u a n t i f i c a t i o n ,  or g e n e r a l  s u m  
le t  SIGMA = "!A.IPIA->*I!B.([x:A](P x)->B)->B';;  
PROP 'Sig' SIGMA;; 
LET SYNTAX 'Sig' [ '<'; '>Sig('; ') '];; 

E x i s t e n t i a l  In t roduc t ion ,  
le t  Sig__intro = "}A.IPIA->*][x:A](P x)-><A>Sig(P)";; 
le t  EXIST = "!A.IP]A->*][x:A][y:(P x)]!B.[f:[x:A](P x)->B](f x y) ' ; ;  
LET 'exist" EXIST Sig__intro;; 
This p e r m i t s  to u s e  a p r e d i c a t e  over  A as  a s p a c e  over  A. 

Projec t ion .  
le t  Sig__elim = "!A.IP[A->*] <A>Sig(P)->A";; 
le t  WITNESS = "!A.tP[A->*t[p:<A>Sig(P)](p A [x:A](P x)->x) ' ; ;  
LET 'witness '  WITNESS Sig_elim;; 

Note t h a t  th is  wi tness  is weake r  t h a n  an  epsi lon opera to r :  we c a n ' t  a cces s  t he  
p roof  c o m p o n e n t  jus t i fy ing  t h a t  i t  verif ies P. Thus  our  s u m  is f u n d a m e n t a l l y  
weake r  t h a n  the  one in Mart in-LSf 's  i n t u i t i o n i s t  t h e o r y  of t y p e s  39. 

3. Classical Logic constructions 

We are not obliged to stick to intuitionistic connectives, and may define 
the classical connectives as well, using the standard embedding of classical 
proofs as intuitionistic refutations. 

3.1. Fals i ty  and  Negat ion .  

le t  FALSITY = "!A.A';; 
F a l s i t y  as m e a n i n g l e s s ;  there  is no p r o o f  of " !A.A". 
PROP 'l I' FALSITY;; 

Negat ion .  
le t  NOT = "!A.A->I~';; 
PROP '~" NOT;; 
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LET_SYNTAX '~'  [ '~';"];; 

I I im p l i e s  every  proposi t ion .  
le t  CONTR = .A.~I->A ;; 
LET ' con t r '  "!A.[u:ll](u A)" CONTR;; 

Classical t r u t h  : A s t a t e m e n t  is t rue  i f f  i t  is no t  m e a n i n g l e s s .  
le t  TRUTH = "~l]";; 
LET ' t r u t h '  "<~ I >Id" TRUTH;; 

[A] is the cons t ruc t i on  o f  the c lass ical  m e a n i n g  o f  p ropos i t ion  A. 
le t  CLOSURE = "!A.~(~A)";; 
PROP "[]" CLOSURE;; 
LET_SYNTAX '[]* ['['; '] '];; 

It is easy  to show "/A.~[A]<->[~A] '' 

le t  CLOSE = .A.A->[A] ;; 
LET 'close" "!A.[x:A][h:~A](h x)" CLOSE;; 

Closed (i.e. c las s i ca l )propos i t i ons .  
I t  1 s r  le t  CLOSED = .A.[A]->A ;; 

PROP 'c losed '  CLOSED;; 

I ~ is closed. 
LET ' e m p t y  closed '  "[hyp:[[J]](hyp t r u th )  .... (c losed Ii)";; 

Negat ion  gives  closed propos i t ions .  
LET 'neg_c losed '  .A.[f:[ A]][x:A](f (close A x)) .... !A.(closed (~A))";; 

Hence the closure of  a propos i t i on  is closed. 
LET ' c lo su re_c losed '  "!A.(neg_closed (~A)) .... !A.(closed [A])';; 

And we ge t  easi ly a p roof  of "!A.[[A]]<->[A]" . Similarly i t  is easy  to prove t h a t  
"!A,B.(closed (~A&~B)) '', and  t h u s  t h a t  c losed  propos i t ions  a re  p re se rved  
u n d e r  p r oduc t .  

3.2. Classical  d i s junc t ion .  

Union as the closure o f  s u m .  
s t |  s~ le t  UNION = .A,B.[A+B] ;; 

PROP 'un ion '  UNION;; 

A de f in i t ion  eas ier  to deal  udth:  the t ru th - t ab l e  d i s junc t ion .  
le t  OR = .A,B.~A->[B] ;; 
PROP '?' OR;; 
LET_SYNTAX '?' [ '( ' : '? '; ') '];; 

Showing  the i s o m o r p h i s m  be tween  the two de f in i t ions  
LET ' u n i o n _ t o  or' 

"!A,B.[h:[A+B]][a':~A][b':~B] let u=[x:A+B](x IJ a' b') in (h u)" 
"!A,B.[A+B]- >(A?B)";; 
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LET 'or to_union' 
"!A,B.[h:A?B] [x:~(A+B)] 

let  a'=[u:A](x (inl A B u)) in 
let b'=[v:B](x (inr A B v)) in (h a' b')" 

"!A,B.(A?B)->[A+B]";; 

I d e n t i t y  on c losures  p r o v e s  the l aw  of  e x c l u d e d  midd le .  
' f !  , . ,  0 " let EXCL_MIDDLE = .A.(A.A) ;; 

LET 'excl_middle '  "!A. <[A] >Id" EXCL_MIDDLE;; 

" I  O " let  SUM_TO_OR = .A,B.(A+B)->(A.B) ;; 
LET ' sum_to_or"  

.A,B.[u:A+B](umon to or AN (close (A+B)u))" SUM TO OR;; 

let  OR_INTRO_LEFT = "iA,B.A->A?B';; 
LET 'cinl' "!A,B.[x:A](sum to or  A B (inl A B x))" OR_INTRO_LEFT;; 

let OR INTR0_RIGHT = .A,B.B->A.B ;; 
LET 'cinr' "!A,B.[x:B](sum_to_or A B (inr A B x))" OR_INTRO_RIGHT;; 

3.3. De Morgan's laws and Kuratowski's axioms. 

LET ' no t_or '  
"!A,B.[h:~(A?B)]!C.[f:~A->~B->C] 

let  x=[u:A](h (cinl A B u)) in 
let  y=[v:B](h (cinr A B v)) in (f x y)" 

"!A,B.~(A?B)- >~A&~B";; 

LET 'and_not' 
"!A,B.[h:~A&~B][f:A?B] 

let x=<~A,~B>fst(h) in 
let  y=<~A,~B>snd(h) in (f x y)" 

"!A,B.(~A&~B)->~(A?B)";; 

~ |  LET 'De_morgan'  .A,B.(mo ~(A?B) ~A&~B (no t_or  A B) ( and_no t  A B))" 
" 1  9 '~ .A,B.~(A. B) <->~A&~B ;; 

This is  a n  i n t u i t i o n i s t i c  i s o m o r p h i s m ,  no t  j u s t  a c lass ica l  equ iva lence .  

LET 'or_not' 
"!A,B.[f:~A?~B] [h:A&B] 

let x=<A,B>fst(h) in 
let y=<A,B>snd(h) in (f (close A x) (close B y))" 

"!A,B.(~A?~B)- >~(A&B)";; 

Beware! The reverse  arrow is not  intuitionically valid, and so we do not  have 
the second De Morgan's law: "!A,B.~(A&B)<->~A?~B '', It is also easy to show: 
?-commutat ive:  (A?B)<->(B?A) 
?-associative: (A?(B?C)) <->((A?B)?C) 

~A?II<->~A 

As e x p e c t e d  f r o m  the de f in i t i on  of  "union" ,  "A?B' is closed. 
LET 'or_closed '  

"!A,B,[f:[A?B]][x:~A][y:~B](f [u:A?B](u x y))" 
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"!A,B.(closed (A.B)) ;; 

We n o w  prove  tha t  or c o m m u t e s  w i t h  closure. 
LET 'or_closure '  

"!A,B.[f:[A]?[B]][x:~A][y:~B](or_not ~A ~B f <~A,~B>(x,y)) '' 
"!A,B.([A]?[B])- >A?B";; 

LET 'closure_or" 
"!A,B.[f:A?B][x:[~A]][y:['~B]](f (meg_closed A x) (meg_closed ]3 y))" 
"!A,B.A?B- >([A]?[B])";; 

Now i t  is e a s y  to s h o w  tha t  A?I]<->[A]. 

LET 'Kuratowski' 
"!A,B.(iso [A]?[B] A?B (or_closure A B) (closure or A B))" 
"!A,B.([A]?[B]) <->A?B";; 

We now have, with close, empty__closed, closure_closed and Kuratowski, 
proofs of analogues to the Kuratowski axioms, s tat ing t h a t  [] is a closure 
operation,  and thus  t h a t  the proposit ions form a topological space, in a con- 
s truct ive set  theory  where -> is inclusion, and ? is union. However here union 
gives always closed sets, and we do not  have an isomorphism (A?II)<->A. This 
p resen ta t ion  can also be in te rpre ted  as building in classical logic in intui- 
t ionistic logic, with closure a modali ty operator .  Note the  dual i ty  between our  
closure and the classical necessi ty  operator:  [A] is to A what  in classical 
modal logic B is to []B. 

3.4. Classical implication. 

let IMPLIES = .A,B.A->[B] ;; 
PROP '=>' IMPLIES;; 
LETSYNTAX '=>' ['('; '=>';')'];; 

Note tha t  by de f in i t ion  A?B is (~A)=>B. We have  also (~A?B~>(A=>B) but  not  
the reverse  arrow. 

- -  I f !  i ~  let IMPLY INTRO = .A,B.(A->B)->(A=>B) ;; 
LET 'imply intro" "!A,B.[f:A->B][x:A][neg:~B](neg (f x))" IMPLY_tNTRO;; 

let IMPLY ELIM = "!A,B.(A=>B)->(~B)->~A";; 
LET 'imply elim' "!A,B.[h:A=>B][neg:~B][x:A](h x neg)" tMPLY_ELIM;; 

let NEG NEG = "!A.[A]=>A";; 
LET 'neg__neg' "excl_middle" NEG_NEG;; 
S a m e  p r o o f  as e x c l u d e d  m i d d l e  ! 

