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Introduction

An analysis of the underlying term structure of sequent calculus

- System pi: the core of computation

- Adding connectives

- Typing system puji

- Sequent calculus presented with implicit context

- Back to (untyped) system p/: the call-by-name vs call-by-value dilemma

Further investigations

- “Canonical” call-by-name and call-by-value A-calculi

- Applications to the study of call-by-value

- A dual to call-by-need

- Sequent calculus and the proof-as-strategy approach
- Sequent calculus and abstract machines

- A limit to duality: dependent types

Conclusion and problems



General research framework

theory of computa-

roof theor
P 4 tion
proof-as-program correspondence
Curry [1958] Howard [1969] (de Bruijn [1968])
intuitionistic natural deduction (call-by-name) A-calculus

Gentzen [1936] Church [1936]

classical logic control operators

~— 1 — 1l

sequent calculus _
Gentzen [1936]

strate*gies in game-theoretic models of computation

left/right symrﬁetry
abstract machines (redex at root)

<

duality — a tool to revisit proof and computation theories



The upi-subsystem: the core of computation

Computational properties Syntax
. S){ntactlc emphasis of the call-by-name vs call-by-value du- Commands ¢ u= (v]e)
ality,
Terms v o= pac|x
* syntactic emphasis of a duality between term and evalua- Evaluation contexts e¢ == paz.c|a
tion contexts that interact to produce results,
Semantics

accepts extensions made by specific sets of interacting

constructors, (1) (pa.cle) — cla €

]
) (wlpe.c) — cl— v

condenses all the computational aspects of its extensions (

a good tool to better understand the theory of call-by-value \-calculus

a uniform analysis of n-conversion,

a close connection with abstract environment machines (redexes are at the head of the expressions),
Proof-theoretical properties

o full Curry-Howard correspondence for sequent calculus (left introduction rules build evaluation contexts),
* the “dark side” of sequent calculus is the call-by-value side,

 context-implicit tree-like representation of sequent calculus.



The pji-subsystem

Syntax of i~ (aka Auji)

Commands c == (v|e)

Terms v o= pac|x| Ao
Evaluation contexts e¢ = jz.clalv-e
Semantics

(n) A(pacle) = clo—e]
(7)  (lpe.c) — — clr =]
(=) Qzofu'-e) — {V|pz.(v]e))

Equivalent syntax in \u-calculus

Commands c
Terms v
Evaluation contexts e[|

e[v]
poc| x| Az
let z = [|inc|[a]([]) | e[[]v]

Rules in the syntax of Au-calculus

(1) e[

— clla]v — e[v]]

(i) letx=vinc — clx «— v]

(=) el(Azv)v]

— let x = ' in e[v]



Adding constructions: the example of abstraction and application

Syntax of ui—" (aka A\uf)

Commands c == (v]e)

Terms v o= pac|x| Ao

Evaluation contexts e := fz.cla|v-e
Semantics

p) Apacle) = ca e
(7)  {olpz.c) = clw =]
(=) Qaofo'-e) — (V|pz.{v]e))

Equivalent syntax in \u-calculus

Commands c = e[y
Terms v ou= pac|x| Ao
Evaluation contexts e[| == letz=[]inc]|[a]([])]e][]v]

Rules in the syntax of Au-calculus

(0) el — cafo — efo]
(1) letx=vinc — clx 1]
(—) e[(Az.v)V] — let z =0 in e[v]
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Other examples of connectives

Syntax of pp ="Vt

Commands c == (v|e)
Terms v o= pac|x| o] (v,v) | t1(v) | 2(v) | 1
Evaluation contexts e = jz.c|lalv-e|m-e|m-e| e € | 0

Semantics of pg "V

() (nacle) = cla—d
() (lire) = ca ]
(=) (aole’-e) = (Wji(v]e))
(A) (o vl -¢) — (ule)

V) (@llenel) — (vle;)



Typing the pi-subsystem
(a sequent calculus structure)

- two axioms
- no contraction: simulated by cuts with the axioms

terms: distinguished formula on the right
- three kinds of sequents ¢ ev. contexts: distinguished formula on the left
commands: no distinguished formula

AZL‘R AIL
Cx: ARz AlA Fa:AFa: A A
c:(T'Fa:AA) c:(Dyx: AFA)
17 fi
I'Fpoce: AlA ' jpz.c: AFA

