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Introduction



The completeness of classical first-order logic w.r.t. Tarskian models
First proof by Gédel [1929]

- reasoning on the prenex form + induction on the number of alternation of quantifiers +
reasoning by contradiction

Standard proof by Henkin [1949]

- reasoning by contradiction + construction of a counter-model by enumeration of the for-
mulas over a language extended with Henkin constants coming from the skolemisation of
the drinkers’ paradox (dx( P(x) = Yy P(y))).

Tableaux-based proofs by Beth [1955], Hintikka [1955], Schdtte [1956], Kanger [1957]

- building a tableau + reasoning by contradiction to show it has no infinite branch

Excerpt of alternative proofs
- proofs by Mostowski [1948], Rasiowa-Sikorski [1950], relying on the ultrafilter theorem

- a generic abstract proof by Joyal [1978] (with Tarskian completeness for coherent logic
behind the scene?)



Different formulations of completeness

One of the following three classically equivalent statements

S 1. Formula A true in all models of theory T implies A provable from (a finite subset) of T
S,. Theory T consistent implies T has a model (model-theoretic view)

S3. Theory T either is inconsistent or has a model (proof search view)



Constructivisability of the different formulations of completeness

It happens that S, is constructive (the model can be “constructed” as a particular predicate
and proved to be a model when the object language has only negative connectives and

the language is countable).

S 3 is strongly classical as the disjunction is not decidable. However, this does not exclude
computing with, since classical logic is computational: one could compute with it when
completeness is used as a lemma in the proof of a E(l) formula.

S| is the statement for which we are looking for a computational content.



Logical strength of completeness

- Kreisel [1962], after Godel [1957]: S for an empty theory and the object language of
negative connectives is equivalent to Markov’s principle over intuitionistic second-order
arithmetic

- Generalised by McCarty [2008]: S ; for recursively enumerable theories over the language
of negative connectives is equivalent to Markov’s principle over intuitionistic second-order
arithmetic

- McCarty [2008]: using non-decidable theories, S| implies classical logic

- Simpson [1999]: strong completeness for a countable language is classically equivalent
to weak Konig’'s lemma over RCA,

- Henkin [1999]: strong completeness for an uncountable theory (hence for uncountable
language) classically implies the Boolean Prime Ideal axiom



Avoiding the need for Markov’s principle

Krivine’s proof of completeness for an empty theory [1996]

- restricted to minimal classical logic (no L = A) so that negation does not have to be
interpreted; Friedman’s A-translation [1978] is then applicable to get rid of Markov’s prin-
ciple

- analysed by Berardi and Valentini [2001]: Krivine adds one exira (degenerated) model,
the always-true model (similar to Friedman’s fallible models and Veldman’s exploding
nodes in intuitionistic logic semantics)

- the modified statement is classically equivalent to the original one but does not need
Markov’s principle

- formalised in the PhoX proof assistant and later in Coq



The statement of completeness
(empty theory, countable language, restricted to the =s-1-V fragment)

teTerm::=x| f(t,... ,tarf)
A,BEF = P(ty,...,tyy) | L|ASB|VxA

dl’f

A model is a quadruple (Mp, Fm(f) € My" — Mp, Fm(P) € PIMLT), Ly € PUOY).
Truth in M is defined recursively:
[x1%,
[[f(t19 LB ] tal”f)]]o-M
[[P(tla e tarf)]]?\/(

o (x)
FmOUEI - - - [tar 15
PP DS - - - [arp D)

(1L L | L | Lo L I

[L1%, Lm
[A->BIS, A1, = [BI,
[YxAlS, Vi e Mp [A]5

A model is classical on o, written Class(M) if for each A, [-=Al%, = [AIS, (and in
particular, it is exploding: L = [AI},)-

A model satisfies theory T on o, written [71%, if [B]},forall BeT.