A pos i t i ve  i m p l i c a t i o n a l  tau to logy  not  provab le  in tu i t i on i s t i ca l t y :  I~erce "s law. 
let PIERCE = "!A,B.((A=>B)=>A)=>A";; 
LET 'pierce'  

"!A,B.[hl :(A=>B)=>A][h2:~A] 
let AimpB = [u:A][v:~B](h2 u) in (hi AimpB h2)" 

PIERCE;; 
This is the f i r s t  non- t r i v ia l  proof .  
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Equiva lence .  
s f |  _ _ I F . .  PROP ' < = > '  .A,B.(A->B)&(B->A) ,, 

~r  I r r  PROP 'xor '  .A,B.~(A<=>B); ;  

We could  a l t e r n a t i v e l y  have  de f ined  the no t ions  ? and  => f r o m :  
l e t  CONTRADICTORY = "!A,B.A->~B";; 
PROP '# '  CONTRADICTORY;; 
LET SYNTAX'#'  [ ' ( ' ; '# ' ; ' ) ' ] ; ;  
It i s  e a s y  to p r o v e  c o m m u t a t i v i t y :  "/A.B.(A#B)<->(B#A)" f r o m  p e r m u t e .  
m a y  t h e n  de f ine  A= > B as A # ~ B  a n d  A? B as  ~ A # ~ B  

3.5. C a n t o r ' s  t h e o r e m .  

As a l i t t le  e x e r c i s e  in c lass ica l  logic, le t  us  show how to  e x p r e s s  t he  p r o o f  
of C a n t o r ' s  t h e o r e m  ( E p i m e n i d e ' s  l i a r ' s  p a r a d o x ) .  

l e t  CANTOR = "!A.IRIA->A->*]~(~PIA->*I<A>Sig([x:A][y:A](R x y )< -> (P  y)) ) ' ; ;  

let CANTOR_PROOF = 
"!A.IRIA->A->*I 
[hyp:IPlA->*I<A>Sig([x:A][y:A](R x y)<->(P y))] 
!B.(hyp ([x:A](R x x)->B) 13 

([x:A][iso:[y:A](R x y)<->((R y y)->B)] 
let f=[y:A]<(R x y)->(R y y)->B,((R y y)->B)->(R x y)>fst((iso y)) in 
let g=[y:A]<(R x y)->(R y y)->B,((R y y)->B)->(R x y)>snd((iso y)) in 
let diag=[p:(R x x)](f x p p) in (diag (g x diag))))";; 

LET 'Cantor" CANTOR_PR00F CANTOR;; 
(IED 

It is interesting to compare this proof with the resolution proof given in 
Huet aT. It is fairly obvious that higher-order unification will be a key algo- 
rithm for the automated synthesis of such proofs. 

4. Equa l i t y  c o n s t r u c t i o n s .  

We m a y  def ine  e q u a l i t y  in Le ibn iz ' s  f a sh ion .  Note  t h a t  th i s  does  n o t  u se  
c l a s s i ca l  c o n s t r u c t i o n s .  In p a r t i c u l a r ,  "->" is t he  i n tu i t i on i s t i c  i m p l i c a t i o n  
u n d e r l y i n g  i ts  u se  as  an  a b b r e v i a t i o n .  

4.1. Le ibn iz ' s  equa l i t y .  

l e t  EQUAL = "!A.[x:A][y:A]IPIA->*KP x) ->(P  y)";; 
PROP '= '  EQUAL;; 
LET_SYNTAX ' = '  [ '< ' ; '> ' ; '= ' ; " ] ; ;  

" I X ' " X-- " EQUAL = .'A.[ .A][y.A]<A> - y  . Note the i n f i x  no ta t ion .  
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4.2. Equal i ty  is a c o n g r u e n c e  re la t ion .  

Subs t i t u t i v i t y  is implici t  in the  def in i t ion  of equal i ty .  All is lef t  for  showing 
t h a t  = is a c o n g r u e n c e  is t h a t  it is an  equivalence .  

Neflexivity proved by Identity. 
le t  REFL_EQUAL = "!A.[x:A]<A>x=x";; 
le t  PROOF_REFL_EQUAL = "!A.[x:A]IPIA->*I<(P x)>Id";; 
LET ' re f l_equal '  PROOF_REFL_EQUAL REFL_EQUAL;; 

Transit ivi ty proved by Composition, 
let  TRANS_EQUAL = "!A.[x:A] [y:A][z:A] (<A>x=y)->(<A>y=z)-  >(<A>x =z)";; 
le t  PROOF_TRANS_EQUAL = 

"!A.[x:A][y:A][z:A][p: <A>x=y][ q: <A>y=z]IPIA->*I 
<(P x),(P y),(P z)> (p P)i(q P) ";; 

LET ' t rans_equaI"  PROOF_TRANS__EQUAL TRANS_EQUAL;; 

S y m m e t r y  proved by tr ick.  
le t  SYM_EQUAL = "!A.[x:A][y:A](<A>x:y)->(<A>y=x)";; 
le t  PROOF_SYM_EQUAL = 
"!A.[x:A][y:A][p:<A>x=y][PIA->*l(p [z:A](P z)->(P x) <(P x)>Id)";; 

LET ' sym_equa l '  PROOF_SYM_EQUAL SYM_EQUAL;; 

4.3. General iz ing to  p r o p e r t i e s  of a n y  b i n a r y  p o l y m o r p h i c  re la t ion .  

le t  REFL = "IRI!A-A->A->*f!A.[x:A](R A x x)" 
and  TRANS = "IRt!A.A->A->*I!A.[x:A][y:A][z:A](R A x y)->(R A y z)->(R A x z)" 
and  SYM ="IRI!A.A->A->*I!A.[x:A][y:A](R A x y)->(R A y x)";; 

PROP 'refl '  REFL;PROP ' t r ans '  TRANS;PROP 'sym'  SYM;; 

le t  EQUIV = "IR[!A.A->A->*I(refl R)&(trans R)&(sym R)";; 

Let R be a polymorphic binamj relation. R is equiv i f f  R is refl and R is trans 
and R is sym. Now that we have defined the e lementary  notions, more complex 
notions can be expressed in a natural  manner.  
PROP 'equiv' EQUIV;; 

For instance, = is equiv. 
le t  PROOF_EQUIV EQUAL = 

Tuple [PROOF_REFL_EQUAL;PROOF_TRANS_EQUAL;PROOF_SYM_EQUAL] ;; 
LET 'equiv_equal' PROOF EQUIV_EQUAL "(equiv =)";; 

4.4. Andrews'  l emma  

As an  exerc i se  on equa l i ty  theorem-prov ing ,  let  us the  following p r o p e r t y  
given in Andrews 1. Theorem: If some i t e r a t e  of a f u n c t i o n  a d mi t s  a un ique  
fixpoint ,  t h e n  the  func t ion  admi t s  a f ixpoint.  

~ o i n ~ .  
le t  FIXPT = "!A.[f:A->A][x:A]<AP(f x)=x";; 
PROP 'fixpt '  FIX-PT;; 
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Commutat ion.  
let  COMMUTE = "!A.[f:A->A][g:A->A][x:A]<A> (g (f x)) = (f (g x))";; 
PROP 'commute '  COMMUTE;; 

Unicity. 
let UNIQUE = "!A.{PIA->*][x:A][y:A](P x)->(P y)-><A>x=y";; 
PROP 'unique'  UNIQUE;; 

If  I and g commute ,  and  i f  g admi t s  a un ique  fixpoint,  then f admi t s  
f ixpoint .  
let LEMMA1 = "!A.[f:A->A][g:A->A] (commute  A f g) -> 
<A>Sig((fixpt A g)) -> (unique A (fixpt A g)) -> <A>Sig((fixpt A f))';; 

let LEMMAI_PR00F = "!A.[f:A->A][g:A->A][com:(commute A f g)] 
[fix:<A>Sig((fixpt A g))] 
[uni:(unique A (fixpt A g))] 
!B.[h:[x:A](fixpt A f x)->B] 
(fix B [a:A][h':(fixpt A g a)] 

(h a (uni (f a) a 
[PIA->*I[P:(P (g (f a)))](h'  [u:A](P (f u)) (corn a P p)) h')))";; 

LET '] 1' LEMMAI_PR00F LEMMA1;; 

Induct ive definit ion of  power. 
let  POWER = "!A.[f:A->A][g:A->A] 

~PI(A->A)->*](P f)->([h:A->A](P h)->(P [x:A](f (h x))))->(P g)";; 
PROP 'power' POWER;; 

Commutat ion  is reflexive. 
let  COMMUT REFL = "!A.[f:A->A](commute A f f)";; 
let COMMUT_REFL_PROOF = "!A.[f:A->A][x:A](refl_equal A (f (f x)))";; 
LET 'power0' COMMUT REFL_PR00F COMMUT_REFL;; 

Commutat ion  is preserved by iteration. 
let  COMMUT_ITER = "!A.[f:A->A][g:A->A] 

(commute  A f g) ->(commute  A f [x:A](f (g x)))";; 

let COMMUT_ITER_PROOF = "!A.[f:A->A][g:A->A][com:(commute A f g)] 
[x:A][PIA->*I[p:(P (f (g (f x))))] 
(corn x [u:A](P (f u)) p)";; 

LET 'powerS' COMMUT_ITER_PROOF COMMUT_ITER;; 

If  g is an  i terate o f f ,  then f and g commute .  
let  LEMMA2 = "!A.[f:A->A][g:A->A](power A f g)->(commute A f g)";; 

let LEMMA2_PROOF = "!A.[f:A->A][g:A->A][pow:(power A f g)] 
(pow [h:A->A](commute A f h) 

(power0 A f) 
[h:A->A](powerS A f h))';; 

LET '12' LEMMA2_PROOF LEMMA2;; 

let  ANDREWS = "!A.[f:A->A][g:A->A] (power A f g) -> 
<A>Sig((fixpt A g)) -> (unique A (fixpt A g)) -> <A>Sig((fixpt A f))";; 
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let ANDREWS_PROOF = "!A.[f:A->A][g:A->A][pow:(power A f g)] 
[fix:<A>Sig((fixpt A g))] 
[uni:(unique A (fixpt A g))] 
(11 A f g (12 A f g pow) fix uni)";;  

L E T ' A n d r e w s ' A N D R E W S P R O O F  ANDREWS;; 
QED 

5. R e l a t i o n a l  c o n s t r u c t i o n s .  

A few e l e m e n t a r y  p r o p e r t i e s  of b i n a r y  r e l a t ions ,  following F rege  2°. 

