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Abstract—Martin-Lof’s type theory has strong existential
elimination (dependent sum type) what allows to prove the
full axiom of choice. However the theory is intuitionistic.
We give a condition on strong existential elimination that
makes it computationally compatible with classical logic.
With this restriction, we lose the full axiom of choice but,
thanks to a lazily-evaluated coinductive representation of
quantification, we are still able to constructively prove the
axiom of countable choice, the axiom of dependent choice,
and a form of bar induction in ways that make each of
them computationally compatible with classical logic.

Because the proof is constructive, it directly yields the
conservativity of classical arithmetic over intuitionistic
arithmetic for Z?-formulae in the presence of the above
axioms.

INTRODUCTION
a) Scaling Martin-Lof’s proof of the axiom of
choice to classical logic: In Martin-Lof’s intuitionistic
type theory [1], the functional form of the axiom of
choice has a simple proof:

ACy, £ AH.(Ax.wit (H x), Ax.prf (H x))
VxATy? P(x,y) — AfAB VXA P(x, f(x))

where wit and prf are the first and second projections
of a strong existential quantifier!.

The proof is constructive: it is a program which we
can compute with in the sense that any closed proof of
some E?-statement dzg(z) = O that uses the axiom of
choice will eventually provide with a witness ¢ such that
g(n=0.

On the other side, classical logic is constructive
too [2], [3] and by interpreting Peirce’s law by means of

! Also known as Z-type, dependent sum, or strong sum.

the callcc and throw control operators’, we can also
compute witnesses from closed proofs of Z‘l)-statements.

Combining the two is however delicate. Reminding
that callcc,p has type A and binds the continuation
variable @ of input type A when p has type A while
throw,p has arbitrary type B for p of type A and « of
input type A, we cannot accept the following instance
of the standard reduction rule for callcc in natural
deduction:

prf(callcc,(t, ¢(throw, (s, p))))
> callec,pri (1, ¢(throw,prt (2, p)))

since if the continuation @ had input type dn P(n) in the
left-hand side then it would have to have both input types
P(#1) and P(t,) in the right-hand side, leading to an unex-
pected degeneracy of the domain of discourse® [4]. This
first problem is solved by using higher-level reduction
rules such as

Elprf (callcc,(t, ¢p(throw,(tz, p))))]
> callcc,E[prf (#;, p(throw, E[prf (#;, p)]))]
Elwit (callcc,(t), ¢p(throw,(s, p))))]
>callcc,E[wit (71, p(throw, E[wit (#, p)]))]

where the reduction is allowed only when E is an
evaluation context whose return type does not depend
on its hole. However, this does not help much be-
cause if E contained other occurrences of the expres-
sion prf(callcc,(?,¢(throw,(s, p)))) derived from
the same initial proof (and this is precisely what

2We use the SML names of these operators that exist also with other
names in various other programming languages.

3Failure of subject reduction when combining strong existential
quantification and computational classical logic was also observed by
P. Blain-Levy (private communication).



would happen in Martin-Lof’s proof of AC4 if the
two copies of H x were classical proofs of the form
callcc,(t, ¢(throw,(t,, p)))), the synchronisation be-
tween the two proofs would be lost.

b) Realising the axioms of countable choice and
dependent choice in the presence of classical logic: The
axiom of countable choice

ACy VA A P(x,y) — A4Vl P(x, £(x))

and the slightly stronger axiom of dependent choice

DC VxATIyA P(x,y) —
Yo fA74 (f(0) = xo A Y P(f(n), (S (n))))

are two weak instances of the full axiom of choice
and realisability contributed to understand their compu-
tational content in the presence of classical logic. Three
approaches were followed.

A first important step was made in 1961 in the context
of Godel’s functional interpretation (Dialectica) with the
definition by Spector [5] of a notion of bar-recursion
so as to realise the principle of double negation shift
from which the functional interpretation of the axiom of
dependent choice follows.

Much later, in 1997, a direct realiser, in a sense close
to the one of Kleene [6], was proposed in the context
of the arithmetic in finite types by Berardi, Bezem and
Coquand [7] for the negative translation of the axiom of
dependent choice.

In both cases, the key ingredient is a recursive loop
parameterised by a finite portion of the function being
built, each recursive call carrying one more piece of
information than the preceding one, the whole pro-
cess being terminating because, for the simply-typed A-
calculus based language of realisers they consider, closed
programs over functions only uses a finite amount of
information of their argument. Later on, Berger and
Oliva [8] reformulated Berardi, Bezem and Coquand’s
realiser in terms of some variant of bar recursion. Then,
in 2004, Berger [9] reduced the termination of these
realisers to some variant of open induction called update
induction:

Ulp = Vf(Yn(f(n) = L = Va P(f[n < a])) — P(f))

— Y P(f)

for f ranging over N — A, for A arbitrary and A, the
extension of A with one extra element L, for a ranging
in A and f[n < a] denoting the function g defined by
g(n) = a and g(p) = f(p) for p # n, for P(f) open
predicate of the form Vn Q(fj,) — 3InR(f,) assuming
that fj, is the sequence (f(0),..., f(n — 1)). Otherwise
said, Berger reduced the computational content of the
axiom of dependent choice to a simple wellfoundedness

axiom whose computational content is a simple fixpoint.
In practice, this means that we can prove the axioms
of countable choice and dependent choice in a logic
satisfying cut-elimination by just setting an axiom Ulp
whose computational content is a well-founded recursor:
Ulpp f>p f(Andqla.Ulp p f[n < al).

In 2003, Krivine proposed realisers for the axioms
of countable choice and dependent choice [10] in the
context of classical realisability for second-order arith-
metic. Classical realisability, as developed by Kriv-
ine [11] can be seen as the composition of Kleene’s
realisability [6] with double negation translation and
Friedman-Dragalin’s A-translation*® [12], [13], up to the
point that it is stated not in arithmetic but in the more
general framework of second order arithmetic in which
being a natural number n is expressed as a second-order
predicate YP P(0) — Vm(P(m) — P(S(m))) — Pn)
and induction performed by instantiating this predicate,
making the propositional part of a formula the only part
really useful for computation and making therefore the
need for keeping a trace of the quantifiers in the realisers
(as Kleene’s realisability does) useless in this context. In
second-order arithmetic, the codomain of the axioms of
countable choice and dependent choices is a domain of
predicates instead of an arbitrary finite type and this fact
is apparently important for Krivine’s realisers to work.
In addition, the realisers use a “quote” function and no
fixpoint, so that they are rather different in style from
the ones of Berardi, Bezem and Coquand, and a fortiori
from bar recursion.

c) Call-by-name, call-by-value and call-by-need:
Church’s A-calculus [14], [15] is a “call-by-name” calcu-
lus and it is so simple to define (three constructors, one
evaluation rule, one observational rule) that it is only as a
consequence of being used in practise for computing that
its more intricate® call-by-value counterpart eventually
came to be studied from a more theoretical side, thanks
successively to Plotkin [18], Moggi [19], Sabry and
Felleisen [20], Sabry and Wadler [21], etc. So is call-by-
need, which, in spite of being at the heart of program-
ming languages like Haskell [22], is still in a rudimentary
stage of abstract understanding, being for a large part
only studied from the point of view of standard head

4See e.g. Berger and Oliva for a notion of realisability obtained
by combination of Kleene’s realisability and Friedman-Dragalin A-
translation and in which L is realisable.