FFv:A|A Tle:AFA
(ve) : (T'F A)

Cut

Typing extensions (e.g. implication connective)

Fx:AFov:B|A Fo:A|lA ['e:BFA

'FArwv:A— B|IA ['v-e:A— BFA



Typing the pi-subsystem
(sequent calculus in context-free form)

Thanks to the absence of contraction, sequent calculus proofs can be represented a la natural de-
duction

[A F] - A]
- -
A AR
HA AFCut
l_
- A]
F.B A B+
- —

AT R



The pji-subsystem
(the critical dilemma of computation)

Syntax
Commands c == (v]e)
Terms von= pac|x|...
Evaluation contexts e := jz.c|la]...
Linear ev. contexts F = «f...
Semantics

() (pacle)  — clor—e]
(7) (Wlfz.c) — clr ]
The critical pair

call-by-value (pov.c|pz.c) call-by-name

/(1) () ™\

cla — fix.c] dr — pa.d
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The pji-subsystem
(the critical dilemma of computation)

Syntax
Commands c == (v]e)
Terms von= pac|x|...
Evaluation contexts e := jz.c|la]...
Linear ev. contexts F = «f...
Semantics

(n) (pocle) — clo—¢]
(7)) (vlfz.c) — clw 0]
The critical pair in the syntax of \u-calculus

call-by-value let v = pa.cin ¢ call-by-name

/(1) (/1) "\

clla]v — let © = v in (] dr — pa.d
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The pji-subsystem
(the critical dilemma of computation)

Syntax
Commands c == (v]e)
Terms von= pac|x|...
Evaluation contexts e := jz.c|la]...
Linear ev. contexts F = «f...
Semantics

() (pacle)  — clor—e]
(7) (Wlfz.c) — clr ]
The critical pair

call-by-value (pov.c|pz.c) call-by-name

/(1) () ™\

cla — fix.c] dr — pa.d
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The pji-subsystem
(the call-by-name confluent restriction)

Syntax
Commands c == (v]e)
Terms von= pac|x|...
Evaluation contexts e¢ := fjz.c|FE
Linear ev. contexts F = «f...
Semantics

(hn) (pec|E) — cla — E]
(i) (Wli.c) — clz ]
The solved critical pair

call-by-value (pov.c|pz.c) call-by-name

/(1) () ™\

cla — fix.c] dr — pa.d
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The pji-subsystem
(the call-by-value confluent restriction)

Syntax
Commands c == (v]e)
Terms v o= pac|V
Evaluation contexts e := jz.c|la]...
Values Vo= xf...
Semantics

(n) A(pacle) — cla—e]
(o) (Vlpz.c) — clr < V]
The solved critical pair

call-by-value (pov.c|pz.c) call-by-name

/(1) () ™\

cla — fix.c] dr — pa.d
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The pji-subsystem
(two confluent symmetric restrictions)

L fi-SUbsystem [LfL,-Subsystem
Commands c == (v|e) Commands c == (v|e)
Terms v o= pac|z]... Linear terms (= values) V == =z]|...
Linear ev. contexts £ = «f... Terms v o= pac|V
Evaluation contexts e¢ := jz.c|FE Evaluation contexts e = fixc|lal...
(k) (pa.c|E) — cla— E] (1) (pocle) — cla €]
(7)  (lpz.c) — clw—v] () (V]pz.c) — clo V]
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The principle of duality

Static duality

term / evaluation context
value / linear ev. context
term variable / ev. context variable
Parigot’s / let-in context (1)

Semantical duality
call-by-value [/ call-by-name

(f) I (pn)
(1) I (1)

Connective-level duality

conjunction / disjunction
true / false
implication /' subtraction

A tool to transfer results from one side to the other side...
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The computational-classical-logic lineage of up™

The programming side The proof theory side
Landin’s J [1964] Prawitz [1965]
an operator to translate goto and labels normalisation of natural deduction + -——A4 — A

(no Curry-Howard)
Reynolds’ escape [1972]
a syntactical variant of call-cc

Scheme’s catch/throw  [1975]
a static variant of Lisp’s catch/throw

Felleisen et al's C [1986]
abstract study of \-calculus with control

N\ /

The Curry-Howard connection

Griffin [1990]
typing C of type -——A — A

Parigot [1992]
a “clean” variant to \c-calculus: A\u-calculus

17



Connected works

Computational symmetry

- Barbanera-Berardi’s symmetric A-calculus [1996]
- Filinski's symmetric A-calculus syntax [1988]