5.1. C o n t e x t  f a c t o r i z a t i o n .  

Now me m u s t  exp la in  f u r t h e r  c o m m a n d s  of o u r  t h e o r y  s y s t e m .  F i r s t  we 
r e m a r k  t h a t  t h e  p r o o f  of Andrews '  l e m m a  above  was c l u t t e r e d  by  i r r e l e v a n t  
p o l y m o r p h i s m :  t h e  c o m m o n  d o m a i n  A of all t he  c o n s t r u c t i o n s  in t he  p r o o f  
s h o u l d  h a v e  b e e n  f a c t o r e d  o n c e  a n d  fo r  all, i n s t e a d  of be ing  r e p e a t e d l y  
a b s t r a c t e d  and  app l ied .  This is t h e  p u r p o s e  of t h e  following c o m m a n d s .  

DECL: string -> context -> void 
AXIOM: string -> object -> void 
DISCHARGE: string -> void 

The commands DECL and AXIOM permit to factorize a context common to 
all constructions in a big proof. Rather than prefixing all those constructions 
by this context, which further clutters the proof since all constants must be 
applied to the corresponding parameters, we give the user a way to place 
itself inside a current context. This is the usual way mathematics is developed 
in first-order logic: we assume the existence of a domain of discourse, we 
assume a language of predicates and function letters, and we assume axioms, 
such as Zermelo-Fraenkel's ones in set theory. The command DECL assumes a 
propositional construction, of type the given context, the command AXIOM 
assumes the existence of an object verifying the given proposition, the com- 
mand DISCHARGE discharges the corresponding notion. 

DECL "A" "*";; 
DECL 'R'  " *" A->A-> ;; 
We n o w  are i n  the theory  o f  a b inary  re la t ion  R over a d o m a i n  A. 

5.2. G e n e r a ]  p r o p e r t i e s  of  a b i n a r y  r e l a t i o n  R o v e r  s e t  A. 

Ref lex iv i ty .  
l e t  REFLEXIVITY = "~R'[A->A->*I[x:A](R' x x )  
PROP 'Refi '  REFLEXIVITY;; 

Transi t iv i ty .  
l e t  TRANSITMTY = "/R'[A->A->*t[x:A][y:A][z:A](R' x y) ->(R '  y z)->(R'  x z)";; 
PROP ' T r a n s '  TRANSITIVITY;; 

R-hered i tary .  
l e t  HER = "tPIA->*t[x:A][y:A] (P x) ->(R x y ) -> (P  y) ' ; ;  
PROP 'Her" HER;; 

Induc t i ve  de f in i t ion  o f  R +. 
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le t  TRANSCLOSURE = 
"[x:A][y:A]/P[A->*I(Her P)->([u:A](R x u)->(P u))->(P y) ' ; ;  

PROP 'Rplus'  TRANS CLOSURE;; 

R + is R-hereditary: 
le t  HER__RPLUS = "[x:A] (Her (Rplus x)) ';;  

le t  HER__RPLUS__PROOF = "[x:A][y:A][z:A][hl:(Rplus x y)][h2:(R y z)] 
IPlA->*l[h3:(Her P)][h4:[u:A](R x u)->(P u)] 
(ha y z (h i  P h3 h4) h2)";; 

LET "Her__Rplus" HER_RPLUS._PROOF HER _RPLUS;; 

R + is increasing. 
le t  RPLUS INCREASING = "[x:A][y:A] (R x y)->(Rplus x y)";; 

le t  RPLUS_INCREASING PR00F = "[x:A][y:A][h I:(R x y)] IP[A->*] 
(Her P) -> [h2:[z:A](R x z)->(P z)](h2 y hl)" ; ;  

LET 'Rplus inc reas ing '  RPLUS INCREASING_ PROOF RPLUS INCREASING;; 

R + is transitive. 
le t  TRANS RPLUS = "(Trans  Rplus) ' ; ;  

le t  TRANS RPLUS PR00F = "[x:A][y:A][z:A][hl:(Rplus x y)][h2:(Rplus y z)] 
,let H = (Her_Rplus  x) in 

(h2 (Rplus x) H ([u:A][h3:(R y u)](H y u h l  h3))) ' ; ;  
Note the curious double use of (Her_Rplus x) 
LET 'Trans _Rplus' TRANS_RPLUS_PR00F TRANS__RPLUS;; 

R t  

le t  TRANS_REFL_CLOSURE = "[x:A][y:A] (<A>y=x) + (Rplus x y)";; 
PROP "Rstar'  TRANS__REFL__CLOSURE;; 
Note that Frege chose y=x for s implici ty  in  proof below. 

l e t  RSTAR TO RPLUS = "[x:A][y:A][z:A](Rstar x y)->(R y z)->(Rplus x z)";; 

le t  RSTAR_ TO__RPLUS__PROOF = "[x:A][y:A][z:A][hl :(Rstar x y)][h2:(R y z)] 
(h i  (Rplus x z) 

[h3:<A>y=x](Rplus increas ing  x z (h3 [u:A](R u z) h2)) 
[h3:(Rplus x y)](Her. Rplus x y z h3 he))";; 

LET 'Rstar__to_Rplus'  RSTAR__TO_ RPLUS._PROOF RSTAR TO RPLUS;; 

R "  is reflexive. 
let  REFL__RSTAR = "(Refl Rstar)";;  

le t  REFL_RSTAR_PROOF = "[x:A]!P.[hl:(<A>x=x)->P] 
((Rplus x x)->P) -> (h i  ( ref l_equaI  A x))";; 

LET 'Refl Rstar '  REFL RSTAR PR00F REFL_RSTAR;; 

let  RPLUS TO RSTAR = "[x:A][y:A] (Rplus x y) -> (Rstar  x y)";; 

~ r  . . " LlS le t  RPLUS TO RSTAR__PR00F = [x.A][y.A][hl.(Rpl x y)] 
!P.((<A>y=x)->P) -> [h3:(Rplus x y)->P](h3 hl)" ; ;  

LET 'Rplus to Rstar '  RPLUS TO RSTAR_PR00F RPLUS TO RSTAR;; 
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5.3. Tarski ' s  t h e o r e m  

As an exerc ise  in r e l a t iona l  c o n s t r u c t i o n s ,  le t  us  now show Tarski ' s  
t h e o r e m  : If a func t ion  is m o n o t o n o u s  over a comple te  uppe r - semi - l a t t i ce ,  it  
admi t s  a f ixpoint  57. 

x is  a n  R - u p p e r  bound  o f  s ubs e t  M, 
le t  BOUND = "[x:A]{M1A->*I[y:A](M y)->(R y x)";; 
PROP 'bound '  BOUND;; 

R- incre  as ing  r u n e  t ion .  
le t  MONOTONOUS = "[f:A->A][x:A][y:A](R x y)->(R (f x) (f y))";; 
PROP 'mon '  MONOTONOUS;; 

f (u)=-u w i t h  - the s y m m e t r i c  quo t i en t  o f  1=?. 
le t  FIX = "[f:A->A][u:A](R u (f u))&(R (f u) u)";; 
PROP 'fix' FIX;; 

le t  COMPL_SEMI_LATTICE = 
"tM[A->*t!B.([u:A](bound u M)->([x:A](bound x M)->(R u x))->B)->B";; 

PROP 'csl' COMPL_SEMI_LATTICE;; 

le t  TARSKI = "(Trans  R) -> csl -> [f:A->A](mon f) -> <A>Sig((fix f))";; 

le t  TARSKI__PROOF = " [ t r ans : (Trans  R)][ub:csl][f:A->A][mo:(mon f)] 
!B.[h:[u:A]((R u (f u))&(R (f u) u))->B] 
(ub ([u:A](R u (f u))) B 

([x:A][hl:[u:A](R u (f u))->(R u x)] 
[h2:[u:A]([v:A](R v (f v))->(R v u))->(R x u)] 

let p = ([y:A][h':(R y (f y))](trans y (f y) (f x) h' (too y x (hl y h')))) 
in le t  xRfx = (h2 (f x) p) in 
(h x <(R x (f x)),(R (f x) x)>(xRfx, (h l  (f x) (mo x (f x) xRfx))))))";; 

LET 'Tarski '  TARSKI__PROOF TARSKI;; 
QED 

6. F rege ' s  l e m m a  

This sec t ion  is devoted  to prove t h a t  in jec t iv i ty  implies I inear i ty ,  follow- 
ing the  proof  of Frege  2°. 