SThat Krivine’s classical realisability contains A-translation comes
from the fact that L is not empty but realised by a fixed set of realisers.

5Though, when looking at A-calculus from the point of view of
sequent calculus instead of from the point of view of natural deduc-
tion [16], [17], call-by-value A-calculus is no more complicated than
call-by-name, both having the same - intermediate - level of intrinsic
technical complexity.



reduction [23], [24] or untyped continuation-passing-
style transformation [24]. Call-by-value and call-by-need
are appropriate for sharing values and will turn to be
useful for dealing with theories that might reflect proofs
inside terms.

d) Internalising the construction of an approxima-
tion of the choice function at the level of proofs: In
order to preserve the synchronisation between different
instances of proofs, that are classical and hence liable to
duplicate their evaluation context, call-by-value evalua-
tion is indeed appropriate. However, in the proof of the
axiom of choice above, the two occurrences of H x are
in the scope of different binders of x what forbids the
possibility to share them.

Let us assume that the domain of quantification A is
the domain of natural numbers. Let us also assume for
a while that we could define the choice function and
its property by infinite terms. Then we could prove the
axiom of countable choice with the following infinite
proof:

ACy £ AH. (An.if n = 0 then wit (HO0) else
ifn=1 thenwit(H1) else ...,

An.if n =0 then prf(HO0) else
if n=1 then prf(H1) else ..)

Now, we have an infinite number of calls to H but each of
these calls is parameter-free and hence sharable. Using
the let operator of call-by-value, we can then make
sharing explicit:

ACy % AH. let Hy = HO in
let HH=H1in

(An.if n =0 then wit Hj else

if n=1 then wit H, else ...,
An.if n =0 then prf Hj else

if n=1 then prf H, else ..)

Now we have to capture the infinity by finitary means
and this is possible by turning the infinite sequence of
let into a single stream definition (H0,H 1,...). This
leads to the following proof of the countable axiom of
choice:

ACy 2 AH. let s = cofix(;n(Hn, fn)in
(Anwit (nthns), An.prf(nthns))

where cofix(;.n(H n, fn) is a corecursive definition of
the stream iterating on f with parameter n and started
at 0 while nthn s is a recursive definition of the access
to the n'™ component of the stream s.

At the level of formulae, the stream is an inhab-
itant of a coinductively defined infinite conjunction

v?(n(fly P(0,y) A X(n + 1)). At the level of computation,
since a stream is infinite, we cannot afford evaluating
each of its component in advance, so we have to use a
lazy call-by-value mechanism.

e) Outline: To make a sound formal system of
this analysis, it remains to characterise the restriction
required on strong existential elimination so that it be-
comes compatible with classical logic and studying this
restriction in the context of predicate logic will be the
purpose of Section I. In Section II, we will extend this
first framework into a classical arithmetic in finite types,
showing in passing how to define coinductive formulae
in this context. By lazy evaluating the coinductive proofs,
termination can be proved from which conservativity of
classical logic over intuitionistic logic for 2(1) formulae
in the presence of strong existential elimination entails.
In Section III, we show how to exploit the coinductive
connectives to give a proof of the axioms of countable
choice, axiom of dependent choice, and bar induction.
Open issues will be discussed in Section IV together
with a comparison with the works of Berardi, Bezem
and Coquand and of Krivine .

I. CLASSICAL PREDICATE LOGIC WITH STRONG EXISTENTIAL

As discussed in the introduction, computational clas-
sical logic and strong existential elimination marry badly
together if mixed together without care. We show in
this section that if we restrict the elimination of strong
existential to “negative-elimination-free” expressions, in
a sense to be described below, then first-order classical
logic extended with strong existential elimination has the
normalisation property when evaluated along a call-by-
value discipline.

Two extreme approaches are actually possible. In
a first approach, only strong existential elimination is
added and the usual rules of predicate logic are kept
non dependent. In such a framework, the property that
any provable statement could be proved using a deriva-
tion that mentions only subformulae of the concluding
statement up to substitution fails (so-called subformula
property). For instance, if one proves Jdx P(x) by case
analysis on some formula A VA, and providing different
witnesses 7; and 7, in each branch, then, if one applies
strong existential elimination, the latter cannot commute
with the case analysis in order to eventually cancel the
detour via the a-priori non-subformula Jx P(x).

In a second approach, such commutations (so-called
commutative cuts) are admissible, and, consequently, the
subformula property is attainable. This is the approach
we follow in this section and the resulting logic is called
dPL, standing for dependent predicate logic.



A. Proofs and terms

Strong existential elimination forces formulae to be
dependent of proofs. The extra support for commutative
cuts forces these dependencies to strongly pervades in
the syntax of terms. In dPL, terms ¢, u, ... can depend
on proofs p, ¢, ..., and vice-versa so that both are defined
mutually:

tu u= f@|x|witp
| case p of [a;.t; |ax.tp]
| split p as (a;,a;) in ¢t
| dest p as (x,a) in t
p.g == aluP | (p.¢|&p)|dap|ixpl(

| case p of [a;.p1|az.p2]

| split p as (a;,ay) in g

| dest p as (x,a) in g | prfp
| pqlpt|exfalso p

| catch,p | throw,p

where f ranges over function symbols, 7 denotes in
f(©) a sequence of terms of length the arity of f, the
names x, y, ... range over a set of term variables, a,
b, ... over a set of proof variables, a, B, ... over a
set of continuation variables. The constructions Aa.p,
case p of [aj.pil|ax.p2], case p of [a).t]ax.tz],
split p as (aj,ay) in g, split p as (aj,a) in ¢,
dest p as (x,a) in g and dest p as (x,a) in ¢ bind a,
a; and a,. The constructions Ax.p, dest p as (x,a) in g
and dest p as (x,a) in t bind x. The construction
catch,p binds @. The binders are considered up to the
actual name used to represent the binder (a-conversion)
and the set of free variables F'V(p) of a proof p is, as
usual, the set of variables of p that are not bound inside
p itself.