The completeness statement : VT YA (YMVo (Class(M) ATTS, = [ADIS) = T+ A)
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Remarks on the formulation

We placed ourselves in intuitionistic second-order arithmetic, interpreting predicates by
predicates, defining truth recursively.

Some authors reason instead in the arithmetic of types of rank 2 and define P(P) as a
Boolean function in M7” = bool. The completeness proof then needs a reification axiom
VPAfVx(P(x) < f(x) = true). This can be obtained from the axiom of unique choice
(AC!) and excluded-middle and makes the metatheory actually equivalent to second-order
arithmetic. To avoid having to computationally interpret reification, what should be doable

in dPA® (see LICS 2012), we prefer to directly reason in second-order arithmetic.

It is also common to replace P by a set of formulas enriched over D such that:

1 ePup < 1

ASBePpry © A€Pry= BePp
VXA ePy o VtA[t/x] € P
A€ Pum o mA € Py

Our approach has both the advantage of avoiding to consider formulas enriched over D
and to make the connection with intuitionistic models (e.g. Kripke) closer.
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Part |
Analysis of Henkin’s proof
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Henkin’s proof (usual presentation)

To prove T + Ay, prove instead —A, T + L, using the abbreviation =B = B> 1.

Reason by contradiction (Markov’s principle) and assume (=A4,, 7 + 1) = 1, i.e. that the
context 'y U T where I'y = -Ay is consistent.

For an enumeration ¢(0) £ VYx By, #(2) £ Vx B,, ... of all universal formulas and ¢(1) £
A1 5By, ¢(3) = A3 B3, ... of all implicative formulas, classically build:

o I_‘2n+1 = F2m (BZH[xn/x]—B\i'x B2n)

® [5,0 = oy if Topi1, Aopr1=Bops1, T H L

® [0 = I0pi1, A2ns1 =By Otherwise

where the formulas B,,[x,/x]->Vx B,,, for x, taken fresh in all ¢(i) for i < 2n are Henkin
axioms (no need for fresh constants, fresh variables are enough).

This construction propagates consistency fromI'yuUT toI, U T.
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The proof (usual presentation), continued

Build the infinite theory I',, = U,(I", U T).
Under the initial assumption that 7' + A is contradictory, one gets that I',, is consistent.
Define a syntactic model M by

D Term

TM(f)(tla---,tarf) = f(tla---,tarf)
pM(P)(t17'°°atal’p) = P(t17°°°’tarp) € Fa)
1 = 1

Using the converse [A] of the Gddel's numbering of formulas, one proves by induction on
A that [ATY, iffA €T,

The model is complete in the sense that -A ¢ I, implies A € I',. Hence it satisfies
Class(M).

The model satisfies T since T c T',.

By validity of A, get [[AO]]/i\CAlo’ hence Ag € T',, hence I', + 1, a contradiction.
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What is the computational meaning of this proof?

Finally, for Ay provable in T', is the model built consistent or not?

Obviously no!

If we turn the proof positively, what it shows is that ', + L implies <Ay, T + L.

That some ¢(2n+1) has been added to the context reduces to have (I',, p2n+1)+F 1) = L
under the assumption that (<A, T + 1) = L.

Turned positively, this means that I',, can be extended as soon as we know how to get rid
of the extension.

Otherwise said, the model construction collects continuations.
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The proof (an optimisation)

In practice, we do not need to characterize the elements of I',, and I', but only the provability
predicate that I', generates. This means that we only need to know when a given finite
context I' is in I',,, which can simply be defined by the following (overlapping) clauses:

e[ cI,,; wheneverI cT,
ol an[xn/x]—'>\$’x B>, C 15,41 whenever I' C I,

e[ As, 1>By,s1 CIhowheneverl C 1,1 and 1,41, Asi1—>Bo,41 F L implies A + L.