R is in j ec t i ve .  
le t  ]NJECTIVE = "[x:A][y:A][z:A] (R x y) -> (R x z) -> <A>y=z";; 
PROP 'Injeetive '  INJECTIVE;; 

R" is  R -hered i t a ry .  
le t  HER_RSTAR = "Ix:A] (Her (Rsg-ar x))";; 

le t  HER_RSTAR_PROOF = "[x:A][y:A][z:A][hl:(Rstar x y)][h2:(R y z)] 
(Rplus to Rs ta r  x z (Rs t a r_ to_Rp lus  x y z h i  h2))";; 

LET "Her_Rstar '  HER_RSTAR_PROOF HER_RSTAR;; 

le t  LINEARITY LEMMA = 
"Inject ive->[x:A][y: t](R y x)->[z:A](Rplus y z ) ->(Rstar  x z)";; 
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le t  LINEARITY LEMMA_PROOF = 
"[inj:Injective][x:A][y:A][yRx:(R y x)][z:A][h:(Rplus y z)] 
(h (Rstar  x) (Her_Rs ta r  x) 

([u:A][yRu:(R y u)] 
(inj y x u yRx yRu (Rstar  x) (Ref l_Rstar  x)))) ' ;;  

LET ' l inear i ty_ lemma"  LINEARITY LEMMA_PR00F LINEARITY_LEMMA;; 

let  CASE_RSTAR = "[x:A][y:A](Rstar y x)->((Rplus y x )+(Rs ta r  x y))";; 
let  CASE_RSTAR_PR00F = "[x:A][y:A][hl:(Rstar  y x)] 

!P.[h2:(Rplus y x)->P][h3:(Rstar  x y)->P] 
(hl  P ([h4:<A>x=y](h3 (h4 (Rstar  x) (Refl Rs ta r  x)))) 

([hS:(Rptus y x)](h2 h5)))";; 
LET 'Case_Rstar '  CASE_RSTAR_PROOF CASE__RSTAR;; 

R-connected 
let  CONNECTED = "[x:A][y:A] (Rplus y x )+(Rs ta r  x y) ' ; ;  
PROP 'Connec ted '  CONNECTED;; 

ICe show that (R inject ive  & xR+y & xR+z)  -> (Connected z y )  
le t  LINEARITY1 = 

"Injective->[x:A][y:A](R y x)->[z:A](Rplus y z ) ->(Connec ted  z x)";; 

le t  LINEARITY1 PR00F : 
" [h i  :Injective][x:A][y:A][h2:(R y x)][z:A][h3:(Rplus y z)] 
(Case_Rsta r  z x ( l i nea r i t y_ l emma  h l  x y h2 z h3)) ' ; ;  

LET- ' l i nea r i t y l '  LINEARITYI_PROOF LINEARITYt;; 

le t  HER_CONNECTED = 
"]njective->[x:A][y:A][z:A](Connected x y)->(R y z ) -> (Connec ted  x z)'%; 

let  HER_CONNECTED_PROOF = 
"[hl:Injeet ive][x:A][y:A][z:A][h2:(Connected x y)][h3:(R y z)] 
!P.[h4:(Rplus z x)->P][hS:(Rstar  x z)->P] 
(h2 P ([h6:(Rplus y x ) ] ( l inea r i ty l  h l  z y ha  x h6 P h4 h5)) 
( [h6:(Rstar  x y)] 

(h5 (Rplus_to__Rstar x z (Rs t a r_ to_Rp tus  x y z h6 ha))) , )  ; 
LET 'he r_ l inea r '  HER_CONNECTED_PROOF HER_CONNECTED;; 

le t  LINEARITY = 
"Inject ive -> [x:A][y:A][z:A](Rplus x z) -> (Rplus x y) -> (Connec t ed  z y) ' ; ;  

let LINEARITY_PR00F = 
"[hl:Injeetive][x:A][y:A][z:A][h2:(Rplus x z)][h3:(Rplus x y)] 
(h3 (Connec ted  z) (he r_ l inea r  h l  z) ([u:A][h4:(R x u)] 

( l inea r i ty l  h l  u x h4 z h2)))";; 
LET "Linearity'  LINEARtTY_PROOF LINEARITY;; 
QED 

7. Newman's  Lemma 
This sect ion uses  the  re la t iona l  c o n s t r u c t i o n s  f rom sec t ion  5. We show 

he re  Newman's  lemma:  A Noe ther ian  re la t ion  is con f luen t  iff it is locally 
conf luen t  43. The m e t h o d  of proof  fo l lowsHue t  ag. 
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We firs t  need  to show that. x R + y  impl ies  3 z  x R z  & z R" y .  We t h u s  
give a dua l  def in i t ion  Rplus'  of t he  t r ans i t i ve  c l o su re  of R. 

In o r d e r  to avoid u n d u l y  cu r r i f i ca t ion ,  we give a p r e l i m i n a r y  c o n s t r u c t i o n  fo r  
3~ P(~) * 0(~). 
l e t  SIGMA2 = "!C.~P[C->*~IQ[C->*][B.([x:C](P x)->(Q x)->B)->B' ; ;  
PROP "Sig2' SIGMA2;; 

le t  RPLUS' = "[x:A][y:A](Sig2 A [z:A](R x z) [z:A](Rstar z y))";; 
PROP 'Rplus" RPLUS';" 

N o w  w e  p r o v e  i n t e r m e d i a t e  l a m i n a s  n e e d e d  f o r  R P L U S  TO RPLUS' .  

le t  R TO RPLUS' = "[x:A][y:A] (R x y)->(Rplus '  x y)";; 

let R_TO_RPLUS'_PROOF = 
"[x:A][y:A][hl:(R x y)]!B.[h2:[z:A](R x z ) -> (Rs ta r  z y)->B] 
(h2 y h l  (Ref l_Rs ta r  y))";; 

LET 'R_to  Rplus"  R TO RPLUS'_PROOF R . _ T O R P L U S ' ; ;  

l e t  HER_RPLUS' = "[x:A] (Her  (Rplus'  x))";; 

l e t  HER_RPLUS'_PR00F = 
"[x:A][y:A][z:A][hl:(Rplus '  x y)][h2:(R y z)] 
!B.[ha:[u:A](R x u ) - > ( R s t a r  u z)->B] 
(h i  B ([v:A][h4:(R x v) ] [h5 : (Rs ta r  v y)] 

(h3 v h4 (Rplus to Rs ta r  v z ( R s t a r _ t o  Rplus v y z h5 h2)) ) ) ) ' ; ;  
LET ' H e r _ R p l u s "  HER_RPLUS'_PROOF HER_RPLUS';; 

l e t  RPLUS TO RPLUS' = "[x:A][y:A] (Rplus x y)->(Rplus '  x y)";; 

le t  RPLUS_TO_RPLUS'_PROOF = 
"[x:A][y:A][hl:(Rplus x y)] 
( h l  (Rplus'  x) (Her  Rplus'  x) (R to_Rp lus '  x))";; 

LET ' R p l u s _ t o _ R p l u s "  RPLUS TO RPLUS'_PROOFRPLUS TO RPLUS';; 

let RSTAR_CASES = "[x:A][y:A] (Rstar x y)->((<A>x=y)+(Rplus x y))";; 

let RSTAR_CASES_PROOF = 
"[x:A][y:A][h:(Rstar x y)] 
!B [hl:(<A>x=y)->B][h2:(Rplus x y)->B] 
(h B ([eq:(<A>y=x)](hl (sym_equal A y x eq))) h2)";; 

R e m a r k  t h a t  w e  p a y  h e r e  the  o r i e n t a t i o n  o f  = i n  t he  d e f i n i t i o n  o f  R s t a r .  
LET ' R s t a r _ c a s e s '  RSTAR_CASES_PR00F RSTAR_CASES;; 

R" is t r a n s i t i v e .  
le t  TRANS_RSTAR = " (Trans  Rstar)"; ;  

let TRANS_RSTAR_PROOF = 
"[x:A][y:A][z:A][hl:(Rstar x y)][h2:(Rstar y z)] 
(hl (Rstar x z) ([hg:(<A>y=x)](h3 [u:A](Rstar u z) h2)) 

([hg:(Rplus x y)](Rstar_cases y z h2 (Rstar x z) 
[h4:(<A>y=z)](Rplus_to_Rstar x z (h4 ([u:A](Rplus x u)) h3)) 

[h4:(Rplus y z)](Rplus to Rstar x z (Trans_Rplus x y z h3 h4)))))" ;; 
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LET 'Trans Rstar ~ TRANS_RSTAR_PROOF TRANS_RSTAR;; 

let  COHERENT = "[x:A][y:A] (Sig2 A (Rstar x) (Rstar y)) ';;  
PROP "Coherent' COHERENT;; 

let  CONFLUENT = "[x:A][y:A][z:A] (Rstar x y)->(Rstar x z)->(Coherent  y z)";; 
PROP 'Confluent '  CONFLUENT;; 

let  LOCALLY_CONFLUENT = "[x:A][y:A][z:A] (R x y)->(R x z)->(Coherent  y z)";; 
PROP 'Locally Confluent '  LOCALLY_CONFLUENT;; 

The d iagram.  
let  DIAGRAM = 

"[x:A]([u:A](R x u) -> (Confluent u)) -> (Locally_Confluent x) -> 
[y:A][z:A](Rplus' x y) -> (Rptus' x z) -> (Coherent  y z)";; 

Here is the i m p o r t a n t  p a r t  Of~the proof:  f i l l i ng  out  the d iagram.  R e m a r k  how 
the ex i s t en t ia l  quan t i f i ea t i ons  a l low us  to progress i ve l y  "draw" the d iagram.  
let DIAGRAM PROOF = 

"[x:A] 3C 
[induction_hyp:[u:A](R x u)->(Confluent u)] ~ / ~  C 
[hyp:(Locally Confluent x)] 
[y:A][z:A] 
[arcl:(Rplus' x y)] 
[a rc2 : (Rplus 'xz) ]  ~ i / ~  ~,j ~ 
!B.[eoher:[u:A](Rstar y u)->(Rstar z u)->B] 
(arc 1 B 
([b:A][arc3:(R x b)][arc4:(Rstar  b y)] ¢ 
(arc2 B 
([c:A][arc5:(R x c)][arc6:(Rstar c z)] 
(hyp b c arc3 arc5 B 

([u:A][arc7:(Rstar b u)][arc8:(Rstar  c u)] ~ ~ '~ -  
( induc t ion_hyp  b arc3 y u are4 are7 B 

([v:A][arc9:(Rstar y v) ] [arc l0 : (Rstar  u v)] 
( induCtion_hyp c arc5 v z (Trans_Rstar  c u v arc8 a rc t0 )  arc6 B 

([w:A][arcl 1 :(Rstar v w)][are l2: (Rstar  z w)] "' " - . . / , a t  
(eoher w (Trans_Rstar  y v w arc9 a r c l t )  arcl2))))))))))) ' ; ;  

LET 'd iagram'  DIAGRAM_PROOF DIAGRAM;; 

let  COROLLARY = 
"[x:A]([a:A](R x a)->(Confluent  a))->(Locally Confluent x)-> 
[y:A][z:A](Rplus x y):>(RplUs x z)->(Coherent  y z)";; 

let COROLLARY_PROOF = 
"[x:A][induction hyp:[a:A](R x a)->(Confluent  a)] 
[hyp:(Localiy Confluent"x)][y:A][z:A][are:(Rplus x y)][arc ' :(Rplus x z)] 
(diagram x induc t ion  h y p h y p y z  