Most constructions speak by themselves with the pe-
culiarity that terms can be built by case analysis (case)
or destruction of proofs (split and dest). Let us say
also that the operators catch and throw implement
classical reasoning. They are similar to the operators
of same name in Nakano [25] or Crolard [26]. In
terms of Parigot’s A-calculus [27], catch,p is basically
equivalent to ua.[a]p and throw,p to ud.[a]p for 6 not
occurring in p.

The abbreviations 7;(p) = split p as (aj,ay) in a;
and my(p) = split p as (a1, a2) in a, might occasion-
ally be used.

B. Operational semantics

We equip dPL with a call-by-value evaluation se-
mantics and for that, a subclass of proofs will play a
particular role in extracting the intuitionistic content of

positive formulae. These are the values defined by:

Vo= aluW) V.V @ V)| da.p|axp|()

To define the operational semantics of dPL, we also
need to define the class of elementary call-by-value
evaluation contexts:

F[] == case[]of [a;.pi|az.ps]

| split [ ] as (a;,a2) in g

| dest[ ] as (x,a) in p

| (Aa.p)[ 1| prf[ ]

| [lgll[]tlexfalso [ ]| throw,[ ]
|

dDIC L IVIIDI@ED

For F[ ] an elementary call-by-value evaluation con-
text and p a proof, we write F[p] for the proof obtained
by plugging p into the hole of F[ ]. Finally, we need
to consider the subclass of neutral negative elimination
that is described by the following grammar:

Pe = X|pet|peq

We can now define reduction in dPL as the congruent
closure of the following reductions on proofs and terms:

(da.p)V > p[V/a]

(Ax.p)t > plt/x]

case (V) of [ay.p1|az.p2] > pilVial

split (V1,V2) as (aj,a2) in p »  p[Vi/a1][V2/az]
dest (4, V) as (x,a) in p > plu/x][V/a]
prf (u,V) > V
catch,throw,p > catch,p
catch,catchgp > catch,pla/B]
Flexfalso p] > exfalso p
F[throw,p] > throw,p
F[catch,p] > catch,F[p[F/a]]
Fl(da.p) p.] > (da.F[p]) p.

A4

Flcase p, of [a;.p1]az.p2]]
case p, of [a1.F[p1]|az.F[p2]]
F[split p, as (aj,a) ing] »
split p, as (a;,ay) in F[q]

F[dest p, as (x,a) in p] >
dest p, as (x,a) in F[p]
wit(t, p) >

where the substitutions p[V/al, p[u/x], t[V/a] and t[u/x]
are capture-free with respect to the three kinds of vari-
ables (x, a and @) and where the substitution p[F/a]
means replacing subterms of the form throw, g in p by
throw, F[q] (including the recursive replacements in g).

C. Formulae and inference rules

In dPL, we consider implication to be possibly depen-
dent in its antecedent and use the notation [a : A] —» B



(a:A)el 'rp:A A=B 'ep:L

——— AXIOM CONV —_— T 1g
l'ra:A I'ep:B re():m I'exfalsop:C

kaI:Al rl—pzlAz rl—p:A,'
vi
[k (p1,p2): A1 ANAy I'Fu(p) i AV Ay
IF'Fp:AIANA, Ia :Ay,a, : Ay - q: Bl(ay,az)/al a ¢ FV(B) if p not N-elimination-free ay,ar ¢ FV(B)
AE

'+ split p as (aj,az) in g : B[p/a]

I'ep:Ai VA, T,a;:A+pr:Blu(a))/al T,ay: Az v py: Blu(ay)/al a ¢ FV(B) if p not N-elimination-free a;,a, ¢ FV(B)

VE
I+ case p of [a1.p1|a».p>] : Blp/al

lNa:Av+p:B I'tp:la:A]> B T'tqg:A a¢ FV(B) if g not N-elimination-free
il —E
I'rda.p:la:A]l— B I'r pq: Blg/a]
I'ep:A x freshin I’ I'rp:VxA
v
I'rAx.p:VxA T'rpt:Alt/x]
I'Fp:Alt/x] I'rp:3dx p is N-elimination-free
31 EIPRF
Cr(tp):dxA T+ prfp: Alwit p/x] £
'rp:dxA INa:Av q: Bl(x,a)/b] x fresh in I’ b ¢ FV(B) if p not N-elimination-free a¢ FV(B)
=
I'+dest p as (x,a) in g : B[p/b]
a:A*rp:A 'rp:A (@:AY) el
————————— CATCH THROW
I'Fcatch,p: A I'+ throw,p: C
Fig. 1. dPL: a classical predicate logic with strong existential

to express this dependency, underlining the fact that a
can occur in some term in B. An advantage of allowing
this dependency is the ability to express statements such
as [a : Ix P(x)] — P(wita))’. The syntax of formulae
is otherwise standard:

AB = PO|T|L|[a:A]l->B|AVB|AAB
| VxA|3dxA

where P ranges over predicate symbols and 7 is a se-
quence of terms whose length is the arity of P. Negation
—A is defined as A — L. In YxA and dxA, x is bound
and freely subject to renaming (so-called @-conversion).
The formulae YxA and [a : A] — B are called negative.
All other kinds of formulae are called positive.

7We do not get extra logical strength from this design choice: we
will eventually show that dPL is conservative over predicate logic.

When known not dependent, we might shorten the
writing of [a : A] — B into the more conventional A —
B.

Reduction on terms extends canonically to formulae
via the atoms: we write A» B if for some term occurring
in A, reducing this term yields B. We write A»B for
the reflexive-transitive closure of » and A = B for its
reflexive-symmetric-transitive closure.

Contexts of formulae, written I', are defined by:

I' := 0|T,a:A|T,a: A"
where a : A stands for an assumption of A and « : A for
an assumption of the refutation of A (with the objective
of obtaining a proof by contradiction). It is assumed that
assumptions have distinct variable names and we write
Dom(T) for the set of names a and « thus declared in I'.




The inference rules of dPL are given in Figure 1.
The main difference with ordinary predicate logic is
the strong elimination rule of existential quantification
and the appropriate support for formulae depending on
proofs.

Dependent proofs have to be N-elimination-free
(negative-elimination-free). N-elimination-freedom is
defined by the following rules:

e a, (), Ax.p and Aa.p are N-elimination-free

« if p, g, p; and p, are N-elimination-free then prf p,

ti(p), (p1,p2), (. p), case a of [ai.pi|az.p2],

dest g as (x,a) in p and split g as (aj,az) in p

are N-elimination-free.

Otherwise said, in N-elimination-free proofs, expressions
of the form pgq, pt, exfalso p, catch,p or throw,p
can only occur in the body of a Ax or of a Aa.