The condition I'5,,41, A>ni1—Bo,+1 F L itself reduces to the existence of I c I'»,,41 such
that r’ A2n+1_.)B2n+1 -l

We can then define A e I', tomean dndl' c I',, (I, T + A) (“A gets provable at some step
of the construction of a context I',, U T equiconsistent to —Ag U T7).
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The proof (bypassing the need for Markov’s principle)

We take the following definition of the syntactic model M, with exploding nodes:

D

7:/\/((][)(tl, sy tarf)
PM(P)(tla ) tarp)
Lm

Term
f(tla---atarf)
P(tla- . '9tarp) € Fw
1 el

A
A
A
A
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Giving notations to express the computational contents

We reformulate I' c T',, as an “inductive predicate” so as to be able to manipulate proof
constructors as data:

I'cI)y,
I Ircr, s 2 I,

Ay C T Iclo [, A(x,) = VxA(x) C Doy

I'c 1,41 AT cIye ANT,ASB, T+ L) = (HAy, T + J_)
F, A—>BC F2n+2
where ¢(2n) = VxA(x) in Iy and ¢(2n + 1) = A B in L.

I
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The object language

We assume given a (non-minimal) set of appropriate object language constructions, parametrized
by a recursively enumerable theory T':

axt:AeT — [T+ A]

ax; : [IA, IV, T + A] (for I'” of length i)

ax; : [[LAI",T + A] (for I' of length i)
dn:[I,TF-55A] — [I,T FA]

abs : [I,A, T+ B] — [[,T + ASB]

app=: [[LT+A>B] — [[',T+A] — [TUTI",T + B]

drinker, : [Baon[x,/x]-V¥xBy,,[, T+ 1] — [[,T + 1] where ¢(2n) = YxB,, and x, as
before

app* : [[,T + VxA(x)] — VYt € Term[[, T + A(f)]
ny [[,ASB, T+ 1] — [[,T + A]
ny [[,ASB, T+ 1] — [[,T + <B]
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The core of the proof: [[A]]XIA0 iff Ael,

la : A%, - Aely,

lpy m £ m
li m £ m
~LA—>B m = (n’ (;'A07 A_)B)a .
. dest |p (m(Ta (n,L, f, " p)))as (.17, f, p)
g, L 1PV = 4y flush) ' (join) 1(f f"), app=(n; p, p’ Ok
axi) where n = [A-> B
leA m = dest iA[xn/x] (mx,)as @I, fl, p’)

in (max(n,n’),T”, JOln( ‘,40)F (inj,, ), app=(axy, p’))

where n = [Vx A]

T4t Ael, - [Al},

TP@ (n,F,f,p) = (n,F,f,p)
TJ_ (narafvp) = (n7r9f7p)
Mg (LT Fip) & mis dest |po mas (', 17, f', p)

in 15 (max(n,n),T UT", join,(f, "), app=(p, p'))
TVXA (n’ F, f, p) = [ = TA[I/X (n’ r’ f’ appv(p’ t))

18



Auxiliary lemma: propagating an inconsistency at level n to level 0

flush, : TcT,A[LTFL] — SATF L

flush, (To, P) = p
flushl,,  (Isf,p) £ flush,(f.p)
flush)  (Ivf,p) = flushy,(f,drinker,, p)

flush,”,  (I=(f,k),p) k (f, p)



.,
_]Olnnlnz

(1 A)IT24)

] °1ngzn+211(2n+2)

] 01n% n+2)(2n+2)

j 01n(2n+2)(2n+2)

I
JOlnm+nm+n

I
join 2n+1)(2n+1)

JOln} n+1)(2n+1)

J 01n(2n+1)(2n+1)

sl

join, .
1A

JOlnn1n2

I
joiny,,

- '1(IA2)
joiny,,

Auxiliary lemma: joining contexts in binary rules

I CIy,

Ig

I(f1, k1)
I.(f1, k1)
Isfi

Isfi

Isfi

Tufi

Tufi

Isfi

I_(f1,k1)
N
N

AN Ty Cly,

Lo

I.(f2, k2)
Isf>
I.(f2,k2)
Isf>

Lufa

Isf>

Luf

2

P
Is />
L (f2,k2)