Call-by-name/call-by-value duality

- Filinski’s dual cont.-passing-style call-by-name and call-by-value semantics of his symmetric \-
calculus [1988]

- Selinger's dual control and co-control categories modelling call-by-name and call-by-value Apu-
calculi [2000]
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The computational-content-of-sequent-calculus lineage of upu™

- Gentzen’s LK sequent calculus [1935]:

various (implicitly weak) cut-elimination strategies of LK

- Dragalin [1979]: strong cut-elimination of LK
Griffin’s stimulus: classical logic computes in real life

- Girard’s LC [1991]: associativity-and-commutativity-

preserving ——-translation of LK

- Danos-Joinet-Schellinx’s LKT/LKQ fragments of LK [1994]:
intuition of a connection to call-by-name and call-by-value

- Barbanera-Berardi’s \;,,,,-calculus [1996]: non-deterministic
computational content (implicitly?) of sequent calculus

- Herbelin's A-calculus [1994]: LJT and LKT as a A-calculus

[a: AF] [Fx: A

L
Fpae: A pzr.c: Al
Fo:A e: Ak
(v]e)

Cut

[Fx: A
Fv:B Fouo: A e: BF
—R —]
FArxwv:A— B v-e:A— BF

- Danos-Joinet-Schellinx’s analysis of the LK to LL embeddings [1995,1997]
- Urban-Bierman’s extension of Barbanera-Berardi’'s strong normalisation method to an LK syntax [2000]

- Curien-Herbelin \pji-calculus [2000]
- Lengrand’s A¢-calculus [2003]:

application of the duality-of-computation paradigm to Urban-Bierman’s LK syntax

- Wadler’s variant of \ufi-calculus based on disjunctions and conjunctions [2003]




The intuitionistic constraint

evaluation context variables are bound linearly

In extensions that don’t bind ev. context variables (e.g. the constructors of implication), this implies
one can take a unique ev. context variable, say .

Example:

Syntax of intuitionistic pu—

Commands c == (v|e)
Terms v o= px.c x| Ao
Evaluation contexts e = jz.c|*x|v-e
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The intuitionistic constraint

evaluation context variables are bound linearly

In extensions that don’t bind ev. context variables (e.g. the constructors of implication), this implies
one can take a unique ev. context variable, say .

Example:

Syntax of intuitionistic pu—
(after reorganisation of the grammar)

Terms v o= wve) x| xw
Evaluation contexts e = jpz.v|v|v-e

In the intuitionistic case, =, is a strict subset of =,,.
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The pji-subsystem
(n-conversions)

(n) paV]ja)y = V a notfreein vV
(na) pz(z|E) = E z not free in £

Each extension comes with its own n-conversions. E.g., for the constructors of implication, we have

(n-) Av.palylr-a) =y

from which we derive

(N—n) Az.pa(v|z-a) = v x and « not free in v
(N—w) Azpa{V]zr -«) =V x and « not free in V

22



Focus on \u,-calculus and \ji,-calculus

Aun-calculus
c == (v|E)
v o= pac|x| Ao
E = alv-E
Reduction
(hn)  (pec|E) = cla — E]

(=) Az’ E) — (v[z —V]|E)
n-reduction (with usual constraints)

_)fl)

(m.)  pa(v]a)

(nf,) v — Az.pa.(v]r-a)

Prop: A\, David-Py Ay, and p,,fi~-calculi have

iIsomorphic equations on commands and terms.

23

o

™

(o)

(V]pz.c)
(=) Da.pac|V -e)

Ai,-calculus

= (Vle)

x| Ax.pacc

n= a|V-e|pz.c

Reduction

— [z — V]
— clr — V][a « €

n-reduction (with usual constraints)

(1)

fi-(z|e)

_>€

) Av.pa(Vi]z-a) — V

Prop: A\, and pji; -calculi have isomorphic
equations on commands, values and contexts.



Consequences for call-by-value A-calculus

Call-by-value interprets the “dark side” of sequent calculus.
Conversely, sequent calculus gives to call-by-value its nobility.
Call-by-value \-calculus (natural deduction style) is complex to study (see next page).