The N-elimination-free condition is what ensures in
particular that wit will never be applied to a classical
proof, i.e. to a proof starting with catch,p or throw,p.

Let us state a few lemmas about dPL.

Lemma 1: If A[p/a] = A’[p/a] for p belonging to the
grammar h ::=c | ht | hqg, then A[r/a] = A’[r/a] for any
proof r.

Proof: Easy by induction on the length of a deriva-
tion of the equality, since the form p forces it to be
passive in any of the reduction rules. ]

Lemma 2: If T,a : Alg/bl v p: Band T + g : B
for ¢ obtained from some variable ¢ by using —g or
Vg, then, for all r such that I' + ¢ : B, there is some
B'possibly depending on b such that B is B'[¢q/b] and
I a:Alr/b]l+ p: B'[r/b].

Proof: By induction on the derivation of I',a :
Alg/b] + p : B. If p is a variable, then the result holds by
taking B’ to be A. If conv is used, we apply Lemma 1.
The other cases are by induction hypothesis. [ |

We are now ready to state the main properties of dPL.

Theorem 3 (Subject reduction): If T'+ p: A and pr>gq
then '+ g : A.

Proof: Proof variables are only substituted by values
and evaluation context variables occur in N-elimination-
free proofs only in the scope of a Ax or Aa, so that
the N-elimination-free condition is stable by reduction.
Then, this N-elimination-free condition ensures that a
catch is never surrounded by a context F[ | whose type
depends on the contents of the hole (this comes from the
N-elimination-free restrictions on the rule Ag, Vg, —g,
dg, PRE when these ones are dependent). In particular,
the reduction of F[catch,p] is well-typed.

That the three rules allowing a context to traverse a
positive elimination rule or a (da.p)q redex (commutative
rules) are well-typed deserve a bit of explanation. Let us

consider for instance the commutation of some context
F over a proof obtained by using Vg on a proof p
of A; V A, and proofs p; and p, of Al(a;)/a] and
Al (ay)/a] respectively. If the context is non dependent
and has type B, its commutation with Vg has just to
be done using B without isolating any dependency a
in B. If otherwise F has a dependent type B([ ]) with
hole [ ] of type A[p/a] (this can happen with the first
five kinds of elementary evaluation contexts), then, we
first have to apply Lemma 2 to duplicate the derivation
of F[ ] into derivations of B([ ]) with hole now of
type Alt(ay)/a] and Alix(az)/a] respectively. Then we
build derivations F[p;] F[p,] that we respectively see
as derivations of B[case tj(a;) of [a;.p1|az.p2]/b] and
Blcase 1y(ay) of [a;.p; | az.p2]/b] thanks to conversion.
It remains then to apply Vg so that the reduct is a
derivation of B[case p of [a;.p; | a2.p2]/b] has expected
(see Figure 2).

|

Theorem 4 (Normalisation): If T + p : A then p is
normalisable.

Proof: If one erases the first-order part of the formu-
lae, one obtains a simply-typed Au-calculus, whose call-
by-value evaluation strategy can be shown terminating by
continuation-passing-style embedding into simply-typed
A-calculus. [ ]

At the end, dependent predicate logic is not stronger
than ordinary predicate logic:

Theorem 5 (Conservativity): f T + p : A and wit
does not occur in A, then I' - g : A for some g such that
prf does not occur in g and the rule conv is not used.

Proof: (sketch) The set of reduction rules has com-
mutative cuts and is complete for eliminating all cuts
and ensuring the subformula property up to the use of
conv of prF and of the use of terms with wit in Vg and
3;. Then, by joining the conv rules, replacing prRr by dg
and free occurrences of wit by an arbitrary variable, we
can make that internal occurrences of wit disappear as
soon as the ending judgment is wit-free. [ ]

Remark: We chose a “multiplicative” elimination rule
for conjunction what fits better with call-by-value se-
mantics and with the view of conjunction as a positive
connective (a tensor in linear logic [28]). Taking instead
an “additive” elimination rule of the form m;p and m,p
would however work the same, using 71 ([ ]) and m>([ ]) in
the definition of F instead of split [ ] as (a;,a;) in p.

II. dPA®: CLASSICAL ARITHMETIC IN FINITE TYPES WITH
STRONG EXISTENTIAL

We now focus on the arithmetic in finite types and
extend dPL with quantification over functions of higher-
order types and recursion. In this logic, that we call



T,a; : A; + pi @ Alu(a)/al

[,a;: A; v Flpil : Blp:/b]

'ep:A VA

I',a; : Ai + Flpi] : Blcase 1;(a;) of [a;.pi|a2.p2]/b]

conv (fori=1 and i = 2)

I'+ case p of [a;.F[pi]|a>.F[p:]] : Blcase p of [ay.p;|a>.p21/b]

VE

Fig. 2. An example of typing commutative cuts in the proof of Theorem 3

dPA“, the axioms of countable choice and dependent
choice can be proved as will be shown in the next
section.

Even though coinductive formulae can be defined in
dPA®, thanks to the quantification over functions, we
will consider a primitive notion of coinductive formulae,
considered positive, and that will be convenient for
proving the axioms of countable choice and dependent
choice.

A. Proofs and terms

Terms are extended with natural numbers, a recursor
and A-calculus while proofs are extended with induction,
constructors for equality and constructors for coinductive
formulae; for convenience, we also add a let:

t,tu = x|0|S@|rectof [t](x,y).f]
| Ax.t|tt|witp
p-q == alup)|(p1,p2)| @ p)|dap]|Ax.p

case p of [a1.p1|az.p2]
dest p as (x,a) in g | prfp
split p as (x,a) in g
pqlpt|exfalso p

refl | subst pgq

ind ¢ of [p|(x,a).q]
cofix} p

catch,p | throw,p
leta=ping

To emphasise that a term variable ranges over func-
tions, we might use symbols derived from the letters f
or g instead of x or y. We might also use n or m for a
variable ranging over natural numbers.

B. Operational semantics

Because of corecursion, we have potentially infinite
values and we do not want any longer to fully reduce
proofs using a call-by-value semantics. Therefore, we
move to a more incremental reduction semantics which
is lazy on the evaluation of corecursive values. Lazy
evaluation requires to introduces a new kind of context,

written D, which consists in pending delayed computa-
tion of cofixpoints. Evaluation contexts are then defined
as follows:

F[] == case[]of [a).pi|az.p2]

| split [ ] as (a;,a3) in g

| dest[ ] as (x,a) in p

| [lglleta=[]inq|prf[]
| [ 17| exfalso [ ]| throw,[ ]
| subst[]p

D[] == []1IDIF[]]]|leta= cofix,’”p in D[ ]

The reduction rules, shown in Figure 3 are extended
with rules for simplifying recursion, S-reduction, in-
cremental substitution of values and lazy evaluation of
cofixpoints. Again, we write » for the reflexive-transitive
closure of ». We write = for the reflexive-symmetric-
transitive closure of ».