(Rplus t0_Rplus '  x y arc) 
(Rplus to Rp luS 'xza rc ' ) ) " ; ;  

LET 'corollary '  COROLLARY~pROOF COROLLARY;; 

N e w m a n ' s  l e m m a  a s s u m i n g  proper  i n d u c t i o n  hypotheses .  
let NEWMAN IND = 

"[x:A]([a:A](R x a) -> (Confuen t  a)) -> (Locally_Confluent, x) -> 
[y:A][z:A](Rstar x y) -> (Rstar x z) -> (Coherent  y z)";; 
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let NEWMAN_IND__PROOF = 
"Ix:A] 
[induction_hyp:[a:A](R x a)->(Confluent a)] 
[hyp:(Local ly_eonfluent  x)] 
[y:A][z:A] 
[arc:(Rstar x y)] 
[are ' :(Rstar x z)] 
(Rstar_cases x y arc (Coherent y z) 
([ease l:(<A>x=y)]!B.[coher:[v:A](Rstar y v)->(Rstar z v)->B] 

(coher z 
(easel  ([u:A](Rstar u z)) are') 
(Refl Rstar z))) 

([ease2:(Rplus x y)](Rstar__eases x z arc '  (Coherent y z) 
([case21:(<A>x=z)]!B.[eoher:[v:A](Rstar y v)->(Rstar z v)->B] 

(coher y 
(Refl_Rstar y) 
(case21 ([u:A](Rstar u y)) arc))) 

([case22:(Rplus x z)] 
(corollary x induct ion_hyp hyp y z case2 case22)))))";; 

LET 'Newman_ind' NEWMAN_IND_PROOF NEWMAN_IND;; 

The proofs in this sect ion may appear  formidable a t  first sight. Actually, 
they  follow quite na tura l ly  the mathemat ica l  reasoning, and one may argue 
t h a t  the language of cons t ruc t ions  is the ideal medium for na tura l  deduct ion 
in higher  order  predicate  calculus. What is most  needed at  this point  is a good 
interact ive  sys tem allowing to "debug" its proof progressively, with machine 
ass is tance  for au tomat ing  the trivial steps. 

We n o w  i n t r o d u c e  N o e t h e r i a n  i n d u c t i o n .  
let NOETHERIAN = ']P]A->*~ ([x:A]([y:A](R x y)->(P y))->(P x))->[x:A](P x)";; 
PROP 'Noetherian'  NOETHERIAN;; 

Noetherian induction is both a proposition stating that relation R is Noeth- 
erian (i.e. there are no infinite R-chains), and the type of functional objects 
which may be applied to a property P in order to show VxcA.P(x) by induc- 
tion, Once again we stress operational meanings: the proposition "R is Noeth- 
erian" is the type of induction principles. 

N e w m a n ' s  l e m m a .  
let NEWMAN = "Noetherian -> Locally_Confluent -> Confluent";; 

let NEWMANPROOF = 
"[h 1 :Noetherian] [h2:Locally Confluent] 
(hl ([u:A](Confluent u)) 
([x:A][ind:[y:A](R x y)->(Confluent y)] (Newman_ind x ind (h2 x))))';; 

LET 'Newman' NEWMAN_PR00F NEWMAN;; 
QED. 
We bel ieve  th i s  is  the  f i r s t  m a c h i n e - c h e c l c e d  p r o o f  o f  N e w m a n ' s  l e m m a .  
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8. C a t e g o r i c a l  c o n s t r u c t i o n s  

I t  is i n s t r u c t i v e  to a x i o m a t i z e  t he  n o t i o n  of c a t e g o r y  in t he  l a n g u a g e  of 
c o n s t r u c t i o n s .  The m o s t  n a t u r a l  def in i t ion  is to p a r a m e t e r i z e  t he  n o t i o n  of 
c a t e g o r y  on  a c lass  Obj, a b i n a r y  r e l a t i o n  Horn on Obj, a n d  o p e r a t i o n s  id a n d  o 
ve r i fy ing  the  u s u a l  laws of g e n e r a l i z e d  monoid:  

CATEGORY = "!Obj.tHoml[A:Obj][B:Obj]*l [id:[A:Obj](Hom A A)] 
[o:[A:Obj][B:0bj][C:Obj](Hom A B) ->(Hom B C)+>(Hom A C)] 
([A:Obj][B:Obj][f:(Hom A B) ]<(Hom A B)> (o A A B (id A) f) = f) 

& ([A:Obj][B:Obj][f:(Hom A B ) ] < ( H o m A  B)> (o A A B f (id B)) = f) 
& ([A:Obj][B:Obj][C:ODj][D:ODj][f:(Hom A B)][g : (Hom B C)] [h : (Hom C D)] 

< ( H o m A D ) > ( o A C D ( o A B C f g ) h )  = ( o A B D f  ( o B C D g h ) ) ) " ; ;  

This def in i t ion  is no t  qu i t e  g e n e r a l  enough ,  s ince  it a s s u m e s  i n t e n s i o n a l  
e q u a l i t y  fo r  m o r p h i s m s .  A m o r e  g e n e r a l  de f in i t ion  would r e p l a c e  t h e  e q u a l i t y  
= by  a r e l a t i o n  E p o s t u l a t e d  to be  a n  e q u i v a l e n c e  r e l a t i o n  c o m p a t i b l e  wi th  
c o m p o s i t i o n .  We shal l  n o t  deve lop  f u r t h e r  t h o s e  c a t e g o r i c a l  c o n s t r u c t i o n s  
he r e ,  b u t  we ju s t  r e m a r k  t h a t  t h e r e  is no in t r ins ic  d i f f e r e n c e  in o u r  view 
b e t w e e n  Horn and  a r e l a t i o n  on  Obj. This is b e c a u s e  we have  an  i n tu i t i on i s t i c  
view of models :  t he  i n t e r p r e t a t i o n  of a r e l a t i o n  is no t  jus t  " t r u e "  or  " fa lse" ,  
b u t  t h e  s e t  of m e a n i n g s  which  p rove  s u c h  a r e l a t ion .  Note  t h a t  f r o m  th i s  
" r ea l i zab i l i t y"  po in t  of view, s t a t i ng  the  e x i s t e n c e  of i d e n t i t y  and  c o m p o s i t i o n  
is j u s t  p o s t u l a t i n g  the  r e l a t i o n  Hom to be  re f lex ive  a n d  t r a n s i t i v e .  

9. Algebra ic  c o n s t r u c t i o n s  

The following s e c t i o n  n e e d s  only the  logical  c o n s t r u c t i o n s  f r o m  s e c t i o n  2. 
We show h e r e  how to deve lop  t h e  s t a n d a r d  n o t i o n s  f r o m  a b s t r a c t  a l g e b r a  in a 
n a t u r a l  way.  F i r s t  we show how to  e m b e d  the  s i g n a t u r e s  of h o m o g e n e o u s  a lge -  
b r a s  in to  s imple  p r o p o s i t i o n s .  

9.1. F in i te  d o m a i n s  

The e m p t y  set, a l r eady  s e e n  as Falsi ty.  
l e t  EMPTY = "!A.A";; 
PROP ' l l '  EMPTY;; 

The u n i t  set. 
le t  UNIT = "!A.A->A';; 
PROP "unit" UNIT;; 
Already  s e e n  as "self'; con ta ins  as u n i q u e  e l e m e n t  Id ="!A.[u:A]u" 

Booleans.  
l e t  BOOL = "!A.A->A->A";; 
PROP 'bool" BOOL;; 

C h u r c h ' s  B Q o l e a n s  : • x , y . y  a n d  X x , y . x  13 
le t  TRUE = "!A.[u:A][v:A]u" a n d  FALSE = "!A.[u:A][v:A]v";; 

LET ' t r u e '  TRUE "bool";;  
LET ' f a l se '  FALSE "bool";;  
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CompLement. 
le t  COMPL = " [b :bool ] (b  bool  false t rue)"; ;  
LET ' n o t '  COMPL "bool->bool" ; ;  

ConditionaL. 
le t  IF =" tA. [b :boo l ] (b  A)';; 
LET "if' IF "!A.bool->A->A->A";; 

Note that, for  p:A&A, <A,A>fst~)=(p (true A)) and  s imi lar ly  wi th  snd / f a l s e  

Standard  Bo ole an func  lions. 
let  AND = " [b :boo l ] [b ' : boo l ] (b  boot b' false)";; 
LET 'And'  AND "bool ->bool ->bool" ; ;  

let  OR = " [b :boo l ] [b ' : boo l ] (b  bool t r u e  b')";; 
LET 'Or'  OR "bool ->bool ->bool" ; ;  

It is easy to generalize the construct ions above to define the canonical 
polymorphic  s tructure  wi th  n elements.  

9.2. N a t u r a l  n u m b e r s  

le t  NAT = "!A.(A->A)->A->A';: 
PROP ' n a t '  NAT;; 

let  ZERO = "!A,(A->A)->(Id A)';;  
LET '0 '  ZERO "nat"; ;  

let  SUCC = "[n:nat]!A.[s:A->A][z:A](s (n A s z))";; 
LET 'S '  SUCC "ha t ->na t " ; ;  
LET_SYNTAX 'S '  [ 'S( ' ; ' ) ' ] ; ;  

"Concrete" na tura l  numbers  completely  expanded out. 
le t  ONE = apply(SUCC,ZERO);; 
l e t r ec  NATURAL n = if n<O t h e n  fail 

if n=O t h e n  ZERO else apply(SUCC,NATURAL (n-i)) ; ;  

"Abstract" na tura l  numbers  in  terms of the constants  0 and S. 
let  Zero = "0" and  Succ  = "S";; 
let  ONE = "(S 0)";; 
LET ' 1' ONE "nat"; ;  

Mere general ly:  
I e t r ee  Natural, n = if n=O t h e n  Zero else a p p l y ( S u c c , N a t u r a l  (n- l ) ) ; ;  
let  Decl Nat  n = LET ( s t r i n g _ o f _ i n t  n) (Natura l  n) "nat"; ;  
This permi t s  to declare any  na t  wi th  its usual  representation.  