Can the duality foster further theoretical research on call-by-value?
Bohm theorem, standardisation, complete confluent systems, ...

24



A complete reduction system
cbv A-calculus operational rule (Plotkin [1975])

(By) A\z.w)V — vz« V]

cbv A-calculus sub-operational rule (Moggi [1988])
(letig)  Fl(Az.v) '] —  (Az.Fv))v

cbv A-calculus observational rules (Moggi [1988])
(M) Az.(V x) -V z not free in V'
(Met)  (A2.Elz])v —  E[v] z not free in E

cbv A\u-calculus extra operational rules (x)

(1) Flua.c] —  poacla — [of F]
(,Umar) [a]uﬁ-v - U[ﬁ — [Oé][ H

cbv \u-calculus extra sub-operational rule (x)

(ier)  Azpeclflo)v — pa[B]((Az.v) o)

cbv Ap-calculus extra observational rule (x)
(Mu)  pecfalu — v o not free in V

Extra rule for confluence

(nd) — vpoc — (Az.pacla < [al(z[])])v

(x) inspired by Sabry-Felleisen [1993], Hofmann [1995] and Séﬂ%ger [2000] complete axiomatics



A dual to call-by-need ?

lazy call-by-value lazy call-by-name
(call-by-need)

Commands c == (v]e) Commands c == (v]e)
Linear terms (= values) V == z]|... Linear terms (= values) V == z|...
Terms v o= pac|V Terms v o= pac|V
Linear ev. contexts E = «af... Linear ev. contexts E = af...
Evaluation contexts e = px.c|E Evaluation contexts e = px.c|E
(bn)  (poeec|E)  —p clo— E] (bn)  (paclE) =i clo— E]
(ho)  (Vlpz.c) — —n clz V] (ho)  (V]pz.c) — —im clo = V]
() (pacc|pz.d) —un clo— pr.c] («) (bn)  (pac|pr.c) —im c ()
() {pocl.d) —i, ¢ (1) (i) (povclfizc) —iu, Clz— poc] ()
(») if z “needed” in ¢ (») If a “needed” in ¢
(**) |f X ¢ FV(C,) (**) |f (8% ¢ FV(C)

Intuitionistic restriction Intuitionistic restriction
observationally collapses to call-by-name operationally collapses to call-by-name

with control, all four reduction systems are observationally different
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The proof-as-strategy approach

strategies in game model of computations are polarised normal proofs in some sequent calculus

Lorenz-Lorenzen’s game semantics of provability
strategies = cut-free proofs in LIQ/LKQ (Herbelin’'s PhD [1995])

different possible polarisations of p/i-systems normal proofs

decompose normal proofs along commands: yields (abstract) Bohm trees (Curien-Herbelin [1998])
(x|F) =*“(" (question) with possible reactions determined by £

(V]a) =*7” (answer) with possible reactions determined by V

game interaction = head reduction in an abstract machine (Danos-Herbelin-Regnier [1996])
= head reduction in pji

intuitionistic restriction = well-bracketed parentheses
(Lorenzen’s school [see Felscher 1986])

27



Simply-typed p,, i ~N-system (uPCF)
(Herbelin [1997], Laird [1997])

N — N interpreted as ?N-9N
Ninterpreted as ? ®,, 1
maximal 7_,,,-expansion

maximal 7, -expansion of atoms

¢ u= (@lfor-... vp- [n—al) | (nfos) ¢ =

where v ::= A\z1 ...z, pa.c

where
(
c = S NN ] c u=
[0 6 )8
Initial state
Oppinent Player
(@lvr-... vy [pa)) [we P ]
Interaction rules
(= pn) @7-l—a)) [0 - ¢ [Febiac[n—alo]
(N) (nfe) 0] — @ [0
o(x]) = \pa.o)o’] o) = ([n—cal)[o]
28

Simply-typed pji;"N-system (uPCF,)

(Abramsky-McCusker [1997], Honda-Yoshida [1997], Laird [1998])

P — P interpreted as PLg!P
Ninterpreted as ? @, 1
maximal 7_.,,-expansion and 7;-expansion
needs new constructions An.v, andn - e

(@il Va-e) | (zilln - e) | (Valew) | (afev)