C. Types, formulae and inference rules

Terms are simply typed, with the natural numbers as
base type. Finite types are thus defined by:

T, U == N|T->U

Formulas are as in dPL but with only equality state-
ments over terms of type N as atoms and including
coinductive formulae:

AB = t=ul|la:A]>B|AVB|AAB|L|T
| VxTA|3xTA|v;.xA

where v{ A stands for the instance on ¢ of the coinduc-
tive predicate built from the monotone functor Af.1x.A
where A is made of atoms and positive connectives only
(including v-formulae themselves).

As in dPL, formulae are considered modulo the equa-
tional theory on terms, as it is common in Martin-L6f’s
intensional type theory. The equational theory is the
one induced by reduction on terms and proofs plus the
following reduction rules for equality® and coinductive

8See e.g. Allali [29] for such a presentation of arithmetic.



(Aa.q) p

leta=(01ing

let a=(p1,p2) ing

let a=y(p)ing
leta=(,p)ing

(Ax.p)t

case (i(p) of [a;.p1|az.p2]
dest (t,p) as (x,a) in g
split (pi1, p2) as (aj,az) in g

pri(zs, p) P
substrefl p p
ind 0 of [p|(x,a).q] p

ind S(r) of [p|(x,a).q]

case cofix} p of [a;.pi|as.ps]
dest cofix) p as (x,a) in ¢
split cofix} p as (a;,ay) in g
let a = cofix] p in D[a]
F[let a = cofix} p in ¢]

vV Vv VvV VvV V VvV VvV VvV VvV vV VvV vV vV VvV vV vV vV VvV VvV Vv

leta=ping

gl0/al

let a; = p; in let a; = py in ¢g[(a;, az)/al
let b =p in q[u(b)/a]

let b= pin q[(z,b)/a]

plt/x]

let gq; = p in p;

let a = p in q[t/x]

let a; = p;inlet a, = py ing

glt/x][ind t of [p|(x,a).q]/a]

let ¢ = cofix] p in case ¢ of [ai.p1|az.ps]
let ¢ = cofix) p in dest ¢ as (x,a) in g
let ¢ = cofix p in split ¢ as (aj,a) in g
leta= p[/ly.cofixzxp/b][t/x] in Dla]

let a = cofix} p in F[q]

Flexfalso p] exfalso p

F[throw,p] throw, p

F[catch,p] catch,p[F/a]

catch,throw,p catch,p

wit(t, p) >t

(Ax.tHu > tlu/x]

rec 0 of [#|(x,y).ts] > 1y

rec S(1) of [t|(x,y).ts] > tg[t/x][rec t of [to|(x,y).ts]/y]

Fig. 3. Reduction rules on terms and proofs of dPA®

formulae unfolding:

0=0 > T

0=Sw > L

S(=0 > 1

S@)=Sw) » t=u

VA > Al/XIVLALFO) = 0]

As before, we write = for the resulting® reflexive-
symmetric-transitive closure of > on formulae.

When obvious from the context, or not relevant, we
may occasionally drop the type of the variable in the
quantifiers.

Since there are terms in all finite types in dPA®, it
is convenient to indicate the types of variables in the
context. Hence, contexts are now defined by:

I == 0|Lx:T|T,a:A|Tl,a:A"

9Unfolding of coinductive formulae makes the reduction system non
terminating. One might wonder if it would make = undecidable: no,
because unfolding can just be used lazily.

where x : T stands for the declaration of a variable of
type T.

Inference rules are given in Figure 4 with the typing
rules in the bottom. As the operational semantics of
dPA® does not include propagating a context F' through
the elimination rules of positive connectives, as it was
the case in dPL, we can simplify the formulation of
these elimination rules and avoid considering updating
the possible dependencies (this is visible in Figure 4 only
for A but the same simplification could be done for Ag
and Vg too).

In the rule v;, the function f is said to be positive
in A if A is built from atoms'® f(f) = 0 using dis-
junction, conjunction, existential quantification, equality
or another coinductive type. That the typing rule v;
and the reduction rule for coinductive formulae do not
extend by themselves the logical strength of HA“ and
PA® comes from the equations given in Figure 5 where
out a implements the reduction rule for V}XA. However,

10Since we have symbols for functions and not for predicates, we
use expressions of the form f(f) = 0 to represent arbitrary atoms.



The rules axiom, coNv, T;, Lg, A7, Ag, Vg, Vg, =1, =g, CATCH, THROW of Figure 1 and the following rules:
Lx:Trp:A Ttp:VxTA  Tre:T
A/ YE
IF'raxp:VxTA I'F pt: Alt/x]
['rp:Alt/x] Fre:T IF'rp:3xTA Ix:T,a:Avrq:B
3[ 3E
Fr@p :3IxTA I'+dest p as (x,a) ing: B
I'rp:3Ax" A p is N-climination-free
JPRF
T Fprep: Alwit p/x] £
T'rt:N IF'kp:it=u I'rq:Alt/x] x ¢ Dom(')
————— REFRL SUBST
I'trefl:t=t¢ '+ substpgq: Alu/x]
'r¢:N I'rp:A[0/x] Ix:T,a:Avxq:A[S(x)/x]
IND
I'+ind t of [p|(x,a).q] : Alt/x]
F'rp:A lNa:A+q:B a ¢ FV(B) if p not N-elimination-free
cur
I'rlet a=pingq: B[p/al
F're: T ILf:T->N,x:T,b:¥yf(y)=0rp:A f positive in A
LI ! Vi
I+ cofix, p: vfo
(x:T)eTl Lx:Uvrt:T IF'rt:U->T TF'ru:U I'r¢t:N
IF'tx:T 't Axt:U—->T Trtu:T I'r0O:N TrSOH:N
'r¢:N I'rty:U ILx:N,y:Urts:U Trp:IxTA pis N-elimination-free
HWIT
T+ rect of [to|(x,y).t5]: U Crwitp:T E

Fig. 4. dPA“: Classical arithmetic in finite types with strong existential

the derived computational content is not the one we
want because of the use of non positive connectives in
the second-order encoding, what justifies taking v; and
its associated reduction rule as primitive. Indeed, with
a primitive notion of coinductive formula, it becomes
syntactically direct to see v as a constructor of positive
formulae. In particular, and this is important later on
to prove the axioms of countable choice and dependent
choice, strong existential elimination is allowed to de-
scend through coinductive formulae.