— 1_‘1 U FZ - 1_‘max(nl,nz)

> >

1>

>
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ﬁ(joj'n% n+1)(2n+1)f1f27 kl)
ﬁ(J01n%2r%+1)(2n+1)f1f2’ kl)
ﬁ(J Oln(2n+1)(2n+1)f1f2, k2)
IS(J01nnn f1f2)

. ._INr
I¥(J01n21 %2 )fle)
I¥(J01n(2n (zn)fle)
IV(JOJ-n(Z )(zn)f1f2)
Ls(join,j,;fif)

. . r
Infl(J01nnin22f1f2,k1)

. o« I
Is(J01nn:n§f1f2)
Iy (join,! ! fifs. k2)

ifny =ni+1>n
ifny=ni+1>n
ifny <nj+1=n

ifny <nj+1=n



Auxiliary lemma: —Ay is in all contexts
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classy :
classg

theory :

theory,

compl,,

compl g

Final completeness result for an empty theory

VA [=AT — AT

A m =

VB BeT — [BI}
B 1% = TB (09 _.'A()a 109 a.X+(V))

Ta (dest |.-q mas (T, f,p)in (n,T, f,dnp))

: (YMYo Class(M) AITTS, = [Aodl}) — + Ao
let ¥y = ¥ M, id classy theory, in

Y

A
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dn(abs( dest |4, Yoas n,T, f,p)
in flush! (f, app=(axy_i, p))

)



Remarks about the computational content

If Ay is provable, then the countermodel (virtually) built is actually the degenerated coun-
termodel that contains all formulas, including 1.

Along the computational interpretation of Markov’s principle, reasoning classically by as-
suming [+ Ap] = L is the same as providing an exception which returns a derivation of
[ Ap] as soon as a contradiction is obtained. Along Friedman’s A-translation, this amounts
to reinterpret L as the formula [ Ag].

Computationally, the proof of a negation can be seen as a continuation. Combined with
the computational interpretation of Markov’s principle, this is the same as a continuation
that eventually returns a derivation of [+ Ag].

In particular, a proof that some finite section -A, I" of the countermodel is consistent is the
same as a continuation that transforms a derivation of [<A,I', T + 1], thatis of [I', T + Ag],
into a derivation of [ Ag].
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More remarks about the computational content

The ordering of formulas has an effect on the order of application of continuations: contin-
uations are applied in the decreasing order of the Gddel number of the formulas.

In case of branching, i.e. in the case of modus ponens, if two continuations are available
at level n, the join function arbitrary chooses one of them. In particular, some subproofs
of the initial meta-proof might be lost and replaced by an other proof of the same formula
in the same original meta-proof.

Compared to the completeness proof with respect to Kripke semantics where the world
is locally extended with the knowledge of A to show that A—>B is provable, here, in the
completeness for two-valued semantics, one extends the (counter)knowledge I" with A—B
but altogether with a proof that contradicting I',A—>B (in the sense of a derivation of
I A-5B, T + 1) eventually reduces to a derivation of + Ay.

It is worth noticing that the definition of I' c I',, is of high implicational complexity. Due to
the contravariance in the clause I, the definition of I' C I',,;; involves implications nested
at level n. Henceforth, the definition of A € I',, is a formula whose implication nesting depth
is not finite. Logically, it is however a 2(1’ formula.
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Remarks about the Henkin axioms

Cutting Henkin axiom A[x,/x]->VxA with drinkers’ paradox Jy(A[y/x]->¥xA) can be seen
as a way to delegate the insurance of the (moral) freshness of x, and the ability to go
from A[x,/x] to VxA even when in a context where other occurrences of x, might oc-
cur (namely the context I” c T, in the V clause of |). Interestingly, eliminating a cut
with Fy(A[y/x]->VxA) will rename the x, whose occurrences are possibly non-fresh using
names that are actually fresh and from which VxA can correctly be inferred.
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Intuition about the computation content