Note that the untyped ;k-expressions corresponding to proofs of type nat 
are exactly Church's integers 13. However, we need the power of second-order 
types to give them a uniform type, that of polymorphic iterators. 

Since all our constructions are functional objects, there is no distinction 
between data structures and control structures. A data structure is just a 
control structure waiting for additional arguments in order to project itself. 
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Thus  b o o l e a n s  i m p l e m e n t  cond i t i ona l s ,  i n t e g e r s  a r e  fo r  loops,  etc. . .  

If one  s ee s  n a t  as  d e n o t i n g  the  ini t ial  a l g e b r a  in t he  c lass  of all a l g e b r a s  
with s i g n a t u r e  <A,s:A->A,z:A>, t he  role  of t he  in i t ia l i ty  m o r p h i s m  is h e r e  t a k e n  
by  app l i ca t i on ,  s ince  t he  h o m o m o r p h i c  image  of n : n a t  in t he  s t r u c t u r e  
<A,s:A->A,z:A> is s i m p l y  (n A s z). This s h o u l d  c la r i fy  t he  de f in i t ion  of SUCC 
above .  We shal l  deve lop  t h e s e  a l g e b r a i c  ideas  m o r e  s y s t e m a t i c a l l y  in t h e  n e x t  
s ec t i on .  

9.3. The  general case of homogeneous  va r i e t i e s .  

In th i s  s e c t i o n  we show how to  s y n t h e s i z e  in ML the  c o n s t r u c t i o n s  of a b s t r a c t  
a l g e b r a .  

A b s t r a c t i n g  ~: t i m e s  on the  carr ier ,  w h i c h  we  a s s u m e  is  b o u n d  a t  l eve l  m 
l e t  a r i t y  m n = a r i t y r e c  n 

w h e r e r e c  a r i t y r e c  k = le t  c a r r i e r  = r e l ( n + m - k )  in 
if k = 0  t h e n  c a r r i e r  

e lse  f u n c t i o n ( c a r r i e r , a r i t y r e c  (k- l ) ) ; ;  

The c a n o n i c a !  s t r u c t u r e  w i t h  n e l e m e n t s .  
l e t  FINITE n = if n<0 t h e n  fail e lse p o l y m o r p h ( s t a r , a r i t y  1 n);; 

The case  s t a t e m e n t .  
l e t  CASE(n,m) = if n<0  o r  m < l  or  m > n  t h e n  fail  e lse  

p o l y m o r p h ( s t a r , c a s e r e c  n) w h e r e r e c  c a s e r e c  k = 
if k = 0  t h e n  re l (m)  e lse  f u n c t i o n ( r e l ( n + l - k ) , c a s e r e c ( k - 1 ) ) ; ;  

We have  t h e  following iden t i t i e s :  
EMPTY=FINITE(0) 
UNIT=FINITE(I)  ID=CASE(I,1) 
B00L=FINITE(2)  FALSE=CASE(2,1) TRUE=CASE(2,2)  

More gene ra l l y ,  we def ine  a s i g n a t u r e  as  a l ist  of n o n - n e g a t i v e  i n t e g e r s  
which  d e t e r m i n e s  a f u n c t i o n a l i t y  as  follows. 

t e t r e c  f u n c t i o n a l i t y  m sig obj = 
if s ig=[]  t h e n  (obj m) 
else f u n c t i o n ( a r i t y  m (hd s ig ) , func t iona l i t y  (m+ 1) (tl  sig) obj);; 

l e t  f r e e _ a l g e b r a  sig = p o l y m o r p h ( s t a r , f u n c t i o n a l i t y  1 sig rel);; 

So we cou ld  h a v e  de f ined  NAT as  f r ee_a lgeb ra [1 ;O] .  In a s imi l a r  f a sh ion ,  we 
cou ld  s y n t h e s i z e  t h e  c o n s t r u c t o r s  of s u c h  f r e e  a l g e b r a s .  Let  us  now t u r n  to 
t h e  n o n - h o m o g e n e o u s  case .  

9.4. H e t e r o g e n e o u s  a l g e b r a s  

Lis t s  
l e t  LIST = "!A,B.(A->B->B)->B->B";; 
PROP 'list" LIST;; 
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let NIL = .A,B.(A->B->B)-><B>Id ;; 
LET 'nil '  NIL llst ,, 
Compare  w i t h  ML, w h e r e  ni l :  * l i s t  

let  CONS = "!A.[x:A][y:(list A)]!B.[u:A->B->B][v:B](u x (y B u v))";; 
LET 'cons" CONS "!A.A->(list A)->(list  A)";; 

Assume p r o p o s i t i o n  A given, a n d  let  us  abb rev i a t e ,  for  a l ,  • - • ,an of t ype  
A, the  c o n s t r u c t i o n  "!B.[u:A->B->B][v:B](u a l  (u a2 ... (u am v)...))" as 
[a l ; . . . ;an] .  An e l e m e n t  [al; . . . ;wn] of (list A) is t h u s  a c o n t r o l  s t r u c t u r e  which 
m a y  o p e r a t e  on any  a lgebra  <B,U:A->B->B,V:B> in o r d e r  to c o m p u t e  the  ele- 
m e n t  of B (U a l (U a2 ... (U an V)...)). This is exac t l y  the  role of the  ML i t l i s t  
primit ive,  or  the  APL r e d u c e  o p e r a t o r .  Similarly,  we m a y  def ine t r e e s  as t r e e  
i t e r a t o r s ,  as  follows. 

Trees = !A. (A->A->A)->A->A 
le t  BINTREE = "!A.(list A A)";; 
PROP ' b i n t r e e '  BINTREE;; 

le t  NIL_TREE = "!A.(nil A A)";; 
LET ' n i l _ t r e e '  NIL_TREE BINTREE;; 

let  MKTREE = 
" [ le f t :b in t ree ] [ r igh t :b in t ree ] !A. [c :A->A->A][n :A](c  (left A c n) ( r ight  A c n))'",; 
LET ' m k t r e e '  MKTREE " b i n t r e e - > b i n t r e e - > b i n t r e e " ; ;  

We m a y  t r e a t  in the s a m e  way m o r e  c o m p l e x  t r ee  s t r u c t u r e s ,  s t r ings ,  and  
m o r e  g e n e r a l l y  all t h e  s t a n d a r d  d a t a  s t r u c t u r e s  which  c o r r e s p o n d  to f ree  
a lgebras .  Note t h a t  all the  p r o p o s i t i o n s  n e e d e d  h e r e  c o r r e s p o n d  to G i r a rd ' s  
s e c o n d  o r d e r  t y p e s  r e s t r i c t e d  to d e g r e e  2, s imilar ly to the  t r e a t m e n t  in 
B e r a r d u c c i - B 6 h m  4. 

9.5.  N o n - f r e e  s t r u c t u r e s  

All the  s t a n d a r d  f ree  a lgeb ra s  on one  c a r r i e r  a re  of the  f o r m  "!A.PI->P2-  
> ... ->Pn->A" with Pi of the  f o r m  (A->A->...->A). That  is, we a re  r e s t r i c t i n g  
our se lves  to s e c o n d - o r d e r  types  of deg ree  2. Let us now c o n s i d e r  a l g e b r a s  
def ined  by t y p e s  of d e g r e e  3. 

Bind ing .  
le t  BIND = "!A((A->A)->A)->A";; 
PROP 'b ind '  BIND;; 

The algebra bind has only one constructor, which may be thought of as a 
quantifier, which introduces locally a new generator. The proofs of bind are 
all expressions of the form 

V x  1-Vx2 . . . .  "c/an.z~ w i t h  l<_i<_n 

i.e. t he  a lgebra  bind is i s o m o r p h i c  to the  r e l a t i on  > over  IN. For  i n s t ance ,  t he  
f o r m u l a  V x l ' V x a . x l ,  or  i som orph i ca l l y  2~1, is r e p r e s e n t e d  by the  following 
p roo f  of type  bind. 

LET "2>=1'  " !A.[quant : (A->A)->A](quant  [ x l : A ] ( q u a n t  [x2:A]xl ) )"  BIND;; 



176 

Larnbda expressions. 
le t  LAMBDA = "!A.((A->A)->A)->(A->A->A)->A";; 
PROP ' larnbda '  LAMBDA;; 

This is the  a lgebra  of o r d i n a r y  l ambda  expres s ions .  The f irs t  o p e r a t o r  is k, 
t he  s e c o n d  is apply.  For  i n s t ance ,  kz.ky.(x y) is r e p r e s e n t e d  as t h e  following 
p roo f  of t ype  lambda:  

LET ' \ \  (2 1)" 
"!A.[lam:(A->A)->A][ap:A->A->A](lam [x:A](lam [y:A](ap x y)))"  LAMBDA;; 

Typing. 
l e t  TYPE = "!A.(A->(A->A)->A)->A->A';; 
PROP ' type '  TYPE;; 

This is t he  a l g e b r a  of one  typ ing  o p e r a t o r  s imi lar  to o u r  own a b s t r a c t i o n  
o p e r a t o r ,  and  one  base  type ,  s imilar  to  o u r  own s ta r .  F o r  i n s t a n c e ,  t h e  
e x p r e s s i o n  [x:*][y:x]y is r e p r e s e n t e d  as t h e  following c o n s t r u c t i o n  of t y p e  
type:  

LET ' [ * ] [ l ] l '  
"!A.[typ:A->(A->A)->A][star:A](typ s t a r  [x:A](typ x [y:A]y))" TYPE;; 

Typed k-calculus. 
le t  DELTA = "!A.(A->(A->A)->A)->(A->A->A)->A->A';; 
PROP 'de l ta '  DELTA;; 

This a lgebra ,  o b t a i n e d  by  mixing t he  o p e r a t o r s  of l a m b d a  with t h o s e  of type ,  
is in a s ense  t he  s imples t  t y p e d  larnbda c a l c u l u s  s t r u c t u r e .  This is e x a c t l y  
N e d e r p e l t ' s  A, and  t h u s  the  a lgeb ra  of ou r  own language .  For  i n s t a n c e ,  t h e  
c o n s t r u c t i o n  "[B:*][x:B][f:[u:B]B](f x)" is i n t e r n a l i z e d  as  t h e  following p ro o f  of 
t ype  del ta .  