The condition of being N-elimination-free is now
defined by the following rules:

e a, (), Ax.p and Aa.p are N-elimination-free

« if p, g, pi and p, are N-elimination-free then
prip, u(p), (p1,p2), (1, p), ind 1 of [p1|(x,a).p2],
let a = p in g¢q, refl, substpg,
case a of [a;.pi|ay.p2], dest g as (x,a) in p and
split g as (aj,ay) in p are N-elimination-free.

The resulting theory is then essentially Troelstra’s
arithmetic in all finite types HA® (with equality on
N) extended with classical logic and strong existential
elimination. We write dHA® for the version of dPA“
with rules carca and THRow removed. Since dPA® has
classical reasoning, quantification over functional sym-
bols and, as will be shown in Section III, dependent



V}XA = Af(fO=0AVx(f(x) =0— A))
cofix) p % (Ax.0,(refl,Ax.Ab.p))
outa £

dest a as (f,b) in split b as (¢,d) in mon/;g/f][t/x] (dtc)

where, for d : Vx f(x) =0 — A, and a : B, mon®

£
mon? a BIY, A/f(3) = 0]
mon}‘f;’:(’a 2 (f(a,d)
monj‘f,‘d“?2 a % splitaas (q),a) in (mon?"dal,mon?fd a)
mon‘l:.,‘dVB2 L case a of [al.monjf"dm |a>.mon’;?) as]
mon?.lea 2 desta as (x,a) in (x, mon}lf’d a)
mon‘;%jl a =

dest a as (g,b) in split b as (¢’,d’) in (g, (c’,/lx./la.mon?d (d xa)))

4@ is defined inductively:

B,

Fig. 5.

choice, it can simulate quantification over the predicates
talking about N (since from the classical statement
VYundbb = OA@p(n) Vb = 1A -¢p(n), we get a char-
acteristic function f for ¢, i.e. a function that satisfies
Vnf(n) = 0 A ¢(n) v f(n) = 1 A =¢(n)). However, to
get quantification over predicates talking about larger
domains than N, one would also typically need the axiom
of unique choice!! on arbitrary large domains

Vx'3Atn P(x,n) — Af VT P(x, f(x))

and there is no reason to think that this holds.

We are now ready to state the operational and logical
properties of dPA®.

Theorem 6 (Subject reduction): fT'+ p: A and prgq
then I'+ g : A.

Theorem 7 (Normalisation): If T + p : A then p is
normalisable.

Proof: (sketch) We follow the ideas of [30]. If
there is an infinite reduction sequence, then it necessarily
explore an infinite branch of some coinductive proof
since otherwise, we could replace the coinductive proofs
by finite approximations of them and reduce the termi-
nation to the call-by-value termination of PA“. If some
coinductive proof is explored infinitely many times, then,
we can extract a subsequence that does not “backtrack”
any longer in nodes of the coinductive proofs and that
explores the same branch of a tree infinitely many often.
This subsequence is explored in a row by the same
proof which would itself have an infinite branch in its
interpretation in infinitary logic what is not possible
since proofs are inductive (and well-founded). [ |

Theorem 8 (Conservativity, first version): If A is V-
—-v-wit-free then + p : A in dPA® implies + p : A

T e. reification of functional relations into functions.
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Derivability of introduction and reduction of coinductive formula

in HA“.

Proof: The choice of rules we have makes that any
closed proof of a V-—-v-wit-free formula eventually
produces an expression D[catch,, ...catch,, p] where
p starts with a constructor. By iterating the evaluation,
one eventually gets D[catch,, ...catch,, V] for some
value V which contains no Ax.p nor Ada.p (by the V-—-
free constraint on A). The context D and the catch,’s
can now be removed, since they do not bind any variable
in V. The resulting proof is in HA®. [ ]

In arithmetic, any E?—formula is equivalent to a V-—-
v-wit-free formula. Hence we have:

Theorem 9 (Conservativity, second version): If A is
E(l) then + p : A in dPA® implies + p : A in HA®.

This of course implies consistency:

Theorem 10 (Consistency): ¥ p : L in dPA®.

III. THE AXIOMS OF COUNTABLE CHOICE AND DEPENDENT
CHOICE

Our main result is that dPA® proves the axiom of
countable choice, the axiom of dependent choice, and
thus equivalent axioms such as bar induction, open
induction and update induction. The main trick is to
turn a proof of Vx A(x) where possibly the proof of
A(t) is classical into a coinductive conjunction A(g(0)) A
A(g(1)) ANA(g(2)) . .. for a suitable law g of type N — A,
so that the coinductive stream can be reduced using a
(lazy) call-by-value discipline and the resulting (non-
classical) values be shared by calls to the strong exis-
tential elimination.

A. The axiom of countable choice

Here, A(x) is dy P(x,y) and the appropriate stream we
want to build is the stream A(0) A A(1) AA(2)..., so we



consider the coinductive conjunction R¢(n) = v}’X(A(x) A
f(S(x)) = 0). The proof is now direct:

ACy £ Jlalet b= cofixgn(a n,b(Sn)) in
(Anwit (nthe nb), An.prf (nthe nb))
VYndy P(n,y) — Af VYn P(n, f(n))

where

nthen Rc(0) = Rc(n)

nthen = Ab.m(ind n of [b]|(m,c).m(c)])

Note that the proof does not use classical logic and
holds also in dHA®.

B. The axiom of dependent choice

Here again, A(x) is dy P(x,y) and the appropriate
stream we want to build is the stream A(xp) A A(g(xp)) A
A(g%(xp))... where g is the choice function implicit
in some proof of Vx3dyP(x,y). So we consider the
coinductive formula Rp(z) = v}“f.xﬂy (P(x,y) A f(y) = 0).
The proof is now direct:

DC £ Ada.ldxplet b=saxyin

(Anwit (nthp n(xg, b)),

(refl, An.r(prf (prf (nthp n (xg, b))))))

Vxdy P(x,y) —

Yxo Af (f(0) = xo A Vr P(f(n), (S (1))
where
nthpn dxRp(x) — dAxRp(x)
nthpn = Ab.ind n of

[b](m,c).(wit (prfc), m(pri(pric)))]

sax Rp(x)
sax £ cofix; (destan as (y,¢) in (y,(c, by)))

Note that this proof too does not use classical logic
and holds in dHA®.

C. Bar induction

To express bar induction, we extend dPA® with a type
constructor for finite sequences:

T = ...|TF
Il u= . |O|lxt|reclof [t|(x,y,2).1]
p u= ...|lindIof [p|(x,y,a).p]

The corresponding reduction, inference and typing rules
are canonical and we skip them.