Vi = Az.poe | An.pacy

e = fz.c| [n— cy
(; (¢
SN L IR E
5 ) )
Initial states
Player Opponent
— —
(T2 10 [o—foal
(Az.pae o) [a—Vy-e€
(An.pa.cy|a) [a—n- €]
Interaction rules
—m) @l ] — ¢ peViac—eo]
(="p) (@n-e) [0l — @ [a—eo]
(i) New) o] — ¢ [z=Vyo]
(N) (nfes) [o] — c [o]
o(z;) = A\zr.pa.c)o’] o) = (azx.c)o’]
o(al) = Anpaca)l0'] olal) = ([ ca)) [0



Abstract Computing Devices
(collecting the ingredients)

Hardin-Maranget-Pagano [1996]

relevance of explicit substitution to represent environments in abstract devices
Abstract machines characterised by reducing at the root of the computation
The pji-system:

* has a primitive notion of evaluation contexts (“stacks”)

» has a primitive notion of “states” (the commands)

» redex of non head normal states are at the root

Add an (ad hoc) variable numbering schemes

All ingredients are here to simulate abstract machines
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Duality and dependent types
(when left-right symmetry meets left-right dependency)

call-by-name call-by-value
implicit dependent product OK OK
(intersection) (but restricted to lin. ev. ctx.)
implicit dependent sum OK OK
(union) (but restricted to values - cf Pierce [1991])
explicit dependent sum OK OK
(stand-alone domain)
explicit dependent sum OK OK
(stand-alone domain)
explicit dependent product OK OK
(type-theoretic) (but bypass /i) (but applied to value only)
explicit dependent sum : :
(type-theoretic) classical case degenerated (Herbelin [2005])
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Conclusions and problems

The pii-subsystem is an elegant tool to investigate the duality properties of the computation, and to
revisit the foundations of A-calculus.

The \ji,-calculus, good candidate for studying classical call-by-value computation.

Can we give a symmetric (non substitution-based) semantics (see next page) for system i (see e.g.
DoSen-Petri¢ categories of distributive lattices — see also Fihrmann-Pym and Lamarche-Stra3burger
“boolean” categories)?

How to interpret Gentzen’s cross-cuts (see two pages further)? Which connection with Coquand-
Herbelin symmetric product, Raghunandan-Summers’s symmetric cut-elimination of a primitive “iff”
connective?

The duality finds limits in dependent type theory.

Manuscript (in French) available at
http://pauillac.inria.fr/ herbelin/habilitation/memoire.ps
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Focus on symmetric reduction

Add command {c, ¢} and take rules

(U)  (pa.clpz.d) — {ca— px.d],dx — pa.cl}
(tn) (pa.c|E) — cloa— E]

(fio) (Vlpz.c) — cz V]

Which valid equations about {c, ¢} (associativity, commutativity, distributivity)?

32



Focus on Gentzen'’s cross-cuts, compared to CBN and CBV reductions

IFAAA T, AAFA TFAAA T,AAFA

TFAA TLAFA

'-A

T (Cross-cuts)

TFAAA T,AAFA

LA
(CBN) \. (CBV)
PEAAAN T,AARA HAAA T,AAFA
I AAA DAFA PHAAAN T,AAFA THAAA T, AAFA I'HAA DA AFA
IHAA LLAFA IHAA DLAFA
I'FA I'HA
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Extra material
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Coinductive and inductive types
(Paulin-Mohring’s fixpoint-based decomposition)

Coinductive type Inductive type

= term constructors = term constructors

+ ev. ctx. constructors + ev. ctx. constructors

+ term recursion guarded by a term constructor + ev. ctx. recursion guarded by an ev. ctx. constructor

Examples

A coinductive type (possibly infinite lists) An inductive type (lists)
V == ...|nil| cons(v,v) | v,.V. V == ...|nil| cons(v,v)
E == ...|[nil.c, cons(z,,x;).c| E == ...|[nil.c,cons(zy,x;).c| | V- Ee

(nil) (nil|[nil.c, cons(z,,x;).c]) — C
(cons) (cons(vg,v;)|[nil.c, cons(zy,x;).c']) — (vo|fxq.(vi|pz;.c))

(V) WaVelEe) — (Velr — v V]| Ee) (@) (VelPa-Ee) — (Ve[ Eela = D E])

V. means constructed V'
E. means constructed £
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