LET '[*][1][[213](1 2)' 
"! A. [ abs  :A- > (A- >A)- >A] [ ap:A- >A- >A] [ s t a r  :A] 

(abs s t a r  [B:A](abs B [x:A](abs (abs B [u:A]B) [f:A](ap f x))))"  
DELTA;; 

We could for instance present the type-checker of constructions as a con- 
struction in "delta->delta+unit', but this is out of the scope of the present 

pape r .  

Note  how the  c o n s t r u c t i o n s  above  a r e  a n a t u r a l  g e n e r a l i z a t i o n  of t h e  
s t a n d a r d  def in i t ions  f r o m  a b s t r a c t  a lgebra ,  where  the  n o t i o n  of s i g n a t u r e  h a s  
b e e n  e n r i c h e d  to  be  n o t  jus t  a list  of i n t e g e r  ar i t ies ,  b u t  m o r e  g e n e r a l l y  a list  
of s i g n a t u r e s  of lower  level a lgebras .  We have  t h e  f ini te  s t r u c t u r e s  a t  level 1, 
t he  s t a n d a r d  t e r m  a lgeb ra s  a t  level  2, the  va r ious  t a m b d a  ca lcul i  a t  level  3. 
This qu ick  inves t iga t ion  of the  s imples t  of Gi ra rd ' s  s e c o n d  o r d e r  t y p e s  22 
shou ld  give an  idea  of t he  r i c h n e s s  of e x p r e s s i o n  of the  full l anguage .  The 
n e x t  s e c t i o n  gives an example  where  we use  an  i n n e r  type  quan t i f i c a t i on .  
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9.6. Ordinals .  

Ord ina l s  a r e  de f ined  in a s imi l a r  way  to  n a t u r a l  n u m b e r s ,  add ing  a l imi t  
o p e r a t i o n .  A s e q u e n c e  o v e r  t y p e  A is of t y p e  (nat->A),  a n d  t h u s  a l imi t  o p e r a -  
t o r  o v e r  A is of t y p e  (nat->A)->A.  

l e t  ORD = "!A.((nat->A)->A)->(A->A)->A->A'; ;  
PROP ' o r d '  ORD;; 

le t  ORDZERO = "!A.[l im:(nat->A)->A][s:A->A][z:A]z ' ; ;  
LET ' o r d z e r o '  ORDZERO "ord";;  

l e t  ORDSUCC = "[a:ord]!A.[ l im:(nat->A)->A][s:A->A][z:A](s  (a A lira s z))";; 
LET ' o r d s u c c "  ORDSUCC "o rd ->ord" ; ;  

Limi t  of  a sequence-o f  ordinals .  
l e t  ORDLIM = "[seq:na t ->ord] !A.[ l im:(na t ->A)->A][s :A->A][z :A]( l im [ n : n a t ] ( s e q  n 
A l im s z))";; 
LET ' o rd l im '  ORDLIM " ( n a t - > o r d ) - > o r d " ; ;  

Fini te  ord ina ls  are ob ta ined  by coercing n e t s  in to  ords. 
l e t  ORDNAT = " [ n : n a t ] ( n  o rd  o r d s u c c  o rdze ro ) " ; ;  
LET ' o r d n a t '  ORDNAT "hat->oral" ; ;  

¢d 

l e t  OMEGA = " (o rd l i m  o rdna t ) " ; ;  
LET ' omega"  OMEGA " o r d ' ; ;  

10. P r o g r a m m i n g  c o n s t r u c t i o n s .  

We final ly show how we c a n  use  t he  a l g e b r a i c  c o n s t r u c t i o n s  as  bas i c  d a t a  
s t r u c t u r e s  a n d  c o n t r o l  s t r u c t u r e s  of a v e r y - h i g h  level p r o g r a m m i n g  l a n g u a g e .  

10.1. A r i t h m e t i c  o n  n a t u r a l  n u m b e r s  in u n a r y  n o t a t i o n .  

Addit ion.  
l e t  ADD = " [ n : n a t ] ( n  n a t  S)";; 
LET ' a d d '  ADD " n a t - > n a t - > n a t " ; ;  
LET SYNTAX ' a d d '  [ ' ( ' ; '+ ' ; ' ) ' ] ; ;  
Other possible clef: "[m.Tzat][n.~at](n n a t  S m ) " .  This las t  one g e n e r a l i z e s  to 
ord ina l  addi t ion .  

Mul t ip l ica t ion .  
l e t  MULT = " [ n : n a t ] [ m : n a t ] ( n  n a t  (add  m) 0)";; 
LET ' m u l t '  MULT " h a t - > h a t - > n a t " ; ;  
A less abs t rac t  one is compos i t ion  (the t? Curry combina tor )  
"[n:nat][m.'nat]!A.[f:A->A](n A (rn A f ) )" .  Or i ts  dual :  
"[n.~at][m.'nat]!A.[f:A->A](m A (n A %)". 

Exponen t i a t i vn .  
l e t  EXP = " [ n : n a t ] [ m : n a t ] ( m  n a t  ( m u l t  n) 1)":; 
LET "exp'  EXP " n a t - > n a t - > n a t " ; ;  
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Super-Exponent ial:  n ^ (n ~ ... ( n - n  )... ). 
l e t  SUPEXP = " [ n : n a t ] [ k : n a t ] ( k  n a t  ( exp  n) n)";; 
LET ' s u p e x p '  SUPEXP " n a t - > n a t -  >nat" ; :  

10.2. P r i m i t i v e  r e e u r s i o n  

We w a n t  to i m p l e m e n t  p r imi t ive  r e e u r s i v e  e q u a t i o n s  of t h e  fo rm:  

g(0)=a , g(n+:)=f(n,g(n)) 
F o r  this,  we bui ld  in for  loops,  t h a t  is f l owcha r t s  s u c h  as : 

I t e r a t e  ( f  ,a ,n)=z :=a;  for  i :=0 to n - 1  do z : = f  ( i , z )  

We g e t  s u c h  a c o n s t r u c t  by  i t e r a t i n g  on a pair :  g (n)=snd (n h <O,a >) wi th  

h<i ,g ( i )>  = <i+l ,g ( i+ l )>  = <i+l ,J ' ( i ,g( i ) )> 

which  we g e n e r a l i z e  as  h<i ,x>  = < i + t , f ( i , x ) > .  More g e n e r a l l y ,  f l o w c h a r t s  
i t e r a t e  c o m m a n d s ,  in s t o r e - > s t o r e ,  f o r  an  a p p r o p r i a t e  va lue  of s t o r e  (i.e., t h e  
p r o d u c t  of the  t y p e s  of t he  r e l e v a n t  iden t i f i e r s ) .  These  r e m a r k s  l ead  d i r e c t l y  
to  t he  i t e r  c o n s t r u c t i o n :  

l e t  ITER = "!A. let  s t o r e = n a t & A  in 
l e t  m k s t o r e = [ i : n a t ] [ a : A ] < n a t , A > ( i , a )  in 
le t  i n d e x = [ s t : s t o r e ] < n a t , A > f s t ( s t )  in 
le t  r e s u l t = [ s t : s t o r e ] < n a t , A > s n d ( s t )  in 

[ f :s tore->A][a:A] 
le t  e o m = [ s t : s t o r e ] ( m k s t o r e  (S ( index  st))  (f st))  in 
le t  i n i s t = ( m k s t o r e  0 a) in 
[ n : n a t ] ( r e s u l t  (n s t o r e  e o m  in i s t ) ) ' ; ;  

LET "i ter '  ITER "!A.((nat&A)->A)->A->nat->A";;  

E x e m p l e  : p r e d e c e s s o r ,  d e f i n e d  as  p r e d ( O ) = O ,  p r e d ( n  + 1 ) = n  
l e t  PRED = " le t  i n d e x = [ s t : n a t & n a t ] < n a t , n a t > f s t ( s t )  in ( i t e r  n a t  i ndex  0)";; 
LET ' p r e d '  FRED " n a t - > n a t " ; ;  

Factorial: :fact (0)= 1, Iac t (n + 1)= (n + ~ ) *fact (n ) 
l e t  FACT = 
" le t  f a e t c o m = [ s t : n a t & n a t ] ( m u l t  (S < n a t , n a t > f s t ( s t ) )  < n a t , n a t > s n d ( s t ) )  in 

( i t e r  n a t  f a c t c o m  1)";; 
LET ' f a c t '  FACT " h a t - > n a t " ; ;  

I t  is now e a s y  to l'Ynagine a - - c o m p i l e r  which  m a c r o  g e n e r a t e s  t he  call  to  
i t e r ,  wi th  a c o m m a n d  p a r t  c o n t a i n i n g  iden t i f i e r s  c o m p i l e d  as  p r o j e c t i o n  f u n c -  
t i o n s  in t he  s t o r e .  More a m b i t i o u s l y ,  we m a y  a c c e s s  v a r i a b l e s  t h r o u g h  a n  
e n v i r o n m e n t ,  a n d  have  m o r e  c o m p l e x  c o m m a n d s  us ing  c o n t i n u a t i o n s .  A p r o -  
g r a m  will be  a c o n s t r u c t i o n  in t he  a l g e b r a  of t he  a b s t r a c t  s y n t a x  of s o m e  p r o -  
g r a m m i n g  l anguage ,  whose  s e m a n t i c s  is g iven by  c o n s t r u c t i o n s  in t he  t r a d i -  
t i ona l  s ty le  of d e n o t a t i o n a l  s e m a n t i c s .  