To state bar induction, we also need to define the
initial segment of length n of a function f from N to T':

Jfn =recnof [()|(m, ).l x f(m)]

We now have all the ingredients to state the standard
formulation of bar induction in intuitionistic logic:

VI(B(l) — P(D)) A

BI:Vf An B(fj,) —» VP (VZ (Vx P(I%x) — P(l))

)—>P(<>)
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Let us consider a contrapositive variant of BI
BI. : vg(ﬂB(l) A Axg(l* x) = 0) = IfYn =B(fi,)

where we have recognised the negation of the conclusion
as a coinductive positive formula. By classical reasoning
and the axiom of unique choice, BI and Bl are equiv-
alent.

Let us write Rp;(I) for the coinductive formula occur-
ring in the statement of Bl-. The same way as we proved
the axiom of dependent choice, we have:

BI. = Aa.(An.wit (7 (prf (nthg; n (), a)))),
An.(wit (nthg;n (), a)),
(mi(prf (nthp n (), @), ean)))

Rpi(() = AfVn A (=B Al = fin)
where
nthg; n Al Rpg;(l) — Al Rp(])
nthg;n £ Ab.ind n of

[b](m,c).(witc *x wit (m, (prfc)),
pri (m (pric)))]

ean wit (nthg;n (), a)) =

(Anwit (my (pri (nthp n (), @)k
ean 2 ind n of [refl|(m,c).subst crefl]

from which BI, directly follows. Then, from BI., we get
the following weaker form of BI:

Y f An B(fin) —
7g [( JHBD > 80 =0 A O))ﬁg«» : o}

VI(Vxg(l*xx)=0— g(l) =
Finally, in the special case when x ranges over N, the
characteristic function g of any predicate P over N* can
be built classically using the axiom of countable choice.
Hence a (classical) proof of BI is obtainable in this case.

IV. DISCUSSION AND RELATION TO OTHER WORKS

f) Using explicit marks of classical reasoning to re-
cover the full intuitionistic axiom of choice in dPA“: The
restriction we gave on the strong existential elimination
rule is related to linearity. We imposed it by referring
only to proofs of a positive formula and by enforcing
a call-by-value discipline of evaluation. Our criterion
rejects the proof of AC,4 given in the introduction, even
though it would be computationally sound when the
proofs of Ay® P(x,y) are intuitionistic. The coinductive
conjunction detour is not possible either in the general
case since the domain A is not necessarily countable.
We believe that in a logic with explicit marks of non-
linearity, such as linear logic [28], the criterion for
accepting strong existential elimination could be made
more precise so that the full axiom of choice over linear
predicate is derivable.



g) A constructive intuitionistic logic which proves
Markov’s principle, the double negation shift and the ax-
iom of dependent choice: It has been shown that adding
delimited classical logic to intuitionistic logic allows to
derive weakly classical schemes such as Markov’s prin-
ciple and the double negation shift while still preserving
the disjunction and existence properties that are specific
to intuitionistic logic [31], [32]. Adding strong existential
elimination to intuitionistic logic with delimited classical
logic should provide with a constructive intuitionistic
logic that proves Markov’s principle, the double negation
shift and the axiom of dependent choice, and that is
therefore adequate for intuitionistic analysis.

h) Relation with Berardi, Bezem and Coquand’s
realiser of the axiom of countable choice: The com-
putational content of our proof of the countable axiom
of choice is slightly different from the one of the realiser
given in the paper by Berardi, Bezem and Coquand [7].
First, in our proof, there is no construction of a function
with dummy values: when the value of a function is
needed (typically because some computation with the
value ends into a natural number that serves in an
induction step), it is directly the (first) value given by
the proof of VYndy P(n,y) which is used. Secondly, in
our proof, the order in which the proofs of Yn3dy P(n,y)
are evaluated is the natural order, while in the case
of [7], these proofs are evaluated on demand depending
on which n’s the context that interacts with the realiser
of AfVn P(n, f(n)) needs a certification that P(n, f(n))
holds. In this sense, our proof seems suboptimal. For
instance, if only the content of the proof of Iy P(1001, y)
is needed, it will evaluate all the proofs of dy P(n,y)
for n < 1001 first. Of course, one could be more lazy
than we did in our evaluation algorithm and in particular
be lazy on the evaluation of each dy P(n,y) that is not
explicitly required. Still, the stream built will be a stream
of length 1001 while in [7], the stream has the same size
as the number of n’s for which a proof of Iy P(n,y) is
needed.

i) Dependent choice in a logic with quantification
over second-order predicates: Our approach is uniform
over the type of the codomain of the choice function,
so it directly scales to quantification over second-order
predicate. Let us call dPA, and dHA, the classical and
intuitionistic systems obtained by replacing the quantifi-
cation over functions in finite types with quantification
over second order predicates, i.e. the systems obtained
from dPA“ and dHA® by replacing the definition of
types with:

T,U N|*x|N—>T
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where * denotes the type of propositions. Then, the
axiom of countable choice is provable in dPA; and
dHA,, what typically covers the instance

ACy : YRNAYN=* P(n, Y) — AZN-N=% wuN p(n, Z n)

that we discuss in the next paragraph.

Jj) Comparison with Krivine’s realiser of the axiom
of countable choice: Krivine [10] realises the axiom of
countable choice!? in the context of classical second-
order arithmetic using a notion of classical realisability
that interprets quantifiers by intersection types and that
consequently keeps no trace of the quantifiers in the
realiser. We shall now reinterpret Krivine’s realiser as
a proof in (an ad hoc extension of) the non-dependent
version PA, of dPA, and show that the addition by
Krivine of a quote operator on top of classical reasoning
allows to simulate a form of call-by-value reduction (in
the sense of sharing the values originating from the same
initial proof) out of call-by-name.

Recall that the evaluation order problem with the
axiom of choice is that whenever a classical proof
catch,.p of AY P(x,Y) is used several times in some
evaluation context E, then, each time E is bound to «
and dispatched around towards the different intuitionis-
tic (though nested) subproofs (Y;, p;) of Y P(x,Y), all
references to this proof inside each copy of E itself must
refer to the very same (Y}, p;) subproof.

The quote operator that Krivine introduced bijectively
reifies a proof p into a natural number | p]. The role of
the quote operator is to keep track, by a unique identifier,
of every time a subproof (Y;, p;) of Y P(x,Y) starts to
interact with E so that other references to the initial
proof catch,.p of AY P(x,Y) in this copy of E, which
at some time can themselves start an interaction with
some of the (Y;, p;) and subcontext of E can check, at
the time of having to interact one against the other, that
they have the same identifier and then safely interact
together in the same (Y}, p;) component, and, if not,
restart the computation of the component with highest
unique identifier with the data provided by the other
component so that if ever the same interaction between
subcomponents arrives again, it behaves correctly.