C E A—> B -BAA G—->H-HAG C—->D,-DANC
T
L,-BAA,-HAG,-DAC
D F H G,-BANA,-DAC
C—-D E—>F _|‘ 2B A APDA
|
|
g4 !
-H ,BANA,-DAC
G C 1,-BANA,-DAC
-B A,-DAC C—-D-DNC E—->F-FAE
—_— |
l o4
|
|
B H D !
A—B G- H C—-D -B B,-DANC,-FANE
L,-DAC,-FANE
b -F E,-DAC
|
|
L -F F,-DAC
1,-DAC
[A— B] =4 [E— F1=9 ~D ¢
|
[C > D=2 [G—> H]=1
|
-D D
1
B-normal n-expanded meta-proof resulting object language classical prof (not cut-free!)
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Part Il

A proof with side effects of completeness with respect to
Tarski semantics
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Completeness w.r.t. Kripke models
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Kripke models

A Kripke model K is an increasing family of Tarskian models indexed over a set of worlds
W ordered by >4. In the absence of v and 3, it is enough to take Dy constant.

Truth relatively to K at world w is defined by:

[xT%
Lft .. 1,15

o (x)

Fac(HANTG, - .., [1a, 1)

> 1>

Wik Pt .. ta,) = PrePYWAHTZ - .- [ta,15)

wikg L = 1x(w)
wikg. A5B = Vv 2 w(W k3. A = w' kg B)
wIFg Yx A 2 VteKpwirg A

The statement of completeness w.r.t. Kripke models for an empty theory is:

(VKYoVw e Wywikg A) =ty A
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Taking a natural deduction as object language

We take the following inference rules:

A CLACT) = (T A)

app?  THASB) = T +A) = T+ B)
abs? L (TLAr B)= T+ ASB)

abs,™ : (TrA) = (x¢ FV(I)) = (T VxA)
Appy ™ Tk VxA) = (T F Alt/x])

Moreover, the following is admissible:

weak] , : (CCT’)= (T+A)= (I r A)

We shall also write r} for a proof of I" c (I, A),
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Completeness w.r.t Kripke models

The “standard” proof works by building the canonical model K defined by taking Wy, to
be the typing contexts ordered by inclusion, Dy, to be the terms, ¥« (f) to be the syntactic
application of f, Py, (PYT)(11, ... 1,,) to be Ty P(t1, ..., 1,,), and Ly (I) tobe T +y 1.

The main lemma provesI'+yy A < T Fac, A by induction on A, with rg :I'cT,A:

™ FryA — Ty A
I

>

A ’ / - I AG . ! ’
T P =T heom - Tg; App_,"" (weaky 4 (h, p), |}, m)
N, P = 10,8 (01

U Ty A — Ty A
r

>

P@ m
A ° F,A,B . ,A, ,
Uy m 2 Bbs (Lt (@A) A (Y Ax Vel 1))
A ° F,X,A . . . .
ll\;xA m = Absv O, lg[z/x] (my)) yfreshinI

And finally:
compl = v > [ (vKoDe) : VKVYoVwe Wywirg A) =>+y A
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Completeness w.r.t. Kripke models in direct-style
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Kripke forcing translation for second-order arithmetic

We consider a second-order arithmetic meta-language, multi-sorted over first-order datatypes
such as N, lists, formulas, etc., and with primitive recursive atoms written P(ti, ..., 7,,)
(morally: HA?).