Equali ty  to zero 
l e t  EQZERO = " [ n : n a t ] ( n  bool  [b :bool ] fa l se  t rue)" ; ;  
LET 'eqO' EQZERO "na t ->boo l" ; ;  

A more complicated recursive schema: [~bonacci. 
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f b o  (O)=a ' ,]~b0 ~ i ,  =b ,7~o (n +2)=F(~bo (n).~bo (n + i)) 

let FIBO = "!A.let store=A&A in 
let mkstore=[x:A][y:A]<A,A>(x,y) in 
let res=[st:store]<A,A>snd(st)  in 
[F:store->A] 
let eom=[s t : s tore] (mkstore  (res st) (F st)) in 
[a:A][b:A] 
let in is t=(mkstore  a b) in 
[n:nat](eqO n A a (res (n s tore  com inist)))';; 

LET 'fibo' FIBO "!A.((A&A)->A)->A->A->nat->A";; 

E x e m p l e :  the s t a n d a r d  F ibvnacc i  f u n c t i o n .  
let FIB = 

"let F=[st :nat&nat](add <nat ,nat>fs t (s t )  <nat ,nat>snd(st ) )  in 
(fibo na t  F 1 1)";; 

LET 'fib' FIB "nat->nat";;  

B e y o n d  p r i m i t i v e  r e c u r s i o n  : A c k e r m a n  's f u n c t i o n .  
let ACE = "[n:nat](n (nat->nat)  [ f :nat->nat][n:nat](n  na t  f n) S)";; 
LET 'ack' ACK "nat->nat->nat"; ;  
This shows  the p o w e r  o f  i t e r a t i o n  on f u n c t i o n a l  types .  

10.3. List processing 

List  c o n c a t e n a t i o n  
let  APPEND = "!A.[ll:(li~t A)][12:(list A)](12 (list A) (cons A) 11)";; 
LET 'append'  APPEND "!A.(list A)->(list A)->(list A)";; 

I n s e r t  a t  e n d  o f  l i s t  
let POST = "!A.[a:A][h(list A)](1 (list A) (cons A) (cons h a (nil A)))";; 
LET 'post '  POST "!A.A->(list A)->(tist A)";; 

let REVERSE = "!A.[l:(list A)](1 (list A) (post A) (nil A))";; 
LET ' reverse '  REVERSE "!A. (list A)->(list A)";; 

E x a m p l e  ." Hanoi  "s t owers  

let HANOI_TYPE : "!A.nat->A->A->A->(list (A & A))";; 

let HANOI_PROGRAM = "!A.[n:nat] 
let pair=[x:A][y:A]<A,A>(x,y)in 
(n (A->A->A->(list (A & A))) 

[H:(A->A->A->(list (A & A)))][a:A][b:A][c:A] 
(append (A & A) (H a c b) (cons (A & A) (pair a c) (H b a c))) 
([a:a][b:A][c:A](nil (A & A))))";; 

LET 'prog' HANOI_PROGRAM HANOI_TYPE;; 

10.4 .  Ordinal programming 

Ordinal  s u m .  
let ORDSUM = "[a:ord][b:ord](b ord ordlim ordsucc a)";; 
LET "ordsum' ORDSUM "ord->ord->ord";;  
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Note:  we have more than  ordinals, i.e. ordinals presented  wi th  a f u n d a m e n t a l  
s e q u e n c e .  Thus (ordsum ordone omega) is di f ferent  f r o m  omega. 

Ordinal mul t ipl icat ion.  
l e t  ORDMULT = " [ a : o r d ] [ b : o r d ] ( b  o rd  o rd l i m  ( o r d s u m  a) o r d z e r o ) ' ; ;  
LET ' o r d m u l t '  ORDMULT " o r d - > o r d - > o r d ' ; ;  

o r d o n e  = (ordnat 1) 
l e t  ORDONE = " ( o r d s u c c  o rdzero)" ; ;  
LET ' o r d o n e '  ORDONE "ord"; ;  

Ordinal ezponentiat ion.  
l e t  ORDEXP = " [ a : o r d ] [ b : o r d ] ( b  o rd  o r d l i m  ( o r d m u l t  a) o rdone)" ; ;  
LET ' o r d e x p '  ORDEXP " o r d - > o r d - > o r d ' ; ;  

~o 
l e t  EPSILON0 = " ( o m e g a  o rd  o rd l i m  ( o r d e x p  o m e g a )  o rdze ro ) " ; ;  
LET ' ep s i l on0 '  EPSILON0 "ord";;  

We now show how to u s e  o r d i n a l s  to describe func t iona l  hierarchies. 

Schwichtenberg's  hierarchy i9 
l e t  FAST = " le t  n a t f u n = n a t - > n a t  in 

le t  n a t f u n z e r o = S  in 
le t  n a t f u n s u c c = [ f : n a t f u n ] [ n : n a t ] ( n  n a t  f n) in 
le t  n a t f u n l i m = [ s e q : n a t - > n a t f u n ] [ n : n a t ] ( s e q  n n) in 
[ a :o rd ] ( a  n a t f u n  n a t f u n l i m  n a t f u n s u c c  n a t f u n z e r o ) ' ; ;  

LET "fast '  FAST " o r d - > n a t - > n a t " ; ;  
Note:  (fast epsilonO) is not provably  total in  Peano "s ari thmetic.  

let SLOW = "let natfun=nat->nat in 
let natfunzero=S in 
let natfunsuee=[f:natfun][n:nat](S (f n)) in 
let natfunlim=[seq:nat->natfun][n:nat](seq n n) in 
[a:ord](a natfun natfunlim natfunsucc natfunzero)";; 

LET 'slow' SLOW "ord->nat->nat";; 
Note  that  only n a t f u n s u c c  changes f r o m  the f a s t  to the slow hierarchy.  

C o n c l u s i o n  

Leibniz  was t h e  f i r s t  to  s eek  a u n i v e r s a l  l anf iuage  fo r  m a t h e m a t i c a l  r e a -  
soning.  The g r a p h i c a l  p r o o f  n o t a t i o n  of F rege  ~U a n t i c i p a t e d  the  works  on 
n a t u r a l  d e d u c t i o n  al a n d  c o n s t r u c t i v e  m a t h e m a t i c s  5"6. The f i rs t  r ea l  a t t e m p t  
a t  m e c h a n i z i n g  m a t h e m a t i c s  was t he  A u t o m a t h  e f fo r t  11'30'54 Mar t in -L5f  
m a d e  a f u n d a m e n t a l  c o n t r i b u t i o n  to t h e  p r o b l e m  in p r e s e n t i n g  his 1971 
t h e o r y  of t y p e s  35. This f i rs t  a t t e m p t  was shown i n c o n s i s t e n t  by  J.Y. Gi ra rd .  

36 37 3B 39 This p r o m p t e d  Mar t in-L6f  to  deve lop  p r e d i c a t i v e  t h e o r i e s  ' ' ' . Va r ious  
i m p l e m e n t a t i o n s  of i n tu i t i on i s t i e  t y p e  t h e o r y  a r e  now u n d e r  d e v e l o p -  
m e n t  55,56,44,14,15,3 On t h e  o t h e r  hand ,  i m p r e d i c a t i v e  s y s t e m s  s u c h  as  
G i r a r d ' s  s e c o n d - o r d e r  types22, 23 d i s c o v e r e d  i n d e p e n d e n t l y  by  Rey-  
no lds  51'52'53 have  b e e n  r e c e n t l y  t he  s u b j e c t  of c lose  i n v e s t i g a t i o n  19'34"4 

A r e l a t e d  field is of c o u r s e  t h a t  of a u t o m a t e d  t h e o r e m - p r o v i n g .  Power fu l  
s y s t e m s  able  to  m a c h i n e - c h e c k  s ign i f i can t  t h e o r e m s  a r e  s c a r c e .  The Boye r -  
Moore t h e o r e m  p r o v e r  h a s  b e e n  able  to m e c h a n i z e  s u c c e s s f u l l y  a s u b s t a n t i a l  
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p a r t  of recurs ive  a r i thmet i c  7,a.9, 10. Several  a t t e m p t s  have been  made a t  
mechaniz ing  Church 's  type  t heo ry  a.l'49.4s'as'27,z6"4°. A tot of r e s e a r c h  has  
been  put  into mechanica l ly  verlTying c o m p u t e r  programs.  The most  impres-  
sive effor t  so far  is the  LCF pro jec t  25,45,47,4s. Another  in te res t ing  t h e o r e m -  
proving sys tem is Ketonen 's  EKL, who recen t ly  ob ta ined  a mechan ica l  proof  of 
Ramsey's  t h e o r e m  3a,aa, 31 

The c u r r e n t  proposal  is a t en ta t ive  to blend t o g e t h e r  Martin-L6f's 1971 
t h e o r y  of types  and Girard 's  second o rde r  types  as a genera l i za t ion  of the  
Automath ' s  formalisms. We have shown t h a t  the resul t ing language was well 
sui ted to expressing in a concise way not ions  taken  f rom var ious  ma thema t i -  
cal fields. 

It is also possible to regard  our  cons t ruc t ions  as a very  high level pro- 
gramming language, where p r o p o s i t i o n s / s p e c i f i c a t i o n s / t y p e s  are  used to 
d e c o r a t e  p roo f s /p rog rams .  To each  propos i t ion  co r r e sponds  a canonica l  
d a t a - s t r u c t u r e  and its assoc ia ted  con t ro l - s t ruc tu r e .  To valid propos i t ions  
c o r r e s p o n d  proofs  which may be cons idered  as p rog rams  obeying the  
co r respond ing  specification.  Executing the p rog ram co r r e sponds  to normaliz-  
ing the  proof  to a cu t - f ree  d i rec t  proof. Such normal iza t ion  is always possible 
for  verified programs,  and the compu ta t i on  does not  involve the  specif icat ion 
par t ,  which may be cons idered  a simple comment  meaningless  for  computa -  
tion. 

This points out  to the two essent ial  problems t ha t  need  to be solved in 
o r d e r  to apply this work to the deve lopment  of verifiably rel iable software: 
f irst ly to establish programming methodologies  implement ing c o r r e c t n e s s  
ver i f icat ion as pa r t  of p rog ram development ,  with p r o p e r  p rogramming  
env i ronmen t s  to suppor t  such methodologies  in a use r - f r i end ly  manner .  
Secondly,  to develop c o m p u t e r  a r c h i t e c t u r e s  adequa te  for  eff icient  lambda-  
ca lculus  computa t ion .  
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