Schematically, here is the representation of what hap-
pens in the process of standard head evaluation of an
interaction involving Krivine’s realiser. Let E; and E;
both be contexts expecting a proof of Y P(x,Y). Let E?
be a subcontext part of p; and pfi a subproof part of p;.

21 practise, Krivine realises the axiom
CAC : AZM=T=*vpl(P(n, Z n) — YYN=* P(n, 1))

which is classically equivalent to ACy over the codomain N — *.



They have to interact together, one being of type Vi(x, t)
and the other of type V;(x, 7). Let n; be the identifier that
reified E; and n; the identifier that reified E;:

E{(Vip)le e E[(Vi pple . B[P > 2

If n; and n; are the same, V; and V; are the same and
the interaction can continue:

...Ei[(Vi,p,-)]>...>Ej[(V<,pj)]>...>E;[p}]>...

If n; < n; then, the computation that generated n; restarts
with the data provided at the time of n;:

- E(Vipdle o> Ej[(Vi, pi)l > ..

If otherwise n; > n; then, the computation that generated
n; restarts with the data provided at the time of n;:

. E,[(V,p])] > ...

Of course, in these later cases, the computation might
globally be much longer, but since natural numbers are
well-founded, such backtracks will be done only a finite
number of time.

Morally, what has to be checked in the interaction
above is that the types match when a context whose
hole has type V; interacts with a term of type V; and
numerical identifiers are used because the V; are types
and hence not comparable as types. If the language of
realisers had carried the types, one could have simply
taken the code of V; as identifier but since the language
of realisers for Krivine’s classical realisability drops the
instances of quantifiers, something else has to be done.
What Krivine uses is an operator y intended to be called
each time an interaction E[(V;, p;)] (in fact E[p;] in the
language of classical realisability) happens and whose
purpose is to quotify E into a number n usable in place of
Vi (so that in fact the interaction has the form E[(n, p;)]
in the language of classical realisability). Otherwise said,
translated'? into PA,, the operator y obeys the following
inference rule:

I' p: 33X PX)

'y p:dnP(@p(n))

where @p is an adequate choice function.
In Krivine’s classical realisability, only closed expres-
sions of type L (but for a possibly inhabited type L) are

13We apply two changes for moving from Krivine’s classical second-
order arithmetic to PA,: quantification over objects that satisfy the
induction property are replaced by quantification over natural numbers
(using the native induction scheme in place of the property asserting
that the object satisfies induction); existential types, which are defined
by their second-order encoding in classical second-order arithmetic,
are taken primitive in PA;. Moreover, as Krivine reasons on universal
quantification, what we write @ is =® in [10].
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reduced. Otherwise said, only operational rules of the
form E[p]>E’[p’] are considered (there is no considera-
tion of these expressions as part of a bigger context).
The operational reduction rule for y, reformulated in
our framework, is E[y (X, p)] » E[(LE], p)] where, for
subject reduction, ®p(| E]) gets interpreted by X in the
derivation of E. In particular, this requires that no two
similar contexts can have a hole typable by two distinct
inconsistent types.

The quote operator is not the only ingredient of Kriv-
ine’s realiser. Classical logic, i.e. control, is also needed
to set up fallbacks allowing to restart past interactions
involving values with high identifier with new values
having smaller identifier whenever a mismatch occurs
in an interaction between two independent parts of a
common initial proof of Y P(x, Y) as was exemplified in
the standard reduction sequences drawn a few paragraphs
above. The fallfacks are then built by capturing the initial
context with a control operator (catch,) and by using
well-founded recursion (below wf of which we omit
the standard proof) to reinstall this context (throw,)
whenever a smaller number is found.

Finally, there is a third technical argument: To check if
the interaction between independent parts of a common
initial proof of Y P(x,Y) are consistent, a test of the
unique identifier has to be inserted around each compo-
nent of the initial proof liable to interact with another
component of the same proof, i.e. at each component
of type Y(f) where the Y is not necessarily the same
on both sides of the interaction. This is obtained by a
recursive descent through the proof of Y P(x, Y), using
extensionality (function T below of which we only list a
few cases of the definition).

At the end, rephrased as a constructive proof, and
leaving implicit the proofs related to p < n, n < p and
p = n, Krivine’s realiser of the axiom of countable choice
corresponds to the following term:

ACN 2 la.(Up,
Ax.dest y (ax) as (n,b) in catch,
wE, (A’ Af.Ab' throw,(Tp)", b)) nb)
Y 3yN=* p(x, Y)
— JUNN=* ol Py, U(x))



where

V(x,n) = —P(x,®p(x,n))
Z(x,n) = Ym<nV(x,m)— V(x,n)
Up(x,y) = Yn-=Z(x,n) — Op(x,n,y)
wf, VYnZ(x,n) —» ¥YnV(x,n)
and for f:Vm <nV(x,m) and b : P(x, ®p(x,n))
T A@p(xm) > AUR(X)
';{g ¢ 2 Aw.dkif n=rn' then c else
kAf'.AY’ if n’ <n then fn'b
‘ else f'nb
Tpe = (17 mo, 1y (o)
e 2 2y’ Y ay)
U AWURK) > A@p(x, n)
Ve 2 cndkkfb
L, nfb
lAAbB ¢ = (i«A (7210)’ “l’B , (ﬂ'ZC))
Whoe 2 aaly € ay)

By dualising Krivine’s reasoning [10], it seems that y
might reify its argument instead of its evaluation context,
what would allow the rule for y to be usable as a
local reduction rule and not only as an operational rule.
In a framework that keeps a trace of the instances of
quantifiers, the reduction rule for y could be as well
x(U, p)> (LU], p), for U closed predicate, what means
that y and ® can be defined using (unrestricted) strong
existential elimination as follows:

XD (lwit pl.prfp)
D(n) [n]

where the quote function assigns the same » to all terms
equal with respect to = and where [n] reverts the effect of
the quote function'*. This leaves room for another way to
combine strong existential elimination and classical logic
but keeping this time (unrestricted) strong existential
elimination.

A
A

V. CONCLUSION

We showed how to slightly restrict strong existential
elimination (Martin-L6f’s dependent sum type) so that
it becomes compatible with classical reasoning in a
computationally sound way. In this restricted framework,
we lose the full axiom of choice but keep the axioms

14Terms have to be closed so as the quote function to be stable by
substitution.

14

of countable choice and dependent choice thanks to a
detour via coinductively defined connectives. Because
the choice functions we are able to build are paths in
coinductive trees, we suspect our framework to exactly
capture the strength of the axiom of dependent choice.
The idea here is to reason by induction on the structure
of the argument of strong existential elimination, but we
leave this for future work.
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