A,B = X(t1,....t5,) | P(t1,....,t,) |ANB|A= B|VxA|VXA

Let > be a preorder definable over some sort W in HA%. We consider a (syntactic) Kripke
forcing translation from HA? to HA?:

Wiks X(t, . tey) = X(W, t, ., tyy)

Wiks P(ty, ... tg,) = P(ty, ..., typ)

wiksAAB = WiksA)A (W IFs B)

wisA = B = Yw >2w[(W ks A) = W ks B)]
wiks YXA = Vx(wiks A)

wiks YXA = VX (mon(X) = wiks A)

where mon(X) = VYwV¥w' > w(X(W, 11, ..., 15,) = X(W', 11, ..., 1))
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Kripke translation of Tarskian semantics is Kripke semantics

We have the following key observation:

w "‘2 [V(DM, ?M’ PM? J—M) vo— ([[A]](ObM,TM,PM,J_M))]

is the same as

o
V(DW’ 7:7(, P?(? J—W) Yow "_(Z)q(,?dq(,Z,Pq(,J_q() A

Otherwise said: for a given ordered set of worlds, the syntactic Kripke translation of validity
w.r.t. Tarskian models is validity w.r.t. Kripke models over the same ordered set of worlds!
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Kripke translation of the statement of completeness

The Kripke translation of the statement of completeness w.r.t. Tarskian models:
W iks [(VDp, Fts Pat LYo (IF Ty, 5 o)) = F F]
is then
Yw' > w [(Y( D, Frc, Pac, Lac) Yo w'’ |P(’D%¢7<’Zj,7<) F)=w 'F?@W,ﬁ,z,so elge) ()]
.e.
Yw' > w(V(Dx, Fxc, Pxc, Lac) Yow' |P(TD7<’¢%Z’P% L) F) =+ F]

sincer Fis a 2(1’ formula with no second-order free variables.

Now, if we take contexts ordered by inclusion c for worlds and concentrate on the empty
context, we get:

N Dgc, Fac, P, L) Yo e lp&)q(,?'«](,C,Pq(,J_q() F)Y=>+F

which happens to be exactly completeness w.r.t. to Kripke models over contexts ordered
by conclusion and considered on the empty context, i.e. a statement of which we had a
simple proof.

It just remains to interpret this latter proof in direct style to get a new proof with side effets
of completeness w.r.t. Tarskian models.
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Excerpt of our meta-language with effects

I'p:A®y) yfreshinT
' Ay.p:VyA(y)

Vi

't p:VxA(x) t updatable-variable-free or t an updatable variable and A(x) of type 1
I'rpt:A@)

YE

F'rp:AX) XfreshinT 2 [kp:VXAX)  T'+q:monrB(Y) V2
Trp:YXAX) ! Tk p: AOIBO/XG)]

ILb:x>2tlFq:T(x) I'tr:refl > T'vFs:trans > xfreshinI and T(r)

SETEFF
I'+setx:=tasb/,5ing: T(1)

Ib:x>2t(xX)]rg:T(x) Trr:t(x')>2x" [x>u]lel'forsomeu x'freshinT’
UPDATE

I' Hupdatex:=t(x)of x" asbbyring : T(t(x))

where C of type 1 means in the grammar C ::= P(ty, ..., 1,,) | P(t1,....1,,) = C | VxC and
monr B means B monotonic for all updatable variables in I
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The completeness proof in direct-style

In direct style, K is the model My defined by Pp(P)(t1,....1.,) = T + P(ty,...,1,,) for T a
given updatable variable

T Tru F — [FT

T s =8 I.F.G

Trse & = m Tg App. " (g, Lr m)
A - I'x,F

Tver & = t=Trpa Appy™ (g, 1)

lr [[F]]IMO — 'ty F
lp(;j " = I'.F,G
lrsg m 2 Abs “(updatel:=(T,F)ofl| asbrbyrlin | (m(Tr Ax

- I'x,F . .
Lixp  m Abs, ™" (3, Lrpza (m3))

m
I FT

(br))))

A

compl = vio setl:=€easb/,qoin [r (W My0)

Obviously, the resulting proof in the object language is a reification of the proof of validity
as in Normalisation-by-Evaluation / semantic normalisation [C. Coquand 93, Danvy 96,

Altenkirch-Hofmann 96, Okada 99, ...] -



